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Worked solutions

1 From patterns to generalizations:
sequences and series

Skills check
1 a 3x+5x-20=20x+4

=8x-20x=20+4
= -12x =24

X=-2

b x+1 x-3
2x-1 2x+1

= (x+1)(2x+1) = (x-3)(2x -1)
=2x2+3x+1=2x>-7x+3
=10x =2

1
X ==
5

2 a 1+‘/§_ (1+ﬁ)2
1 )

142242 3422
So1-2 4

3-22

L2 2R2(1+4)
- i B)fi- 5]

:2\/E+2%

-2

~2 -6

L 1 . 2
x+1 2x-1 x-1

_ x(2x-1)(x-1)=(x+1)(x -1)+2(x +1)(2x -1)
(x+1)(2x -1)(x -1)
X(2x* =3x +1) = (x* =1) + 2(2x* + x - 1)
(x2 —1)(2x—1)
2X -3+ Xx-x>+1+4x* +2x -2
(x*-1)(2x-1)

2x3+3x -1
(x*-1)(2x -1)
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Worked solutions

Exercise 1A
1 a Nextthree termsare 9, 10.5, 12

The sequence is obtained by adding 1.5 to the previous term and can be written as
3,3+1.5,3+2(1.5), ..., 3+(n-1)(1.5)

u,=1.5n+1.5 nel”

b Next three terms are 5, 2, -1

The sequence is obtained by subtracting 3 from the previous term and can be written as
17,17 + (—3), 17+2(-3), ..., 17+ (n-1)(-3)

u,=20-3n, nelC”
c Next three terms are 243, 729, 2187

The sequence is obtained by multiplying the previous term by 3 and can be written as
3,3x3,3x3%, 3x3% ..., 3x3""

u =3"

n

d Next three terms are E E E

16’ 19" 22
The sequence is obtained by adding 3 to both the previous numerator and denominator and
1 1+3 1+2(3) 1+3(3) 1+(n—1)(3)

can be written as 4 a:3’ 4:2(3) 4+3(3) " 4+ (n-1)(3)

3n-2 R
u =>"—"=,nel
3n+1
e Next three terms are i, L, 1
90 132 182

1 1 1

The sequence can be written as , , P
a 1x2' 3x4’' 5x6' " @n-1)(2n)

1

Uu=—=>__, nell*
" (2n-1)(2n)

2 a u=3-2r
u=3-2=1
u,=3-2x2=-1
u;=3-2x3=-3
u,=3-2x4=-5
U =3-2x5=-7
1, -1,-3,-5,-7

b u = r
2r+1
1 2 3 4 5

U

u, = , u, = , = y U, =  Us =
U 2x1+1" 7 2x2+1 2x3+1" 7% 2x4+1" 7 2x5+1
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u =2r+(-1yr

U =2x1+(-1) x1=1

2

u2=2><2+(—1) x2=6
u3=2><3+(—1)3><3=3
U =2x4+(-1)" x4=12
Us=2x5+(-1) x5=5
1,6,3,12,5
u,=(—1)r><2
U =(-1)'x2=-2
U, = (-1 x2=2
uy = (1) x2=-2
U, =(-1)'x2=2
ug = (-1 x2 = -2
-2,2,-2,2,-2

3
Ur =51

3
UIZF:3

3 3
u2—22-125
b3 3
3_23—1_4

3 3
U4—24_1=§
u=— -3
5_25—1_16
;3 33 3

llelglE

5,10, 15, 20, .... The multiples of 5

{u}={5r} , reu’

Worked solutions

6, 14, 22, 30, ... The sequence is obtained by adding 8 to the previous term and can be

written as

{u}={8r-2}, rec”

The sequence is obtained by multiplying the previous term by % and can be written as
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The sequence is obtained by multiplying the previous term by —% and can be written as

{u}= {[—%Jl} ren”

The sequence can be written as 0x2, 1x3, 2x4, 3x5, ..., (n-1)x(n+1)
OR The sequence can be written as 1> -1, 2 -1, 3* -1, 4° -1, ...

{u}={rr-1}, reo*

S 2r(1-r)=0-4-12-24

r=1

5

(-1 r’=0-1+4-9+16-25
r=0

5. r 123 4 5
> S — i —
~3r-1 2 5 8 11 14

4
O»5=5+5+5+5
r=1

Explanation: think of this as

4 4 4 4 r
>5=>5r" or 5=>5-—
r=1 r=1 r=1 r=1 r

i(r2-3)=-3-2+1+6

r=0

ir+1_1+1+2+1+3+1+4+1+5+1+
~ r2 12 22 32 42 52

3 4 5 6
=2+ +—+—+——+...

4 9 16 25

. (<1) _1)
TN

:—1+1—i+i—i+...

7 17 31 49
ir(Sr—l)=1(5><1—1)+2(5><2—1)+3(5><3—1)+4(5><4—1)+5(5><5—1)+...
r=1

=4+18+42+76+120+...
i(zf-3)=(2°-3)+(21-3)+(22—3)+(23—3)+(24-3)+...

r=0

=-2-1+1+5+13+...
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Worked solutions

rr=1+22+3+4*4+5+...=1+4+27+256+3125+...

Ms

Il
-

r

The series can be written as 8+ (8 -3)+ (8 -2x3)+(8-3x3)+(8-4x3)

It has five terms and the general term can be written as u, =11-3r

S (11-3r) o

r=1

The series can be written as (1x3)+(2x5)+(3x7)+(4x9)+(5x11)

It has five terms and the general term can be written as u, = r x(2r +1)

ir(2r+1)

r=1

c The series can be written as 9+1+%+§+i+§+...
2 3 45 6 7
It is an infinite series and the general term can be written as u, = :_1
N
i r-1
=r+1
d The series can be written as 12+32+52+72+92
It has five terms and the general term can be written as u, = (2r —1)2
5
> (2r-1f
r=1
e The series consists of the multiples of 3k
It has five terms and the general term can be written as u, = r x(3k)
5
> 3kr
r=1
Exercise 1B
1a y-=34d=5
su,=3+5(n-1)=5n-2
b u =101, d=-+4
s u,=101-4(n-1)=105-4n
c u=a-3,d=4
Lu,=a-3+4(n-1)=4n+a-7
d u =-20, d=15
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U, =-20+15(n-1)=150-35

u =5 d=6

Uy =5+6(15-1)=5+6(14) = 89

u, =10, d =-7

U, =10-7(11-1)=10-7(10) = -60

u=ad=2

u,=a+2(17-1)=a+2(16)=a+32

u =16, d=-4

iUy, =16-4(n+1-1)=16-4n

u =16,d=-5
u,=21-5n=-64
=5n =85
=>n=17

u, =-108,d =7
u,=7n-115=60
=7n=175
=n=25

u, =-15d=-4
u,=-11-4n=-95
= 4n =84
=>n=21

u, =2a+5,d=-2

u,=-2n+2a+7=2a-23

= 2n =30
=>n=15

u, =5(1)—7=—2,
u,=5(2)-7=3
d=3-(-2)=5

u =3(1)+11 =14,
u, =3(2)+11=17,
d=17-14=3

U, =6-11(1) = -5,

u, =6-11(2) = -16,
d=-16-(-5)=-11
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Worked solutions

d u =2a+2(1)+1=2a+3,
u,=2a+2(2)+1=2a+5,
d=2a+5-(2a+3)=2

5 u=u+d(6-1)=u,+7(5) =u,+35=37

=>u =2
su,=2+7(n-1)=7n-5

6 u-u+d(5-1)=0=u,+4d=0

Ug=uU, +d(15-1) =180 = u, +14d = 180
Subtracting the first equation from the second:
10d =180 =>d =18
and substituting this into the first equation,
u, =-4(18)=-72

7 Method 1:
Let the three terms be a, a+d, a+2d
=a+(a+d)+(a+2d)=3a+3d=24=>a+d=8
and a(a+d)(a+2d)=-640
Substituting the first equation into the second,
a(8)(a+2(8-a))=-640
= 8a(16 -a) = -640
= 16a-a* =-80
=a -16a-80=0
= (a-20)(a+4)=0soa=-4o0ra=20

If a=-4, d =12 so the numbers are -4, 8, 20
If a=20, d =-12 so the numbers are 20, 8, -4

Method 2:

Let the three terms be a-d, a, a+d

Sum of terms 3a=24=a=38
Product of terms a(&” - d”) = -640

Substitute for a and solve

8(64-d*) = -640
= (64-d*)=-80

= d* =144
=d==12

Substituting for a and d in a—d, a, a + dthe three numbers would either be -4, 8, 12 or
20, 8,-4

8 In year 2017, Jung Ho earned 38000 + 17(500) = 46500
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Worked solutions

38000x1.5=57000
. 38000 +500n > 57000
= n > 38 so in the year 2038

9 a This is an arithmetic series with u, =3, d=-3-3=-6

u,=9-6n=-93
= 6n=102
=n=17

Using the formula S, = g(u1 +u,)

S, = %(3 +(-93)) = g x 90 = -765

b This is an arithmetic series with v, =31, d =40-31=9

u,=9n+22 =517
= 9n =495
=n=55

5 Sgs = %(3“517) = %(548) =15070

c This is an arithmetic series with v, =a-1, d=a+2-(a-1)=3

u,=(@a-1)+(n-1)x3=a+146
= a+3n-4=a+146

= 3n =150
=n=50
50

5 Sy = 7(a -1+a+146) =25(2a+145) = 50a + 3625

10a Since 3r —8 is linear relation this is an arithmetic series with 50 terms.

u=3-8=-5
U, =150-8 =142

Sy = %(-5 +142) = 3425

b Since 7 —8r is linear relation this is an arithmetic series with 100 terms.

u=7-8=-1
U =7 -800=-793

Sio0 = %(—1 -793) = -39700

c Since 2ar -1 is linear relation in r, ais a constant this is an arithmetic series with 20
terms.

u =2a-1
Uy, =40a-1

Sy =§(2a—1+40a—1) =420a-20
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Worked solutions

11a This is an arithmetic sequence with u, =4, d =-5
Using the formula S, = g(2u1 +(n-1)d)

=S =%(2x4—5x14)=—465

b This is an arithmetic sequence with u, =3, d =8

Using the formula S, = g(2u1 +(n-1)d)

S, =§(2x3+9x8)=390
c This is an arithmetic sequence with u, =1, d =-5
Using the formula S, = g(2u1 +(n-1)d)

Sy = 2 (2x1-5x19) = -930

12y, =u, +4d =19

Uy, =U, +9d =39
LU —U;=5d=20=d =4
=>u, =19-4d =3

Sy = 275(2><3+24><4) = 1275

13a u; =y, +2d=-8

10
2
Multiplying the first equation by 9: 9u, +18d = -72
Multiplying the second equation by 2: 4u, +18d = -92
Subtracting: 5u, =20 = u, =4

Sio = = (2u, +9d) = -230 = 2u, +9d = -46

b u1=4:d=%=—6

555 =?(2x4—6x12):—416

14 S, =6(1)-3(1) =3=>uyu, =3

S,=6(2)-3(2)'=12-12=0

SoS,-S, =u,=-3

d=u,-u =-3-3=-6

The first four terms of the sequence are
3,-3,-9, -15

15S=1+3+5+...+299 There are 150 odd numbers since 2n—-1=299 = n =150
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Worked solutions

Using the formula S, = g(u1 +u,)

Sig = ?(1 +299) = 22500

Exercise 1C

1 a uy=3=81

u,=3""
1
b u -
US 5
(1) — 22— e L
U =°l5] = (2) " = = o

" 2
d v.=-3
u, =3(-1)
2 a r=E=l
63 3
5
u6=63l =l
3 27
b _ 81 :1
2-243 6
6
o, —243.(1) _ L
6 192
a 2 1
cC r=-——-==-2=
6 a 3
boaf 1) _ a
> 20 3 162
3 a r=—0'06=3
0.02

0.02-3"' =393.66
= 3" =19683

Using solve or Nsolve (depending on GDC type)
n=10
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n-1
eall] - L
2 128

= 28 x 21" =27
=7-n=-7
=>n=14

or using technology

6
U1r3:r3:ﬁ:8:>r:2
u,r 6

6 3
SUIZ?:Z
u,=ur’=6

Ug =ur® = %(13)5 = 1162 depending on which ratio is used

u =9

us=urt=9r* =16
=rt =E:r:i£:i$
9 B 3
So two different sequences arise depending on which common ratio is
used. In either case, the seventh term is

6
u, =ur®=9 +—2ﬁ _&4
7 1 - 3 3

e a+2 a-4
T 3a+1 a+2

© Oxford University Press 2019
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:>(a+2)2 =(a-4)(3a+1)
> a+4a+4=3a*-11a-4
=2a*-15a-8=0
=(2a+1)(a-8)=0
:>a=—1 or a=8
2
1

1 -=+2
fa=--, r=—=2_ =3

2 3(—%)+1

Ifa=8, r=Z
5

r_a+1 _a-2

Ta-1 a+1
:>(a+1)2=(a—2)(a—1)
= a+2a+1=a*>-3a+2

:>5a=1:>a=l
5

=

. §+1 3
.r=1 :_E
1
5
u1r3=a—1=—i
5
2V ( 4) 32
:ul— - —_— = —
3 5 135
1
a r=-Z=
3

15

1-(0.3)

~5:=01—r——
e 1-0.3

=0.143 (to 3s.f.)
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Worked solutions

15

5.-012703 50760 (3s.)
1-(-0.3)

6

& 1- (%j 19608
10a Y 777 =7%. = =57.2 (to 3s.f)
i-1 1_ 1 343
7

Or using technology

Sl ey 2 100-1 5
b 5x10 =510 =5.-——=>(10"-1
0 ) ; 10-1 9( )
11u =3
1
— 6=36=_
u, =u,r r 543
r6=—1 :r=J_rl
729 3

Therefore there are two possible common ratios, each corresponding
to a different sum to infinity

r--3is-—5-3
s
3
r=1: Sw=i=2
3 1_1 2
3
3
12a u, =S5 =-=
1 1 2

oo [
NE NS TR

i.e. the form of a general term in a geometric progression with first
term —g and common ratio —%

U _ 28(1—6)

13 r =
u, 28

=1-a
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Worked solutions

28

S3=1 +28+28(1-a) =147

28 8a-01
1-a

=28-28a(l-a)=91(1-a)
= 28 -28a+28a*=91-91a
= 28a*+63a-63=0
=4a*>+9a-9=0

= (4a-3)(a+3)=0
soa=% ora=-3

[1-a <1=0<a<2 for convergence

La==
4

:r:l—azl
4

14 Let the three pieces have lengths u,, u, and u,

Up=urt=2u,=>r*=2=r=2
Since the length of the pieces must sum to 2,
u, +2u, +2u, =(3+\/’f)u1 =2
2 _2(3-42)
3+42 7

RCRIRER RS

The common ratio is —(% + 1)

= U

15 3(-1) (g " 1ji

i=0

Therefore the series converges when
o
2

:>‘£+1
2

<1

<1

:>—1<£+1<1
2

= -2<X+2<2
=-4<x<0

When x = -0.8,

u,=1and r=-0.6

s .1 .5
1-(-0.6) 8

Exercise 1D

1 a 220+7(10)=290

b S, =2(220+290) = 2040
2
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2

3

5

Worked solutions

¢ 220+10n - 2(600 - 20n)

= 20n =80
=n=4
so 2014

Let Jane's starting salary be S

Then,
$(1.015)" = 49650
5= 4950 _ 45149.535....
(1.015)

so Jane's starting salary was €42150 to the nearest euro
a 2+22+2°+2*=30
b 2+22+2°+2°+...+2" >10°
The left hand side is a geometric series with first term 2 and common ratio 2
2(2" -1)

2-1
=2(2"-1)>10°

> 10°

Using GDC
Answer: 19 generations

S0 = 5 (2200.+9x20) = 2900

so 2.9kg
On the first trial she uses 100g of sugar and on the second
she uses 110g. Thereafter, if the sequence is to become geometric
the common ratio is 1.1
1.1"-1
1.1-1
=1.1"<2.5
Using GDC n<9.614
so 9 trials
In general, the geometric model is not reliable, since if Prisana
were to carry out a large number of trials then the cake will become
excessively sweet (since geometric growth is greater than linear growth)

- 0.1 <1.5

In fact, the ratio of sugar to flour would eventually become 1 (i.e. the mix
is entirely sugar) in the (albeit unrealistic) case that Prisana carries out the trial
a large number of times

a Second: V12 +12 =2

Third: (QJZ + (EJZ =1
2 2

Fourth: @Z[g -
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§(2+ﬁ+1+%+%j:§(§+3\TE]=%(7+3«/5)

The length converges to a finite value since the common ratio between two consecutive side

lengths is 1 <1.

2

Area of triangle =%base x height

Required area

N~

(2 )

1oL 2
2
1 1
S, ==x =1
2¥| 1
2

Interest 12% pa = 1% per month

Let the payment per month be x . Interest is compounded monthly

After one month the amount due is

(1500x1.01) - x

After 2 months the amount due is ((1500x1.01) - x)x1.01 -

After 3 months the amount due is

(1500(1.01)" - (1.01) x - x) x1.01 - x = 1500(1.01)’ - (1.01)"

After 24 months the amount due would be

1500(1.01)* - (1.01)” x - (1.01)" x —...-x = 0

= 1500(1.01)* —x[(1.01)23 +(1.01)” +..+ 1] =0

Geometric series

1.01-1

24
= 1500(1.01)" _){1.01_-1] -0
) =100x(1.01%* -1)

= 1500(1.01
=15(1.01)" = x(1.01* - 1)
_15(1.01)"
(.01 -1)

© Oxford University Press 2019
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Worked solutions

Using technology
Monthly payments of $70.61
Total amount paid

$70.61x24 = $1694.64

=$1695
n
5(2~30+6(n—1)) =570

= 60n+6n(n-1)=1140
=n*+9n-190=0

= (n+19)(n-10)=0
~n=10

3+0.95(10) = 12.5 = 12.5m
2.4+ 9(0.15) = 3.75m

Rapid: 200 +10(0.05)(200) = 300 so €300

Quick: 200(1.035)"° = 282.11975... so €282
Rapid/Quick: 100 +10(0.05)(100) +100(1.035)"° = 291.0599... so €291

Rapid: 200 + 25(0.05)(200) = 450 so €450

Quick: 200(1.035)” = 472.649... so €473
Rapid/Quick: 100 +25(0.05)(100) + 100(1.035)” = 461.324... so €461

The investments will be approximately equal when
After n years

Rapid investment: 200+ 10n

Quick investment: 200x1.034"

Rapid/Quick : 100+5n+100x1.035"

Using tables on GDC:

After 21 years the three investments yield approximately the same amount.

Suppose Karim invested $x in savings, therefore $(x +1000)in bonds

and $(4000 - 2x) in shares
75 = 0.015(x) + 0.025(x +1000) - 0.01(4000 - 2x)

=90 =0.06x
= x =1500
so $1500 in savings, $2500 in bonds and $1000 in shares

Now Karim is investing $1500 in savings for 10 years,
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Worked solutions

$990 in savings for 9 years and $2500 in bonds for 10 years.
Therefore,

1500 +10(0.015)(1500) + 990 + 9(0.015)(990) + 2500(1.025)"° = 6048.861...
so $6048.86 =$6049 to the nearest dollar
¢ 2500(1.025)"° + 2500 +10(0.015)(2500) — 6048.86136... = 26.3500...
so $26
10a x(1+0.375+0.375* +0.375%), where x is the amount administered each time.
b x(1+0.375+0.375%*+...+0.375*)<8
40
X 1-0.375 <8
1-0.375
8(1-0.375)
S x<—~— =77/
(1-0.375%)

5 mg should be administered each time.

¢ The amount of medication in the bloodsteam after n administrations is given by

5[1—0.375 ]:7

1-0.375

:1-0.375”:@
7(1-0.37

:0.375“:1——( 23 5)

Using technology to solve:

There are 7mg/ml drug in the bloodstream after the third administration.

Exercise 1E
1 (a+b) +(a-b) = (a° +2ab+b*)+(a’ —2ab+b*) = 2a° + 2b* = 2(a’ + b?)
2 A general odd humber can be written in the form 2k +1 with k € [

.. Consider two general odd numbers 2n+1 and 2m+1, nmel
Then,
(2n+1)(2m+1)=4nm+2n+2m+1=2(2nm+n+m)+1=2p+1

p=2nm+n+mel
~.2p+1is an odd number

3 A four digit number represented by a;a,a,a, (not to be confused with a product)
can be written in the form
N=a,;x10°+a,x10° +a,x10+ g,

You are given that a;+a, +a, +a,=9m, mel”
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Worked solutions

N =(999+1)a, +(99+1)a, +(9+1)a, +a,

=(999a, +99a, +9a,) +(a; +a, +a, +a,)

=9(111a, +11a, +a,)+9m

=9(111a, +11a, +a, + m)

i.e. if 9 divides the sum of the digits the number itself is divisible by 9
Hence 3978, 9864 and 5670 are divisible by 9 but 5453 and 7898 are not

(ad + bc)2 +(bd - ac)2

= a*d? + 2abcd + b*c? + b*d? - 2abcd + a*c?
= a*d? + b’c? + b’d* + a’c?

=a (c2 + d2)+ b? (c2 +d2)

= (&’ +b?)(c’ + )

12 1 2 1 2
=t —————+

3 9 27 81 243 729

1 1 1 2 2 2
S=-t+—+——=+———— -

3 27 243 9 81 729

1 1(1Y 1(1Y) 1 1(1) 1(1Y¥
S==+Z || +2| 2|+ 2|+ 2| S+ = |+

3 3.3) 33 9 9l9) 9log

Two different infinite geometric series, each with common ratio é,

and so both series converge.
1 1

|3 | 5.9
S- 1 21_1
9 9

1 9 1 9 1
=|=ZxZ|-2]=x=|==2

[3 8] (9 8] 8
Consider an arbitrary integer n (1. Then,
(n+1)2—n2 = +2n+1-n*=2n+1 isodd

1 1 1

n-1 n n+1
=n(n+1)—(n—1)(n+1)+n(n—1)
n(n-1)(n+1)

n2+n—(n2—1)+n2—n

n(n*-1)
o+l
_n(nz—l)
1 1.1 6+1 37 37
5 6 7 6(6°-1) 6(35 210

a+b :a+b

Area of trapezium: h

(a+b)
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Worked solutions

Similarly, the area in terms of the triangles BAE, BEC and EDC are
1ab + lc2
2 2

Equating the areas,
(@a+ b)2
2
= a*+2ab+b’> =2ab+c?

Lap-apile
2 2

:ab+%c2:>(a+b)2 =2ab+c?

=>a +b*>=c?

Exercise 1F

1 Suppose for the sake of contradiction that n? is odd but n is even

Then n? =2m+1 for some m <0 and n = 2k for some k €0
But then n? = (2k)’ = 4k* =2m +1
4k? is even but (2m+1) is odd, so this is a contradiction

2

..n°isodd = nis also odd

2 Assume for the sake of contradiction that f = % where a,b el

are coprime (i.e. they have no common factors).

aZ
Then, 3=— = a* =3b*
b

If p is a prime number and p divides a°, where a elJ*, then p must divide a.
Therefore, @ must be a multiple of 3 = a = 3k for some

k e 0. This implies 9k* = 3b*> = b? = 3k? so b is also divisible

by 3.

Therefore 3 is a common factor of a and b. But we assumed that

a and b have no common factors, so this is a contradiction.

3 Suppose for the sake of contradiction that 32 is rational

Then 5/7 can be written in the form §/= :% where

a,b el are relatively coprime (i.e. share no common factors)
-.a@ =2b° so 2 divides a = a =2m forsome mell”*

= b’ =2*n7 so b® is even which means that b is also even.
So 2 divides both a and b, but it was assumed that a and b
shared no common factors. This is a contradiction.

4 Suppose for the sake of contradiction that there exist p,g Ul

such that p> -8g-11=0
= p?> =8g+11 so p is an odd integer
. p=2k+1for some k e[l

. (2k+1) =8g+11

=4k*> +4k +1=8g+11

= 4(k* +k-2q) =10

:>2(k2+k—2q):5

but LHS is even whereas RHS is odd; this is a contradiction
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Worked solutions

5 Suppose for the sake of contradiction that for some a,b e, 12a* -6b* =0

5 2
L1282 =60 =28 b »2=2 -|2 2-92,
a = 44 = b2 (b = b

a contradiction since we know that «E is irrational.

6 Suppose for the sake of contradiction that for a, b,c U, the equation & + b* = c* is satisfied

You are given that & +b? =c¢?, where a,b,cell andc =2k +1, k el
We are required to prove that either aor b must be even.

Assume that both a and b are odd

a=2p+landb=2g+1, p,gell

= a’+b? :(2p+1)2+(2q+1)2

=4p* +4p+1+4g° +4q +1

=2(2p* +2p+2g°+2g+1)=2n, nel

You know that @*> + b> =c’and c =2k +1, k €U

= (2k +1) = 4Kk* + 4k +1=2(2k* + 2k)+1=2m+1, mell

a+b*=c?

=2n=2m+1

The left-hand side is an even number and the right-hand side represents an odd number.
This is a contradiction.

Now let us assume that both a and b are even a=2p and b =2q

a +b* = (2p) +(2q) = 2(2p* +2¢°) =25, s 0

a+b*=c?

=2s=2m+1

The left-hand side is an even number and the right-hand side represents an odd number which
is a contradiction

Hence, we have proved that precisely one of @ or b must be even.
7 Suppose there exists n,k e such that n* + 2 = 4k

Then n must be divisible by 2 and can be written in the form
n=2m withmeUl

Am? +2 =4k
k=t
2

But the left-hand side is an integer whereas the right-hand side is
not; this is a contradiction

8 Suppose p is irrational, g is rational and for the sake of contradiction that
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Worked solutions

p + @ is rational. Then,
q=% and p+q=§ for some a,b,c,d e[

:>p:£_q:£_g:bc—ad
d d b bd
But by assumption, p was irrational. This is a contradiction.

el

9 Let m,nel* and suppose for the sake of contradiction that m? —n* =1

Then,

m* -n* =(m+n)(m-n)=1

Sincem,nel’, m>n

The product of two positive integers can only give 1, if both are 1 orbothare-1.
ie.

m+n=m-n=-n=-n

This is a contradiction since ne(*

10a Takem=n=1
b Take any prime number: the number is certainly divisible by itself
but is still a prime
c Taken=4:2"-1=16-1=15=(3)(5)
d Take the same example as in part c.
e 1+2+3=6, notdivisible by 4

f 1+2+3+4=10, not divisible by 4

Exercise 1G

1 ai 1+3+1 1+3+5+3+1 1+3+5+7+5+3+1
ii 1+4 4+9 9+16
b based on line divisions
1+3+5+7+9+7+5+3+1 1+3+5+7+9+11+9+7+5+3+1
based on colour 16 +25 25+36

¢ Organizing our findings

© Oxford University Press 2019




Worked solutions

1+3+1 =1+4

1+3+5+3+1 =4+9
1+3+5+7+5+3+1=9+16
1+3+5+7+9+7+5+3+1 =16+25
1+3+5+7+9+11+9+7+5+3+1=25+36

2(1+3+5+...+2k -1)+ 2k +1 = k* + (k + 1)

Conjecture: P(n): 2(1+3+5+...+2n-1)+2n+1=n"+(n+1)*, nel"

LHS =2[1+3+5+...+2n—1}+2n+1

sum of first n odd numbers

:Z(g(1+(2n—1))j+2n+1

=n(2n)+2n+1
=2n*+2n+1
= +n+2n+1
= +(n+1)7

P(n): 2(1+3+5+...+2n-1)+2n+1=n*+(n+1)>, nel"
When n=1

LHS =2(1)+3 =5

RHS=1?+2? =5

LHS=RHS therefore P(1) is true.

Assume that P(k) is true for some k elJ”*

ie. 2(1+3+5+...+2k-1)+2k +1=Kk* +(k +1)
Required to prove that P(k+1) is true

ie. 2(1+3+5+...+(2k-1)+(2k +1))+ 2k +3 = (k+1)2 + (k +2)? using the assumption

LHS==2(1+3+5+...+(2k 1))+ 2(2k +1) + 2k +3
=2(1+3+5+...+(2k-1))+(2k +1) + 4k + 4
=k>+(k+12+4k+4
=(k+12 + k> +4k +2
= (k+1) +(k +2)?
Since P(1) was shown to be true, and it was shown that if P(k) is true, where k1™,

then P(k+1) is true, it follows by the principle of mathematical induction that P(n) is true for
all nell”
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Worked solutions

2 a P(n): 12+22+32+...+n2=%n(n+1)(n+%)

When n =1,
LHS =1 =1
1 1 1 3
RHS==1(1+1)(1)|1+=|==(2)| = |=1
S22
LHS = RHS .. P(1) is true.
Assume the statement is true for n = k, where k e U*

Required to prove that when n=k +1, 12 +2° + 3 +...+ k* + (k + 1)2 =

(k+1)(k+2)[k+gj

Wl

LHS = 12+22+32+...+k2+(k+1)2

=%k(k+1)[k+%)+(k+1)2

=(k+1)(%k(k+%}+(k+1)]
P k@+1j qk+g]

)
k+1 k2+—+3k+3j
(k+1) k2+—+3j

2
(k+1) 2k +7k+6j

k 1 k+2 2k+3

wIH WII—'- wIH wIH w||—-

E
(
(
[
[

(2k +3)

== (k+1)(k+ 2)( 5
)

(k+1ﬂk+2mk+
Since it was shown that P(1) is true and that P(k + 1) is true given P(k) is true for k elJ*
it follows by the principle of mathematical induction that P(n) is true for all neU”

UJII—‘ wll—l
| W

N

=RHS

nan(n+1)
2

n+l o

b P(n): 1-4+9-16+...+(-1)"" n* =(-1)

When n=1
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Worked solutions

LHS =1
al(1+1)
2
Assume the statement P (k) is true for some k " i.e.
ki Kk (k+1)
2

RHS=(-1)

1-449-16+...+(-1) " k? = (-1)
When n=k +1,
LHS = 1-4+9-16+...+ (-1)" k2 + (-1)* (k + 1)’

Use assumption

-1 (1) e
- () (s 1) - (s 1)

k+1 k - 2(/( + 1)]

)
s :
S

k+2 (k+1)+1)

k+1 k(k+1)
2

i.e. P(k):>P(k+1)

Since P(1) is true and P(k) = P(k +1) for k . then by the principle
of mathematical induction, the statement is true for all positive integers

P(n): 2":2’ =2mt_1
=0

Whenn =0

0
LHS = 22’ =2°=1
RHS=2%'_1=2-1=1
LHS=RHS .. P(1) is true

k
Assume that P (k) is true for some k el i.e. > 2" =2" -1

i=0

Whenn=k+1

k+1

Zzi =zk:2i+2k+1 _ (2k+1_1)+2k+1 =2k+1+2k+1_1=2.2k+1_1=2k+2_1
i i=0
i.e. P(k)=P(k+1)

Since P(1) is true and P (k) = P(k +1) for k el then by the principle
of mathematical induction, the statement is true for all natural numbers

P(n): 9" -1is divisible by 8 (for neL)
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P(n):9"-1=8A,fornel,Acl

When n=0

LHS =9°-1=0 =8x0

s PQ) is true

Assume P (k) to be true for some k e LI

i.e. 8 divides 9 -1 = 9% —1 = 8m for some m e X

Then,

91_1-9.9-1-9(8m+1)-1=9(8m)+9-1

- 8(9m)+8=8(9m+1)
so 8 also divides 9¢** -1
i.e. P(k)= P(k+1)

Worked solutions

Since P(0) is true and P (k) = P(k +1) for k el then by the principle
of mathematical induction, the statement is true for all natural numbers

2 2
P(n): P+2°+3 +..+1° :%
LHS = 1° =1
2 2

RHS:MZJ_
LHS =RHS
- P(1) is true
Assume P (k) is true for some k el

2 2
e, 1P+2°+3% +...4+k%= K (k4+1)
Then,

2 2
w+(k+1)3=—k (k+1) +(k+1)

use assumption

=(/<+1)2(k2+4(k+1))=(/<+1)2(/<2+4/<+4)
4 4
(k+1)2 (k+2)2 (k+1)2 ((k+1)+1)2

4 4
ie. P(k)= P(k+1)

Since P(1) is true and P(k) = P(k +1) for k e U* then by the principle
of mathematical induction, the statement is true for all positive integers.

P(n): n*—n =3A,fornel, Ael
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Worked solutions

When n =0:

-1=0=3x0
-. The statement P(0) is true
Assume P (k) is true for some k el

k® -k =3m for some m e[l
= k’=3m+k
When n=k +1,

LHS =(k+1)3—(k+1):(k3+3k2+3k+1)—(k+1)
:3m+3(k2+k)=3(m+k2+k),m+k2+keu
i.e. P(k):>P(k+1)

Since P(0) is true and P (k) = P(k +1) for k el then by the principle
of mathematical induction, the statement is true for all natural numbers

g P(n): LS S P S| ,
1x2 2x3 3x4 n(n+1) n+1
When n = 1:
LHs= 1 -1
1x2 2
RHs=_1 -1
1+1 2

LHS=RHS .. P(1) is true
Assume P (k) is true for some k e J”
1 1 1 k
e. + b ——— =
1x2 2x3 k(k+1) k+1

When n=k +1,
1 + 1 +t 1 + 1
1x2 2x3 7 k(k+1) (k+1)(k+2)

use assumption

LHS=

k 1 _ 1 K+ 1
T k+1 ( +1)(k+2) k+1 k+2
k(k+2)+1 1 (k*+2k+1
k+1 k+2 k+1 k+2
k+1 _k+1  k+1
k k+2 _k+2_(k+1)+1

i.e. P(k)= P(k +1)

Since P(1) is true and P(k) = P(k +1) for k L. then by the principle
of mathematical induction, the statement is true for all positive integers

h P(n): P-n=6AforallnelC",Acl

© Oxford University Press 2019




Worked solutions

Whenn =1
1°-1=0=0x6
- P(1) is true

Assume P (k) is true for some k e J*

k3 -k =6m for some mell
= k’=k+6m
Whenn=k+1,

(k+1) - (k+1) = (k* + 3k* + 3k + 1) - (k +1)

=k +6m+3k* + 2k

=6m+3k(k+1)

but k(k + 1) must be an even number since any pair of consecutive
natural numbers contains an even number

. k(k+1)=2r forsomerel”

= (k+1)’ - (k +1) = 6(m +r) which is divisible by 6

i.e. P(k)= P(k+1)

Since P(1) is true and P(k) = P(k +1) for k e[l then by the principle
of mathematical induction, the statement is true for all positive integers

P(n): 22 +3" =7A (nel”,Ael)

Whenn=1

LHS=2'2 4 321 = 2% 1 33 28427 =35=7x5
. P(1) is true

Assume that P (k) is true for some k e U*
2K2 4 3%t = 7m for some me "

— 2k+2 _ 7m _ 32k+1

When n=k +1,

LHS =2(k+1)+2 4 32(k+1)+1 -2. 2k+2 +9x 32k+1

_ 2(7m _ 32k+1) + 9 x 32k+1

=14m - 2 x 321 4 9 x 3%+

=14m+7 - 3%+

= 7(2m +3%) where 2m+ 3% e[l

so P(k)= P(k+1)

Since P(1) is true and P(k) = P(k +1) for k e U* then by the principle
of mathematical induction, the statement is true for all positive integers.

> _n(2n-1)(2n+1)
3

P(n): 1?+3*+5 +...+(2n-1)
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When n=1

LHS =12 =1

RHS = w -1
LHS =RHS

- P(1) is true

Assume that P (k) is true for some k e "

k(2k —1)(2k +1)
3

i.e. 12+32+52+...+(2k—1)2 =
When n=k+1
LHS =12 +32 + 52 ...+ (2k -1)" + (2k +1)°

use assumption

_k(2k-1)(2k +1) (2K 1)
3

2k+1

k(2k —1)+3(2k +1))
2k+1

e
(2/<2 +5k +3)
(2k + 1)(2k +3)(k+1)

:(k+1)( (k+1)— )( (k+1)+1)
3
e, P(kK)= P(k+1)

Since P(1) is true and P(k) = P(k +1) for k e U* then by the principle
of mathematical induction, the statement is true for all positive integers.

n

P(n): Yor(r+1)=Z(n+1)(n+2)

r=1
Whenn =1
LHS = S r(r+1)=1(1+1)=2

r=

1
RHS =2 (1+1)(1+2) -2

- P(1) is true

Assume P (k) to be true for some k 1"

i.e. ir(r+1) = g(k +1)(k +2)

r=1

Whenn = k + 1,

k+1 k

LHS =>'r(r+1)= ;r(r+1)+(k+1)(k+2)

:g(kjl)(k+2)+ k+1)(k +2)

:(k+1)3(k+2)(k+3):

i.e. P(k)= P(k+1)

(k+1)((k+1)+1)((k+1)+2)
3

Since P(1) is true and P(k) = P(k +1) for k e U* then by the principle
of mathematical induction, the statement is true for all positive integers.
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&1t 11
LHS_;r(r+1)_1(1+1)_2

. P(1) is true
Assume P (k) is true for some k "
. K 1 k

e ,Z:;‘r(r+1) ok +
Whenn = k+1

k+1 1

K 1 1
LHS = ,Z;‘r(r+1) ;r(r+1)+(k+1)(k+2)

=

1 [(k+1)2]:k+1

k+2
o P(k) = P(k +1)

Since P(1) is true and P(k) = P(k +1) for k e U* then by the principle
of mathematical induction, the statement is true for all positive integers.

Best proved by direct argument:
(4n+3)" —(4n-3)°

=(4n+3+4n-3)(4n+3-4n+3)
=(8n)(6) = 48n =12(4n) so is always divisible by 12

(induction amongst other methods is also valid)
False: substituting n =1 gives 75 which is not prime
Best proved by induction:

P(n): *+3°+..+(2n-1) =n? (2n* -1)

When n=1

LHS=1* =1

RHS=1°(2-1*-1) =1

LHS=RHS
P(l) is true:

© Oxford University Press 2019

Worked solutions




Assume the statement P (k)is true for some k e 1"
e 17437 4.+ (2k—1)° = k?(2k* -1)
When n=k +1
LHS =13+ 3% +...+ (2k 1) +(2k +1)’
Use assumption
= k*(2k? 1)+ (2k +1)°
=2k* —k? +8k® +12k* + 6k +1

Worked solutions

= 2/(4 + 8/(3 +1 1k2 +6k+1 (use factor theorem to factorize or expand right hand side of P(k+1) to obtain same polynomial)

= (k +1)(2k> + 6k + 5k +1)
= (k +1)(k +1)(2K* + 4k +1)
~(k+ 1) (2(k+1) -1)

so P(k)= P(k+1)

Since P(1) is true and P(k) = P(k +1) for k e U* then by the principle
of mathematical induction, the statement is true for all positive integers.

Best proved by induction:

2
-1
P(n): 1x2+2x3+3x4...+(n—1)xn=w

Whenn=1
LHS=0x1=0

1(12 - 1)
RHs=—"_ "0
3
LHS=RHS
. P(1) is true
Assume the statement P (k)is true for some k e "
k(k2 - 1)

i.e.1><2+2><3+3><4...+(k—1)><k= 3

When n=k +1
LHS= 1><2+2><3+3><4...+(k—1)xk+k(k+1)

use assumption

:—k(k _1)+k(k+1)
3
k(k —1)(k +1)+ 3k (k +1)
3

(k+1)(k(k -1)+3k)
B 3

(k+1)((k +1)° -1)
- 3
so P(k)= P(k+1)

Since P(1) is true and P(k) = P(k +1) for k e U* then by the principle
of mathematical induction, the statement is true for all positive integers.

Best proved by direct argument:
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Worked solutions

m-n=n(n*-1)=(n-1)n(n+1)

this is the product of three consecutive positive integers
(in the case n =1, 0 is divisible by 3 so done)

Three consecutive positive integers always include

a multiple of 3, so the product is always divisible by 3

Exercise 1H

1| 86! 6!(56 —1) = 39600
9k 8! 8!1(9+1) = 403200
7-6! 6!(7-1) = 4320
6L+ 5! 51(6 +1) = 840
(n+1)-n! ni(n+1-1)=n(nY)
nt(n-1)! (n-1){(n—1) = (n-1)(n-1)!
ke (n—1)! (n-1)(n+1) =(n+1)(n—1)!
(n+1)kn! n(n+1+1)=(n+2)n!

5 4 8! _8x7x6! .,
4x6! 4x6!

a1 x 51_(4)(3)(5)
31 x 6! (31)(6)(5)

c (101)(8Y) _ (101(8)(7)(6") _56

(11)(6Y) ~ (11)(10n(6Y) 11

(n+1)! _ (n+1)! _ n+tl
n — (n+1)! n!(l—(n+1)) n

(n!)2 -1 (n! +1)(n! -1)

= =1+n!
n' -1 n! -1

4 (20+2)(n) _@n+2)@n+1) _22n+1)

[(n+1)1T (2n)! (n+ 17 no1

n n!
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Worked solutions

n!
~ (n-2)
=n-n-132=0
= (n-12)(n+11)=0
n>0son=12

=n(n-1)=132

6 16(n-1)!=5n4 (n+1)!

=16=5n+(n+1)n
=>n+6n-16=0
= (n+8)(n-2)=0
=>n=2 (n>0)

7 a 13!
b 4!(4%x3%x2x4!)=165888
8 26x25x24x10x9 =1404000
9 a *C,=33649
b Number of ways of choosing all boys ="C,

Number of ways of choosing all girls °C;
Number of ways of choosing at least one boy and at least one girl
= PC,-(®C,+° ¢;) =32110
10a 6x7°=2058
b 6x6x5x4=720
c Last digit must be 0, 4 or 8
6x7x7x3=882
d Last digit must be 0
6x7x7x1=294
11°C, =15
12 There are °C, ways to choose the drivers.

Then, there are 9 ways to choose passenger for small car.
This leaves 8 persons to choose 4 passenghers for second car and the rest
go in the third car.

~(°C;x31)x9x° C, x* C, = 37800

© Oxford University Press 2019




Worked solutions

Exercise 11

1 a (1-%}11=1+(11)[-§)+M(—5T+M(-5T+...

2! 3 3! 3

11x  55x* 55x°

ZI_T 5 5 + .
o (o] a5 L] I
10X, 21x*  35x°
2 4 8

(o]
—
X
+
b
1]

%

[e2)
—

[ay

+
><N| N
%

G AEIR S O
=x%+16x° +112x* + 448x> +...

2 a C,(a)’(-2b)" =3360a°b"

11 sf 4 ’ 5
b "G (a) > = 880a

3 General term is given by
12-r 2Y
2C, (x) [_FJ = Nx°

Comparing powers of x
12-r-2r=0
=r=4

2 4
=2 C, (x)’ (_FJ =7920
xY x Y
4 [2-%] —16[1-X%
5 10
X XV XV Y
=16 4C0 +4 Cl EAR R C2 ——J 44 C3[—_ +4 C4 _Z
10 10 10 10

2 3 4
:16(1—2—X+3X XX )

5 " 50 250 10000

32x 24x? 8x® x*
_16-32%, _8x
5 25 125 625

- (1.99)" = [2 - %)4

32(0.05) 24(0.05)" 8(0.05)’ . (0.05)"
5 25 125 625
= 15.68239 to 5d.p.

16 -
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Worked solutions

5 General term is given by
°C, (xz)sfr (—EJ = Nx®
X

Comparing powers of x
12-2r-r=6
=>r=2

4 1 >
6Cz(xz) [—;] =15x°

5 2 3 4 5
(X + Zj = x° +5x* [Z] +10x° (Zj +10x2 (Zj +5x (ZJ + (ZJ
X X X X X X

3 4 5
= x° +5x% +10xy? + —12()/ + 5;/3 4

)]
)]

x*
3 4 5
b (2x+ y)[x5 +5x% +10xy? + 10y” i 5L3 + V_S]
X x> x
Term in x’y? is
y(5x%)=5x% s0 5

7 a ™c - (n+1)!
* 41(n-3)!
8-n! 4.n!
2°x"C, = =
e o T TR W T
c (n+1)!  4.n!

41(n-3)! 3-(n-3)!

:n+1:ﬂ:32
3
=n=31
8 a (V3-+2)

- (45 +5(43)' (~2) + 10( 3] (<2 +10(35] (2]
+5(\3)(-2) +(-2)
=93 - 452 + 6043 - 6042 + 203 - 42

= 8943 -109\2
b [ﬁ—%y =[~/§—§]4

5 5

<t wer(E)ser(£] el ]-{4

8V10 12 410 1
=4 -t = -+ =

5 5 25 25
_161 44 g5
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Worked solutions

¢ (138 {1~

- 2(7£+ 35(\E)3 + 21(4?)5 + («Eﬂ
= 2(7£+ 17545 + 5255 + 125\5)

= 166445
9 a "C,-2x"C,+4x"C,-8x"Cy+...+(-1) 2" x" C, +...+(-1)"2"x" C,
~(1-2) = (-1

b "C,+"C,+"Cy+...+"C, =(1+1) =2"

Exercise 1]

ba e - neax E Gy CUEIE
=1-x+x*-x>+...
® (1 —lzx)2 =(1-2¢)"

=1+(-2)(-2x)+ %(—ZX)Z + M(—ZX)"‘ t

3!
=1+4x+12x> +32x3 +...

c Using the answer to part a and substituting 2x for X,

2
1+2x
=2-4x+8x%>-16x> +....

=2(1+2x) =2(1-2x+4x* -8x7 +...)

=2(1 —x)_3

(1-x)

[1 (43)(x)+ D L, BEAES) }

=24+6X+12x%+20x° +...

N

2 a JI+2x=(1+2x)

2 3!
2 1.5
=1l+X-=X"+=X +..
2
b (1+x)%—1+3x+ 2)\2 X+ 2)\2 2 i
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=1
3x  27x?
=1+—
2 8
d 2(1+x)

:xb+pax+(

Worked solutions

21

3!

2)(-3) ., (F2A3)(A) s, }

= x[1-2x+3x* - 4x +...|

=x-2x?+3x>—4x* +...

(2—3x)73 = %(l—éx

:1[1
8

2

+(-3) (— 3?)() +

M(_s_xJZM( sle..}

2! 2 3! 2
1 9x 27x* 135x°

=1+ ==+ + + ...
8 2 2 4

1 9x 27x%> 135x° .

+ =+ + =
8 16 16 32
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Worked solutions

ol

a W=(1—4x)

> (~4x) + %(—4@2 + M(_@()B .

=1+=(-
2

=1-2x-2x%>-4x° +...

R R s

o

100
2 3
“S0{] e (]
100 100 100
=2.44949
1 1
a ——=(1-2x)°
1-2x ( )
(23] Ly, L))
1 2)L 2 2 2)0 2)L 2 3
B R e Y
3x?  5x°
=1+x+ +—
2
(2 +3x)° 3[ 3x2  5x° ]
b ———=02+3x)|1+x+—+—+..
J1-2x ( ) 2 2
Expanding

2
(2 +3(2 (3%) + 3(2) (3x)* + (3x)3)[1 xr 2 5% +]
=8+8x +12x* +20x> +...
+36x +36X% +54x° +...
+54x +54x% + ...
+27x% + ...

=8+44x +102x% +155x° +...
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Chapter review

1

a4

u, :ulr:9:>u1:F
Sy=u(L+r+r*)=91
:>g(1+r+r2):91
r
=949 +9r>=91r
=9r°-82r+9=0
= (9r-1)(r-9)=0
=>r= 1 or r=9
9
Therefore there are two geometric sequences:
1 1

I’=§:>u4=§

r=9: =u,=729

u =1

1+2+3+4+5+7+8+9+11+13+15+16+17 +...

=(1+3+5+7+...+63)+(2+4+8+16+...+64)

arithmetic series Finite geometric series,u=2, r=2, n=6
sum of first 32 odd numbers

_2( 2(2° - 1)
2 2-1

1+63)+

=1024 +126
=1150

b=a+d,c=a+2d=a+d=12=a=12-d

a_ a+2d_ a

c
b ¢ a+d a+2d

= (@a+2d)P =ala+d)
Substituting for a

= (12-d +2d)’ =12(12 - d)

= (12+d) =144 -12d

=144 +24d +d*> -144+12d =0
= d*+36d =d(d+36)=0
d+0,d=-36

a=48

b=48-36=12
c=48-72=-24

+ 64

a L 1t 1 1
1+x 3(1+3Xj 1+x 3+2x
3
S 342x—(1+x) X+2 O x+2
C(1+x)(3+2x)  3+2x+3x+2x*  2x* +5x+3
-1
S R S { PO
2x° +5x+3 3 3
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300 37 97 27
2 74280 B
3 97 277 81
N B n! _1 _
5 a C2+n——(n_2)!2!+n—2n(n 1)+n
1(n+1)!
=—n(n—1+2)=—n(n+1)=§En_1;!
(n+1)r
S 2i(n-1)t =
N 02 B nl (n—2)!
b G G = S ) k)i —2)!
B n! __n 1
C2i(n-k)(k-2)t (n-k)!" 2l(k-2)!
__onkt 1
“(n-k)tk!” 2Y(k -2)!
3 n! k!
T (n-k)k 21(k - 2)!
=" C, ¥ C,

6 (1+x) ="Co+"Cx+"Cx* +...4" CX" +...4" C,X"

G Cx3+"CyxF +...+"C.ox3 +...+"C, x3"
=(1+3) =47 =(22) = 2%

7 Suppose there exist integers a and b such that 14a+7b=1. Then, 2a+b = %

But the left-hand side is an integer whereas the right-hand side is not.
This is a contradiction. Therefore there are no such integers.

13+7

8 Suppose x =3 and 5x -7 =13.Then, x = = 4. But x = 3, so this is a contradiction

9 a Take, forexample,a=0andb=1

b Take, for example, n=5: 3°+2 =245 =5(49) which is not prime
c Take, for example, n=1: ,f2(1) —1 =41 =1 which is rational
d Take, for example, n=1: 2'-1=1 and 1is not prime

10 P(n): (1x11)x(22x21)x(3*x3)x...x(n" x n1) = (n))""
When n=1
LHS= 1x1!=1
RHS=(11)" =12 =1
LHS=RHS
. P(1) is true
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Worked solutions

Assume the statement P (k) is true for some k e J”

e (1x11)x(22x21)x...(k* x k1) = (k1)

Whenn=k+1

LHS= (1x10)x (22 % 21) x... (K x k1) x((k +1)
use assumption

= (k) (k 4 1)k + 1)

Regrouping

= ((k +1) k)" (k +1)!

= ((k +2))" (k + 1)1

= ((k +1))”

so P(k)= P(k+1)

Therefore, it has been shown that P (1) is true and that if P(k) is true

for some k e U then so is P(k + 1). Therefore, the statement is true

k+1

x(k+1)!)

for all positive integers by the principle of mathematical induction
11 P(n): n*+2n =3A, Ael

Whenn=1
1°+2(1)=3
The statement P(1) is true

Assume that P (k) is true for some k e U*

k* +2k =3m for some mel*

= k®=3m-2k

When n=k+1

LHS=(k +1)’ +2(k +1)

=k +3k?*+3k +1+2k+2

=3m -2k +3k* + 5k +3

=3(m+k2+k+1)

S P(k)=P(k+1)

Therefore, it has been shown that P (1) is true and that if P(k) is true
for some k e U* then so is P(k +1). Therefore, the statement is true
for all positive integers by the principle of mathematical induction.

12a P(n): rz;:r = n(n2+ )

Whenn=1
1
LHS= Zr =1
r=1

1(1+1)

RHS= = =1

P(1) is true
Assume that P (k) is true for some k e 0"

i.e. ir = k(k+1)
r=1 2
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When n=k +1,
ket k(k+1 k+1
Zr—Zr+(k+1) (2 )+( 1 )
_(k+1)(k+2)
-

so P(k)= P(k+1)

Therefore, it has been shown that P (1) is true and that if P (k) is true
for some k e U* then so is P(k +1). Therefore, the statement is true
for all positive integers by the principle of mathematical induction

n(n+1)(2n+1)

. < 2 _
P(n): ;r = 6
Whenn=1
LHS= lerz =1

RHS — 1(1+1)(2+1) _

P(l) is true

Assume that P (k) is true for some k e U~

e Zk:rz _ k(k +1)(2k +1)
r=1 6
When n=k +1,

k1 k(k+1)(2k +1)

Zr —Zr +(k+1) =

+(k+1)2

+1 k+1
6 [k(2k +1)+6(k +1)] = c (2k* + 7k +6)
kg1(2k+3)(k+2)

(k+1)(k+2)( (k+1)+1)
6
so P(k)= P(k+1)
Therefore, it has been shown that P (1) is true and that if P(k) is true
for some k eU* then so is P(k +1). Therefore, the statement is true

for all positive integers by the principle of mathematical induction

2(n+1)

N n
. 3 _
P(n).;r =—a

Whenn=1
1
LHS= >'r’=1

r=1

2 2
RHso _ L(1+1)

=1
P(1) is true
Assume that P (k) is true for some k e[I”

ko, KA (k+1)
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When n=k +1,

k+1

k
Sr=Yrt(k+1)
r=1

r=1
2
= @ +(k + 1)3
2
_(k ;1) [K? +4(k +1)]
~ (k+1)2(k2+4k+4)
4
(k + 1)2 (k + 2)2
4
so P(k)= P(k+1)
Therefore, it has been shown that P (1) is true and that if P(k) is true
for some k e U* then so is P(k +1). Therefore, the statement is true

—_

for all positive integers by the principle of mathematical induction

n

r(r+1)(r+2)= i(r3 +3r +2r)

r=1 r=1

1 r
2 2
_n (n4+1) +n(n+1)2(2n+1)+n(n+1)

= [n(n+1)+2(2n+1)+4}

= n*+5n+6
| ]

_ n(n+1)(n+2)(n+3)
4

13a ‘harmonics’ consists of 9 different letters, so there are 9! arrangements.
b 5 digit numbers:
4 ways of choosing first digit (bigger than 3)
Each of the next three digits can be chosen in 7 ways
The last digit can be 0 or 5
These numbers include 30000 which is not wanted
In all there are 4x7° x2 -1 five digit numbers
6 digit numbers:
6 ways of choosing first digit
7 ways of choosing each of the next four digits

2 ways of choosing last digit Divisible by 5 = final digit is 0 or 5

In all there are 6 x7* x2 six digit numbers
7 digit numbers:

6 ways of choosing first digit
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Worked solutions

7 ways of choosing each of the next five digits

2 ways of choosing last digit

In all there are 6x7° x2 six digit numbers

Answer =(4><73><2—1)+(6><74><2)+(6><75><2)
=2743+28812 +201684
=233239

c The only possibilities would be to have 3 women and 2 men or 4 women and 1 man
“C, % C,+4 C, X C, =4x21+1x7 =91
14a & -b’>=(a+b)(a-b)=(2x)(2y)=4xy
b & :(x+y)3 =x3+3xy +3xy2 +y°
b’ =(x- y)3 = x> -3x%y +3xy? - y?
c ~.a-b= (X3 +3x%y +3xy? + y3) - (x3 —-3x%y +3xy? - y3)

= 2(3x2y + y3)
(2y) (3x2 + yz)
a-b)(3x* +y?)

But,

a+ab+b*=3x*+y?

So,
a’-b’>=(a-b)(a*+ab+b?)

d a'=(x+ y)4 =x*+4x%y + 6x%y% + 4xy® + y*

b* = (x- y)4 =x* - 4x%y + 6x°y? —4xy? + y*

n @t = bt = (x*+ 4y +6x°y7 + 4xy’ +yt) - (x* - 4xPy + 6x7y —dxy® + yf)
=8x%y + 8xy?

= (2y)(4x3 + 4xy2)

=(a-b)(a’+a’b+ab’ +b*)

e Conjecture: &’ -b" =(a-b)(a"" +a"*b+a b’ +...+ab"? +b"") o

f P(n):a"-b"=(a-b) (a”’1 +ab+a b +...+ab" 2+ b"’l)

When n=2

LHS=a? - b?

RHS = (a-b)(a+b)=a*+ab-ab+b* =LHS

P(2) is true

Assume that P (k) is true for some k e "

i.e. @ -b" =(a-b)(a"" +ab+a" 7 +...+ab )

=a" =(a- b)(ak'l +@b+a b+ .+ ab"‘l) + bk
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When n=k +1
ak+1 _ bk+1 _ a(ak) _ bk+1
[(a-b)(a" + &b+ a b +...+ ab*") + b ]| - B

Il
Q

)
=a(a- b)(ak‘1 +ab+ap .+ abk‘l) +abk — bkt
=a(a- b)(ak‘1 +ab+ap .+ ab"‘l) +b*(a-b)
=(a-b [a a“t+ah+at .+ abk‘1)+ bq

)
=(a- )(ak +a@7'b+a?p +...+ab? +bk)
so P(k)= P(k+1)
Therefore, it has been shown that P(2) is true and that if P (k) is true
forsome k ell*, k > 2 then P(k + 1)is also true. Therefore, the statement is true
for all positive integers greater than 2, by the principle of mathematical induction

15 The difference between the coefficients must be the same

16

.n n _n n
o Cr - Cr—l - Cr+1 - C.r
n! n! n! n!

Trn-m (r-Di(n-r+1)l (r+1)i(n-r-1)1 ri(n-r)!

(r+1)Y(n-r+1)
n!
(r+1)(n-r+1)—(r+1)(r)=(n-r+1)(n-r)—(r+1)(n-r+1)
=2(r+1)(n-r+1)-r(r+1)-(n-r+1)(n-r)=0

=((n-r+1)(3r+2-n)-r*-r=0
which after expanding and simplyfing gives
n’+4r*-2-n(4r+1)=0

I

Multiplying by

2+x-7x* A .. B, C
(1—2x)(1—x2) 1-2x 1+x 1-x

224 x-7x2 = A(l+x)(1-x)+B(1-2x)(1-x)+C(1-2x)(1+x)
Setx=1: -4=-2C=>C=2
Setx=-1: -6=6B=>B=-1
Compare constants: 2=A+B+C=>A=2-B-C=1
o 2+x-7x* 1 1 2
1-2x)(1-x?) 1-2x 1+x 1-x
1

(
(1 2x) (1+x) +2(1—x)_1
(1+2x+4x +8x3 +. ) (1—x+x2—x3+...)+2(1+x+x2+x3+...)

=2+45x+5x%+11x3 +...

Exam-style questions

17 Require (3 x coefficient of term in x°) +(1 x coefficient of term in x“)

3x @ 43 (-2x) +1x @ 4% (-2x)* (3 marks)
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= -57344

18 @(1"2)(3x)2 — 495x2

9n(n-1)

n(n—l) =110

=495

n”-n-110=0

(n-11)(n+10)=0

Son=11 or n=-10

19 First part is geometric sum, a=1, r=1.6 , n=16
Second part is arithmeticsum, a=0 , d=-12 , n=16
Third partis 16 x1=16

Geometric sum: S, =

1.6 -1
1.6-1

=3072.791

Arithmetic sum: S, = %(2 x0+15x(-12)) = -1440

n=15

ML

So

n=0

(1.6” —12n+ 1)

=3072.791-1440+16

=1648.8

n-1 n-1
20
PR

(n-1)!

)

(n-1)!

Ki{n—k-1)1 " (k-1)1(n—k)!

(n-k)(n-1)4+ k(n-1)!

k'(n—k)!

_n(n-1)-k(n-1)+k(n-1)!

k(n-k)!
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(1 mark)

(2 marks)

(1 mark)
(2 marks)

(1 mark)

(1 mark)
(1 mark)
(1 mark)

(1 mark)

(1 mark)

(1 mark)

(3 marks)
(1 mark)
(1 mark)

(1 mark)




Worked solutions

21 Consider multiples of 7:

504 is the first multiple and 1400 is the final multiple
1400 =504 +7(n-1) (1 mark)

=n=129 (1 mark)

So the sum of the multiples of 7 is S,,, = %(2x504+ 7x(129-1)) =122 808 (2 marks)

Sum of the integers from 500 to 1400 (inclusive) is

Soot =%(2x500+1x(901—1)) =855 950 (2 marks)
Therefore require 855950 -122 808 =733 142 (1 mark)
22 Suppose n° + 3 is odd. Assume, for a contradiction, that n is also odd. (1 mark)
Then we can write n=2p+1 for pel* and "*+3=2g+1 for gell". (1 mark)

SomP+3=2g+1
(2p+1) +3=2g+1 (1 mark)
8p° +12p* +6p+1+3=2g+1 (1 mark)

8p* +12p° +6p+3=2q
3 2 3
So g=4p° +6p +3p+§ (1 mark)
Since p is an integer, 4p® + 6p® +3p is also an integer.
. 3. . 3 ) 3. .
Since = is a non-integer, then 4p° + 6p +3p+§ is also a non-integer. (1 mark)

This is a contradiction, since g was assumed to be an integer. (1 mark)
Therefore, the initial assumption is false, and n must be even.

23Case n=1:
5201 41=5+1=6=1x6 (1 mark)
Therefore true for n=1

Case n=k:

Assume the statement is true for some kel , k>0 (1 mark)

Then 5% +1 =6s for some positive integer s

Now 52 41 (1 mark)
— 52k+2—1 + 1

=52 x5%1 1 (1 mark)
=5 x(6s-1)+1 (1 mark)
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=25(6s5-1)+1

=25x65—-24 (1 mark)
=6(255-4)

Which is a multiple of 6 (1 mark)

So the statement is true for n =1, and when assumed true for n=k ,

is true for n=k+1.

Therefore the statement is true for all neD . (1 mark)
1
24a \3/1—x=(1—x)5 (1 mark)
1V (—2)(=xV (L) (=2)(=5)(-x)®
:1_§+(3)( ;)'( x), G 3)(3|3)( x) (2 marks)
2 3
:1_§_%_% (1 mark)
b When x=i4, (1 mark)

6
f 1 ’63 63
A x =31-— =322 = 1 k
x 64 64 4 (1 mark)

2 5X3
Y63 ~a|1- XX X 1 mark
{ 379 81 (1 mark)
2 3
- 1_@__(5) _5(5) (1 mark)
3 9 81
4.4 4 20
192 36864 21233664
=3.979057 (1 mark)
25a 9!1=362880 (1 mark)
b 2x8!=80640 (2 marks)
c 91-2x8!1=282240 (2 marks)
d We require:
(no. of ways in total) — (no. of ways with one woman separating men)
— (no. ways with men together) (1 mark)
=91-2x7x71-2x8! (1 mark)
=211680 (1 mark)
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2 Representing relationships: functions

Skills check
1 a

(] =2

N |7

11/
({1.:) [ox

4
oy 1 5

2,0 (3.0

&
\ =13
5

1
(-1.73,0 1.73/0)
- 0 1

The graphs intersect at (-1.73,0) and (1.73,0), each to 3sf.

ydtfl(x} =+ 2

17

i31-1%

[ mETE )

(-1.82, 0.589) (0l823,1.91
T

_5/_420._4t

f2(4 —I
2,

The graphs intersect at (-1,1), (-1.82,0.589) to 3sf, and (0.823,1.91) to 3 sf.
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3 a

b

C

Worked solutions

y=x>-2x+3
=(x*-2x+1)+3-1
=(x-172+2

y=-x>-6x+1

=(x>+6x+9)+1+9
=—(x+3)+10

y =3x?+6x+1
=3(x*+2x+1)+1-3
—3(x+1)7 -2

Exercise 2A

1 a

Yes

D, ={1,2,3,4}
R. =1{0,2,3,4}

Yes

D, ={-2,-1,0,1)
R - 1)

No, this is not a function because it is not well-defined: 2 is mapped

to multiple values

No, this is not a function because it is not well-defined: = is mapped to
both » and =~

Yes

Dy
R

(1,2,3,4,5)
(2,4,10}

No, this is not a function because it is not well-defined: -5 is mapped to
both 0 and 1

No, this is not a function, since it is does not act on the entire domain:

5 has no image

No, this is not a function, because it is not well-defined: 2 is mapped

to both 8 and 15

No, because the graph does not pass the vertical line test

Yes

M;U »,D
Il 1]
~ -
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¢ No, because the graph does not pass the vertical line test
d Yes

D, ={xel |1<x<6}
R ={yel |l1<y<7}

e Yes

D, = {-4,-3,-2,-1,1,2,3,4}
R. ={-3,-2,-1,0,1,2,4}

f Yes

D, ={xel |-4<x<3}
Ro={yel|-2<y<1]

g Yes

D, =R. =

Exercise 2B
1 ai y=x>+6x+8=(x+3)+8-9=(x+3)-1
So the axis of symmetry is x = -3
i (-3,-1)

ili Concavity: up, D, =0, R.={y el |y >-1}

2 2
b i y=10+3x—x2:—(x2—3x—10)=—[[x—§j _2_10J24_9_[X_§j
2 4

So the axis of symmetry is x :%

.. [3 49]

i | =, —

24
49

iii Concave down, D, =U, R, = {y ell |y< T}

c i y=3[x2—4x—§j:3((x—2)2—gj:3(x—2)2—17
So the axis of symmetry is x =2
i (2,-17)
iii Concaveup, D, =0, R ={yel |y=>-17}

d i y=—2(x2+2x—%)=—2[(X+1)2—g):9—2(x+1)2
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So the axis of symmetry is x = -1
i (-1,9)
ili Concave down, D, =0, R, ={y el |y <9}
2 a Vertexis (2,-16) =y = a(x—2)2 -16
~12=a(0-2) -16=>a=1
Ly = (x—2)2 -16
b x -intercepts are x = -3, x =1 so the quadratic must be of the form

y =C(x+3)(x-1)=C(x*+2x-3)
Atx=0, 3=-3CsoC=-1
Ly =3-2x-Xx°

¢ Xx-—intercepts are x =1, x =5 so the quadratic must be of the form
y:C(x—l)(x—S):C(x2—6x+5)
Atx=4, -12=C(-3)=C=4
.'.y:4(x2—6x+5):4x2—24x+20

d Vertexis (2,-6) =y = a(x—2)2 -6

6-a(4-2)-6=a=3
y=3(x-2)-6

e Xx —intercepts are x = -5, x =2 so the quadratic must be of the form

y:C(x+5)(x—2):C(x2+3x—10)

Atx=1,3=C(—6):C=—%
R Y _ e 3, 1,
Ly = 2(x +3x 10)—5 2x 2x

f Vertex is (—10,60) = y = a(x +10)" + 60

45=a(—5+10)2+60:a=—§

y:%3(x+10)2+60

Exercise 2C

1 4-2x=0thereforex=2and D, ={x el | x =2}

4y -3
= 4y —-2xy =3 => X = ——
4—2x:> Y 4 = 2y

~y#0andR ={yel |y =0}

y
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Worked solutions

Asymptotes: x =2 and y =0

2 3—6x¢0:>x¢% SODfZ{XEU |x¢%}

1 143y
Y oex_3 XV =i= 6y

~y=0andR ={yel |y =0}

Asymptotes: x:% andy =0
1 1
3 2—4x¢0:>x¢§ soD,,:{XED |x¢§}

2y
=2y -4xy =X = X =
2-4x 4 Y 1+4y

1 1
:.yi—z andez{yeD |y¢—z}

y:

Asymptotes: x =% andy = —%

4 1-x20=>x#1s0D, ={xel |x=1}

1+x y -1
y = S>y-yx=1+x=>Xx=
1-x y+1

~y#-landR, ={yel |y=-1}

Asymptotes: x =1andy =-1
1 - 1
5 1+2x¢0:>x¢—§ soD, =ix el |x¢—§
1-2x 1-y
= +2xy =1-2X => X =——"—
1rax VY T T 2Ay)

~y=-landR, ={y el |y =-1}

Asymptotes: x = —% andy =-1

6 2—3x¢0:>x¢§ SODfZ{XEU |x¢§}

—2X_3:3_2)(:2y—3xy=3—2x:x=—2y—3
2-3x 2-3x 3y -2

2 2
.’.y¢§ andR,:{yeD |y¢§}

Asymptotes: x = % and y = %

Exercise 2D
1 a y=Jx-2

x-220s0D, ={xel | x22}
y20s0R, ={yel |y=0}
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y =43x-2

3x—220:>x2§ ande={xGD |x2§}

y20=R ={yel|y=>0}
y=1+\/2—4x

2—4x20:>xs% andD,,:{xG[I |xs%}

y21soR ={yel|y=1}

d y=3—a\i2x+1

2x+120:>x2—% andD,,:{xGD |x2—%}

y<3soR ={yel|y<3}

e y=-2Jyx-1

x-1>0=>x>land D, ={xel |x 21}
y<0soR ={yel|y<0}

f y=1-32-x

2-x20=>x<2andD, ={xel | x<2}

y<l=R ={yel |y<1}

Exercise 2E

1

3

_ 4 B 4
Cx*-3x  x(x-3)

y

X(x-3)20=x=0andx =3
D ={xel |x=0,x =3}

R ={yel|y=0}
Asymptotes: x =0, x=3, y =0

1 1

Y =X 9T (x+3)(x-3)

(x+3)(x-3)=0= x = +3

oD ={xel | x =3}
Rf:{yeD |y>Oorys—%}
Asymptotes: x=-3, x=3,y =0

3 1 _ 1
x*+2x-3  (x+3)(x-1)

y:
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(x+3)(x-1)=0=>x %1, x#-3
Dy ={xel |x=#1, x#-3}

Rf={yeD |y<00ry2%}

Asymptotes: x =-3, x=1, y =0

(x+2)2¢0:>x¢—2

D ={xel|x=-2}

R ={yel|y>0}
Asymptotes: x =-2, y =0

1 1
“2x*+9x-18  (2x-3)(x +6)

y:

.'.Df:{XeD |x¢g,x¢—6}

8
R = N Oory>—— |
¢ {ye |y <Qory 225}

Asymptotes: x = -6, x = %, y=0

D, ={xel | x>-2}

R ={yel|y>0}
Asymptotes: x=-2, y =0

B 1 B 1
= J2x2 -3x -2 - \I(X—Z)(ZX+1)

.~,Df:{X€D |x¢2,x¢%1}
R.={y el |y>0}
Asymptotes: y=0,x=—% and x =2

2 2

Va5 J2xes)(x-5)

oDy =ix el |xs—E or XZE
2 2

R ={y eD |y <0}

Asymptotes: x = —g, X =§, y <0
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Exercise 2F

1 a 1 A . B
x> +5x+6 (x+3)(x+2) x+3 x+2

=1=A(x+2)+B(x+3)
Setx=-2: 1=B=B-=1
Setx=-3:1=-A=>A=-1
11 1
T x2+5x+6 x+2 x+3

4-x 4-_x A . B
X +x-2 (x+2)(x-1) x+2 x-1

=4-x=A(x-1)+B(x+2)
Setx=1: 3=3B=>B=1
Setx=-2: 6=-3A=>A=-2
o 4-x 1 2
TxPix-2 x-1 x+2

4x-9 4x-9 A B

x2—3x_x(x—3)_;+x_3

= 4x-9=A(x-3)+Bx
Setx=0: -9=-3A=A=3
Setx=3: 3=3B=>B=1
4x-9 3 1
> = — 4+

xX°-3x x x-3

a X - X __A B
x* -1 (x+1)(x-1) x+1 x-1

= x=A(x-1)+B(x+1)

Setx=1: 1=ZB:B=%
Setx=-1: —1=—2A:A=%
X 1 1 1
> = — +
x-1 2{x+1 x-1

5 ___ 5 __ 5 __A B
Xx*-x+6  x*+x-6  (x+3)(x-2) x+3 x-2

= -5=A(x-2)+B(x+3)
Setx=2: -5=5B=B=-1
Setx=-3: -5=-5A=A=1
, 5 1 1

T X2 -x+6 x+3 x-2

10x -1 10x -1 A B
= = +
8x*+2x -1 (4x-1)(2x+1) 4x-1 2x+1
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Worked solutions

:10x—1=A(2x+1)+B(4x—1)
Setx:—%: -6=-3B=>B=2

Setx:l: E:EA:>A:1
4 2 2
1

. 10x-1 N
T8x2+2x-1 4x-1 2x+1

1143x _ 11+3x A B
6x*+5x -6 (3x-2)(2x+3) 3x-2 2x+3

311+3x=A(2x+3)+B(3x—2)

2 13
Setx==: 13="F—A=>A=3
. 3 377
Setx=—§: E:—EB:>B:—1
2 2 2
11+ 3x 3 1

T BXx’+5x -6 3x-2 2x+3

Exercise 2G

1 D, =0C,R={yel|y<3}

o

-

Kot &
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¥
- 4]
\ 3
2
T T x
-12 -10 8 -6 ¢ A 2

7 D=0,R={yel|y<2}

¥

2
- x
1

2 1

[
L.

N

8 D, =0,R ={yel|y<-2}

(=]

b b Ak

NARS
VRN

9 D, =0,R ={yel|y=0}

T

1]
224”1

|

10D, =0, R ={yel |y=2}
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[
m ha

-

-4 2 2

Exercise 2H

1

10-3x+2/=7=3x+2=3

=3x+2=3 or 3x+2=-3
3x+2=3:>x=%

3x+2=—3:>x=—§

Substituting into the equation shows these are both valid
8|x+7-3=5=|x+7=1

=>x+7=1o0or x+7=-1

X+7=1=>x=-6

X+7=-1=>x=-8

Substituting into the equation show these are both valid

|x -2/ =2x+1
=>Xx-2=2x+1 or x-2=—(2x+1)
1

=>Xx=-3 or Xx==
3

Substituting these into the equation = x = % only

|4x +3/=3-x

=4x+3=3-x or 4x+3=x-3
4x+3=3-x=>x=0

4 +3=x-3=>x=-2

Substituting these shows these are both valid

|4x + 9 =[2x -1

=4x+9=2x-1 or 4x+9=1-2x
4x+9=2x-1=>x=-5
4x+9=1—2x:x=—i

Substituting these into the equation shows these are both valid

[5x +3|-[2x -1 =0 = [5x + 3| =[2x - 1]

© Oxford University Press 2019
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Worked solutions

25x+3=2x-1 or 5x+3=1-2x

5x+3:2x—1:>x=—g

5x+3=1—2x:>x:—%

Substituting these into the equation shows these are both valid

[2x -5 [3x+
3 1

4, 2ox 5= 3[3x + 4|
3 2 |

2. 2(2x-5)=3(3x+4) or 2(2x-5)=-3(3x+4)
2(2x-5)=3(3x+4) = x = -

2(2x - 5) :—3(3x+4):>x:—%

Substituting these into the equation shows these are both valid

Exercise 21

1 a Forx>—§,
2

|2x+3|<6:>2x+3<6:>x<E

Forx<—§, |2x+3|<6:—(2x+3)<63x>—%

9 3
L=< X< =
2 2
b Forxzz,
2

[2x-3/25=2x-3>5=x>4
Forxsé,
2

Px-325=3-2x25=x<-1
Xx<-lorx=>4

C Forx<§,
2
|3—2X|<5:>3—2X<5:>X>—1

Forx>§,
2

3-2x|<5=2x-3<5=x<4
L-1l<x<4

d [1-3x|25
Forx<1,1—3x25:>xs—i
3 3
Forx>%,3x—125:>x22
.'.xg—iorxzz
3
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Worked solutions

e [2x+3|>|x+3|

2x+3>x+3 or —(2x+3)>x+3

2X+3>x+3=>x>0

“(2x+3)>x+3=>x<-2

Checking points in these regions shows they are both valid
Lx<=-2or x>0

f x+6>3x+2

=X+6>3x+2 or x+6>-(3x+2)
X+6>3x+2=>x<2
X+6>-(3x+2)=>x>-2
L-2<X<2

a From thegraph, 1<x<5, x#2

¥

AJKI \
3
f2(x)|= 2 N 1(1.2)\\_(5 2)
!
\
S
T x-2
\{ > X
-10 -8 -6 4 -2 2 4 10

y
A

|H

f1(x)| =—

@ Es
—
"

>

No

20)(= 1 (2,1

[RE

¢ From the graph, —? <x<5

y
. A
\-4.33,4) (5,4) /
\ T lew=4

/
AN
N
A/
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Worked solutions

d From the graph, 4.54 < x <-3.30 and 0.303 < x <1.54

A

\nm=w+a-u

2]

I
a1
T—)

2(x)|=3 .54, 8)

T~
O (e8]
/
=
=

Uy

Exercise 2]

1 a f(-9)=1

-10 8 F 4 ‘31 F i & & 10
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Worked solutions

c D =0
R ={yel |y=0}
3x+10, x<-2
5 f(x)=12, 2<x<2

-3x+10, x>2

2x +4, X =>-2
6 a f(x)z{—(2x+4), x<-2
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Worked solutions

b f(x)— 3x-7, x=3
T |11-3x, x<3

Exercise 2K

1 Neither

2 Onto and one-to-one O
3 One-to-one, not onto
4 One-to-one, not onto
5 Onto, not one-to-one
6 Onto, not one-to-one

7 Individual Response

Exercise 2L
1 a f(—x) =2—(—x)2 =2-x*=f(x) so even
Many-to-one

b g(-x)=3(-x)+(-x)’ =—(3x+x*)=-g(x) so odd

One-to-one
1 1 1
C h(_X) = _2(—X) = Z _(_Zj - _h(X) so odd
One-to-one

d p(—x)=2(-x- 3)2 so neither odd nor even
Many-to-one

e f(x) isn't even defined for x < 0 so neither
Many-to-one

fF(—x)=(-x)-2(x) +(-x) = ~(x=2x>+x*) = —f(x) so odd
Many-to-one

2 Suppose that f(x) is both even and odd

Then f (-x) = f(x) = -f (x)
= 2f(x)=0 for all x
= f(x) =0 forall x
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Exercise 2M

1

-
—_
Q
—_

N
~
~
Il

£(8)=-19

i F(g(x))=Ff(x*+4)=5-3(x" +4)=-3x* -7

g(f(x))=9g(5-3x)=4+(5-3x)" =29-30x +9x°

9(F(1)=9(2)=+3
f(9(2)=r(¥3)=3+1

fg(x))=f(V2x-1)=V2x-1+1

9(F (x)) = g(x+1)=V2x+1

D, =1

Rf:{yeD |y2—1}
4

D,=C

R,=C

D, =U

R ={y el |y=0}
D, ={xel ||x=2]

R,={yel |y=0}

Worked solutions

Fog(x)=(2-3x)" +(2-3x) = (2-3x)[(2-3x) +1] = 3(x -1)(3x - 2)

gof(x)=2-3(x+x)=2-3x-3x

D, =T

°g

1
Rf°g={yeu IyZ—Z}
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Worked solutions

D,, =0

go

Rgof={yeL |yS1741}

i fcg(X):‘m+l‘
gof(x):ay(x+1)2—4:4f(x+3)(x—1)
Dy, ={xel ||x]>2}

R,={yel|ly=1

={xel |x<-3orx=x1}

D,.
R,,={yel|y=0}

3 ai f(h(x)=1-2V2x+4

i h(g(x)=2(x* -1)+4 =2x* +2

i h(h(x))=\2V2x+4+4

v £(9(h(x)) = F((VBTa)] ~1)=F(2x+3) = 1-2(2x+3) - 4x 5
bi D.,={xel|x>-2},R,={yel|y<1}

i D,, =0, R, ={yenly=42}

iii D,,={xel |x>-2), R, ={yel|y=>2

iv D,

0, Regy =10

ogoh =

¢ h(h(0))=V22x0+4+4 =24 +4 =22

g(g(x)) =x*(x*- 2) =g(9(-1)) = (-1)° ((—1)2 - 2) =-1

x -4

f(g(x))=3- +a=x-4+a
g(f(x

a-4

)-3-%,
3x+a-4 a-4
)-
3 3
=a-4=>a-4=3a-12

=
=2a=8=a=4

5 Individual Response

6 a (bot)(h)=20(4h+2)" ~80(4h+2)+500
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Worked solutions

= 20(16h2 +16h + 4) —-320h-160+500
=320h* + 420

This gives the number of bacteria b in food h hours out of the refrigerator.
b 10000 = 320h% + 420
h = 5.47 hours

> 2
7 r(t):r(v(t))=(%—0.l} +0.2 ; 2 hours

Exercise 2N

1 a {(2.4),(2,0),(2,-2,),(2,2)}. Inverse relation is not a function since 2 has more than one
image.

b ((31), (2-6), (4-3), (00), (-5-5), (3,-2)

¢ {(1-1), 3-3), (5-2), (4-4), (L), 3-5), (20)

2 a x=5y—1:y=f‘1(x)=X;r1
b x:%:y_f‘l(x)=3x+2

€ x=y’-3=>y=Ff'(x)=Vx+3
(must restrict to either positive or negative square root for this to be a function)

d x=% (y¢3):>xy—3x=2:>y=f‘1(x)=2+3X

(x #0)

Gl

e x=y’+1l=>y=Ff'(x)=(x-1)

y+1
y_

f x=

(v #1)

[y

xy-x=y+l=y(x-1)=x+1

:y:f’%x):f{ti (x 1)

3 a To make f a function, restrict the domain:

D, ={xel |x=2}
R ={yel|y=0}

x:(y—Z)Z:i X=y-2=y=2+x
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Worked solutions

Take positive square root to make this a function, and restrict domain
tox=>0

Sy =i (x) =2+ %

D,, ={xel |x=0}

Rf71 :{yED IyZZ}

b The domain of the original function does not need restricting:

D, ={xel |x#+-1}
Rf={yeu |y#2}

X=2y+1
y+1

, y=-1

Xy+x=2y+1=>y(2-x)=x-1

c Restrict the domain so that it is a function:
D, ={xel | x=0}
R ={yell|y=1}

-1 x-1
X=dyl+l=sy? =X "2y
y y 2 y >

Take e.g. positive square root to make this a function and restrict domain
such that x > 1

y=f*1(x)=‘/x_1

2
therefore
D, ={xel|x=1}

fa

R.={yel|y=0}

4 This can be done by direct substitution, but note that in general,

(gof)o(fﬁ1 ogfl)zgo(f:cffl)ogf1 =go(id)0971 =go(idog71)=gog71 =|d
where id is the identity function id(x) = x

:}(gof)o(f_l Og_l)(X) =X

= (Fregt)(x)=(g°f)" (%)

Since this is true in general, it is certainly true for the specified functions

5 Important: it must be shown that both f(g(x)) = x and g(f (x)) = x

a f(g(x))=—4(1—§)+4=—4+x+4=x
and g(f(x))=1—%(—4X+4)=1+x—1=x
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Worked solutions

2 +3-5 _ _x
b r(g)= 15— 27200,
1 +3-3
andg(f(x))_—x_i_ +3:—X_25(’_((_X3Z3)+3:(x—3)+3:x
x—3
,x-3 ) .
Px) o
c f(g(x))z( 22 ] =( 2) =2?=x
5 (2X+3)3_
andg(f(x))_ > 22 3:(2x+23)—3:X

Exercise 20

For all of a, to transform y=f(x) to y=|f(x)|, the graph is unchanged for y>0, and reflected in the
x=axis for y<0.

For all of ii, to transform y=f(x) to y=f(|x|), the graph is unchanged for x=0. Where x<0, the part
of the graph for x=0 is reflected in the y-axis.

1
2-5&6 IE-‘l
1
11
1
nY
il 5
W B -p -1}3\(
m
3-5|‘|1
2
O
TR T 4]
D)
TN
3
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Worked solutions

1= }m}

A\

H"‘"“-—-—..

ha

e

—

3

|
i} /1
|

[ ;

1«1

it}

[\

Exercise 2P

1 a

|
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b ¥
wl A R
b oa % op —Vl\} " 5
’ ' |

Exercise 2Q

1 a
¥
1 .
"-..,_“f—wl //
£5 8 b H
b
¥
L
fix)
| | n \“““- | ] -1
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~fix}

R ={yeC|0<y<6}

-
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Exercise 2R

1

In order of the transformations given, the function y = 1 is transformed to
X

2
y ==
X
2
theny = —
Y 3x
theny—L+3
S 3(x+2)

D, ={xel|x#-2}, R={yel |y=3}

a Horizontal dilation factor of % , followed by a vertical dilation of factor 2, then a horizontal

translation of 4 units in the positive x-direction, and a vertical translation of 1 unit in the
positive y-direction.

b y=2f(3(x-4))+1

_x—3_x+5—8_1 8

a = = _
Y X+5 X+5 X+5
e.g. translation by 5| vertical stretch by factor -8, translation by 0
0 1
2(2x+1)+3
by X5 (2x+1)+ 5, 3
2x+1 2x+1 2x+1
e.g. translation by 1) stretch horizontally by scale factor %, stretch
0
vertically by scale factor 3, translation by 0
2
2x+4 2(x+1)+2 2
cC y= = =2+
xX+1 xX+1 xX+1

e.g. translation by [ 1}, stretch vertically by scale factor 2,

0
translation by 0
2
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Worked solutions

Exercise 2S

1

x] = ] 67 f2(x)=f1{2-x)

—

—~—l

"

;—_—.zf—/_ —
=
[=]
Y

500 F13 (k-1

L
— e

—
—
L

67 /

\l\m= : fs/(/(= 203+

Y =

£5(x] = fai(x) -2

AT 15%(,\41

£3(x] = f2(—x)

1(x43)
|

(]

[
d‘I
P

-10 f5(4) = fd(x) +|1 0 10

FAYA

—f3(k)
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Worked solutions

4
¥
67 I fm)—%
f2(%) = (-2} ]
l
} \ f4(x) = -303(x]
N
10 Va 0
— N
% lfa r):fz( %]
5 (x) = f4f{x) —|1
-6.67 |
5

h Y

= _£3
4= -1 £2(x) = £1(2.%)

1ix)

— |
—~—]

A

f3ix) = fllx [N \

Chapter review

1 a The graph does not represent a function since it does not pass the vertical line test.

b This graph represents a function.
D, ={-4<x<5} R ={-1,2}
c This graph represents a function.
D, =l R ={yeb|-1<y<1}
d This mapping does not represent a function since 5 is mapped on to more than one element.

e This graph does not represent a function since it does not pass the vertical line test.

f This relation represents a function.

D, = {—1, 0,3, ﬂ'}
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3y 2x
X=-—"—=2Xx-Xxy =3 =—— (x=-3
2—y:> y==r=Yy 3+x ( ” )

Worked solutions

Translate the graph of y=f(x) 3 units in the negative x-direction, reflect in the y-axis, vertical
stretch by a factor of 2, vertical translation of 4 units in the positive direction.

X-2=2X+1=>x=-3

2—x:2x+1:>x:1

Graphical representation = the desired region is the section between these intersections

i.e.—3sxs1
3
5 , 1-x
X = s X+XY =l y =—r
1+y X
Take y = ]'__X
1 B 1 X

= = =X
2
[1—Xj 141X x+l-x
1+ “’T X

1
1-——
and A 11+x2 :\}1*’;2_1 = Jx? = |x| = x in the domain [0,1]

_xV 2
f(—x):( X) w1 x +1:f(x) so even

x*+1
F(-x) = (_E(_)i(ll = _XZ):L 1= ~f(x) so odd

Jx %

c f(x)= g;f(—x) = —T;—f(x) = hence neither.

2 2 __A B
x2+5x+6_(x+3)(x+2)_x+2 X+3
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Worked solutions

=2=A(x+3)+B(x+2)
Setx=-2: 2=A=>A=2
Setx=-3: 2=-B=>B=-2
22 2
" Xx2+5x+6 x+2 x+3

Exam-style questions

9 a Norealroots = A<0 (1 mark)
A=36-4(2k)(k)=36-8k* (1 mark)
36 -8k* <0
k? > 36_9
8 2
3
k| > —=
K> 5
3 3
k<-— ork>— 2 marks
Nl N ( )
. . . b 6 3
b Equation of line of symmetryis x=-—=-—=-— (2 marks)

2a 4k 2k

Therefore i =1
2k

:>k=§ (1 mark)

10a The graph of fis shifted two units in the positive x-direction and one unit in the negative

y-direction.

b y:(2(x—2)2+4(x—2)+7)—1 (3 marks)

= (20 —4x+4)+4x-8+7)-1

=2x*-4x+6 (1 mark)
11a x=3y—4:>yx+2x=3y—4 (2 marks)
y+2

yx -3y =-4-2x

y(x-3)=—(4+2x)

_2x+4
y= 3-x
Fiix) = 2X*+4 (1 mark)
3-Xx
b x#3 (1 mark)
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13a

_k+x-1
x -1
k
= 1
Y x—lJr
k
f(x)= 1
(=57

So f is self-inverse

Rangeis f(x)>1, f(x)el

N W e w N E

—

¥l

K=

x

-]

— T
1 2 3 4 5 6 7T 8 9 10

(shape of graph: 1 mark)

(both asymptotes: 1mark)
x? —6x+13=(x—3)2 +4

Therefore k =3

y=(x—3)2+4

X (y—3)2+4

(y—3)2 =x-4
y-3=Ix-4
y=3+JIx-4
f’l(x)=3+m

© Oxford University Press 2019

Worked solutions

(1 mark)

(1 mark)

(1 mark)

(2 marks)

(2 marks)

(1 mark)

(2 mark)

(1 mark)




Worked solutions

¢ The domain of f*(x)is x>4 , (xel) (1 mark)
The range of £ (x) is f(x)=3 , (f(x)el) (1 mark)
14a f(X):17—10X:12+5—10x (2 marks)
2x -1 2x -1
12 +5(1-2x)
= 7 1 mark
2x -1 ( )
B 12—5(2x—1)
- 2x-1
12 5(2x-1)
S 2x-1 (2x-1)
125 (1 mark)
2x -1
- 1
bi x== (1 mark)
2
ii y=-5 (1 mark)
c
¥
154
] U:k&\ 1,
15 | <10 | B '1 10 15
e e et __.E_L--_‘:_.'__“_‘_—_—.—
L~ ] y2-5
M
Il
|,=]
—15-{ 2
(1 mark for each branch correctly drawn, 1 mark for both asymptotes; 3 marks total)
15a 6 (1 mark)
18(1+0.82x12
b po18(1+082x12) (2 marks)
3+(0.034><12)
¢ Solving 100 = 18(1+0:82) (1 mark)
9 T3 0.034t
300+ 3.4t =18(1+0.82t)
300+ 3.4t =18+14.76t
282 =11.36t
t= 282 =24.8 months (1 mark)
11.36
OR
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Worked solutions

18+ 1B[ 082 x
/’Rﬂ 0Ty

200 /

(2482 100)

200 400 600

(1 mark)
t = 24.8 months (1 mark)
d A horizontal asymptote exists at P = % =434.12 (2 marks)
Therefore for t >0 , P <434 (1 mark)
OR
¥
600 4
TREELE
T Y et skl st e ks
T _ 1841808k«
200 /— =T 3 0ax
/
o 200 | 400 | 800 800 1000 (1 mark)
A horizontal asymptote exists at P = 434 (1 mark)
Therefore for t = 0, P < 434, P <434 (1 mark)
16 (x -3)" = x* ~6x+9 (1 mark)
2(x-3) =2x* -12x +18 (2 marks)
2(x-3) +12x = 2x* +18
2(x-3) +12(x-3)=2x*>+18-36
2(x-3) +12(x-3)=2x>-18
Therefore g(x)=2x*+12x (1 mark)
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Worked solutions

3 Expanding the number system:
complex numbers

Skills check
1 a x=+13 b x:izﬁ C x=i3\ﬁ
1
2 ax=1,-2 b x=->,1
3
3 a x<-3 b 4<x<2 c —%sxsz
4 a x=-5y=-9 b _lo2x
3 3
c x=£,y=—§ d No solutions
8 4

Exercise 3A

1 x*+8x+15=(x+5)(x+3)=0
s~ X=-50rx=-3

2 x*+5x-14=(x+7)(x-2)=0
LX=-70rx=2

3 3x*-7x+2=(3x-1)(x-2)=0
.‘.x=1 orx =2
3
4 4x* -20x+25=(2x-5) =0
5
aX==
2
5 5x?-4x-12=(5x+6)(x-2)=0

.'.x=—9 orx =2
5

Exercise 3B

1 a x2+6x—7=(x+3)2—16=0

A(x+3) =16 x=-3+4
nx=-70rx=1

2
b x2—7x—30=(x—%) —47:9—30=0
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Worked solutions

7V 169 7 13
Xz E— 2 X=ot—
2 4 2 2
~x=-3o0orx=10
2
xz—x—1=[x—lj T
4
2
JUOES IO BV T
2 4 2
, 72 7V 49 2
X*-Zx+Z=|x-2| -=2+2=0
3 6 36 3
(x 7Y .25
6 36
7+5 1
= X==-0rx=2
6 3
e 4x>+12x+5=0
x2+3x+%=0
2
(X+§] —2+E=O
2) 4 a
2
:>[x+§j =1
:x——gil
5 1
X=-—orx=-=
2 2
f x2—2x+—=(x—1)2—§:0
> 3
x-1) ==
(x-1 =2
x=1+ ngzﬁ:li?

x2+2x—1=(x+1)2—2=0

=x=1+ ﬁ
. Xx=2.41 or x=-0.414 to 3s.f.

2 2
b x*-3x+1-[x-2]+1-2_[x-3]_-2_0¢
2 4 2) 4

:3iJ§

=X 3
.. Xx=0.382 or x=2.62 to 3s.f.

1 3:0

c x*-Zx-=
2 2
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Worked solutions

1Y 3 1 1Y 25
X-=| -=—-—==|x->] -==0
2 16 4) 16

.. X=-1.00 or x =1.50 to 3s.f.

d x2+3x+§=0

X =-2.26 or —0.736 to 3s.f.

Exercise 3C

1 a x>+9x+18=0
.X_—91r,f92—4(1)(18)__91@__9i3
B 2(1) 22
=>Xx=-6 or x=-3

b x>-x-30=0

X=2 or x:—l
2

e 2x*-11x+3=0

e 11211 -4(\2)(V3) 11+ 121-4%6
T 22 B 22

2 a x*+(3-a)x-3a=0
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—-(3-a)+,(3-a) -4(-3
L _3-2) J(Za) (-32)
=a—3i\/a2+6a+9
2
_a-3z (a+3)2
2
_a—3ih+3
- 2
sox=aorx=-3

b 2x*+(2b-1)x-b=0

. 1-2b+\(2b-1) - 4(2)(-b)
SoX = 2(2)
1-2b+4b* +4b+1

B 4

_1-2b%(2b+1)

B 4

_1-2bzx[2b+1

B 4

1
SOX==o0orx=-b

c xX*+kx-2k?>=0

—k + \Jk* - 4(1)(-2k?)
2
_—kx\ok> -k =3k
2 2
S0 x =k or x = -2k

X =

d p’x*+2px-3=0

_-2p+(2p)° - 4p*(-3)
- 27

_-2px.\16p* _-2p:4lp|

2p? 2p?

SoX

3 1
SOX=-=o0rx==>
p p

Exercise 3D

1 a A=3"-4(1)(-7) =37 >0 so two distinct real roots

b A=1*-4(1)(2) =-7 <0 so no real roots
cC A= (2)2 —4(1)(1) = 0 so one repeated real root
d A= (\E)Z -4(5)(2) =-37 < 0 so no real roots
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Worked solutions

e 2x°-zx+1=0
A= (—7:)2 -4(2)(1)=2*-8>3*-8=1>0 so two distinct real roots
f 2.25x*-21x+49=0
A= (—21)2 —4(2.25)(49) = 0 so one repeated real root
2 a m*+2x-5=0
A=2%-4m(-5)=4+20m
Two distinct real roots: 4+20m>0=m > —%
1

One repeated real root: m = g

No real roots: m < —%

b 4x*-3x+t-4=0
A=(-3)-4(4)(t-4)=9-16(t-4)=73-16t

Two distinct real roots: t < %

One repeated real root: t = %

No real roots: t > 73
16

c (2s+1)x*=5(3x-1)

(2s+1)x*-3sx+s5=0
A=(-3s) -4s(2s+1)=9s? ~ 85’ —4s = s(s - 4)
Two distinct real roots: s<0ors >4

One repeated real root: s=0ors=4
No real roots: 0 <s< 4

Exercise 3E

1 (x+4)(x+2)<0
- xel4,-2

2 (x-4)>0
Lx e\ {4}

3 (x-15)(x+2)>0

5 x € Joo,-2] U215,
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4 (4x-3)(x-2)<0

.'.X€|:§,2:|
4

5 5x2-6x-8>0

(5x+4)(x-2)>0

4

ixe }_oo,_g[ U2,

6 9x*-12x+4<0

(3x—2)2 <0 SOXG{%}

Exercise 3F

1

b

Re(z)=0, Im(z)=-4

Re(z)=%, Im(z) —%
Re(z):—%, Im(z):%

|z|=«/52+02 -J25=5

|2| = {(-24)" + 72 = 576 + 49 = 625 = 25

5 12V  [169
|z|= = 4] -2 === =1
13 13 169

EEE

z,-2,+2;=(3-5-1)+i(-4-1+2)=-3-3i

2z, +32,-42,=(6+15+4)+i(-8+3-8)=25-13i

© Oxford University Press 2019

Worked solutions




Worked solutions

1 2 1
C —EZI+§ZZ ZZ3

1 2 N1
_5(3_4I)+§(5+I)_Z(_1+21)
[3 10 1} ( 2 1)
= -+t |+ 2+=-=

2 3 4 3 2
_25, 13
12 6

4z, -5z, +2z,
3

d

4(—1+2i)—5(3—4i)+2(5+i)

3
 —4+8/-15+20i +10+2i
3
_9 230’ —-3+10i

Exercise 3G
1 a zz,+2z, =(1+/)(3-2i)+2(-2-3i)
=5+/-4-6i=1-5/

*
b i Z_ 2% %

z, 5_|z3|2 5

(1+i)(-2-3i) 3-2i
(-2) +3 5
_1-5/ 3-2i
13 5
 5-25/-39+26i
B 65

34 1.
= - 4+ —

65 65

c z?-3zz,=(1+i) -3(3-2i)(-2+3i)
=1+2i-1-3(-6+13i +6)
—-37i

22z, 22,2, (L+7)(3-2i)(-2+3i)
AT N

:—(1+;)3(13i):i(1+i)=i—1

o 22-47" _2(1+0)-4(3+2)
2,2, (-2 +3i)(3+2i)
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_-10-6/ _10+6i (10+6i)(12+5/)
© —12+5/ 12-5i 122 +(-5)

_90+122i _ 90 122
169 169 169

1+I_2" —2-isoRe(z)=2and Im(z)=-1
1,2 =—i+2'(1+')=—i+i(1+i)=—1
i 1-i 2

so Re(z)=-1and Im(z)=0

142/ 1-2/ (1+2i) -(1-2i)
1-2i 1+2i  (1-2i)(1+2i)

(1420 +1-20)(1+27 ~1+2i)
- 5

so Re(z) =0 and Im(z) =

u1| o

(1+3i)(a+bi)=a-3b+(3a+b)i =5+5i

soa-3b=5and 3a+b=5
~3a-9b =15
~10b=-10=>b=-1
=a=5+3b=a=2

:>a+bi=(—3+i)(1+2i)=—5—5i
soa=-5and b=-5

2(z+i)=3i(z-1)
:>z(2—3i)=—2i—3i=—5i
51 -5i(2+3i)
2-31 224 (-3)
=—10i+15_15 10i

13 13 13
z-2 _z—i
1-2i 2+

(z-2)(2+i)=(z-i)(1-2i)
:>Z(2+i—1+2i):2(2+i)—i(1—2i)
= (1+3i)z=2+i
_2+i _(2+7)(1-3i)
1+3i 12+32
5.5 1-i 1 i
2

= Z

1
10 2 2
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Worked solutions

(z+20)(2+1) = (z-1)(1-/)

L zZ(2+0-1+i)==2i(2+i)-(1-1)
= z(1+2)=1-3i
,_1-3i _(1-3)(1-2)) -5-5i _

_ _ - 1
DY 17 +2° 5

z+1+i z-3i+2
1-4i 2/ +5

s (z+1+0) (20 +5) = (2 - 3i +2)(1 - 4])

= Z(2i+5-1+4i)=—(i +1)(2i +5) + (=3i + 2)(1 - 4i)

:>(6i+4)z =-3-7i-10-11/ =-13-18i
_13+18i _ (13+18i)(4-6i)

4 +6f 4% 1+ 6°
_ 52+108-6i
52
40 3
= 4+ —
13 26
a+bl el s asbiz2k+ki
2410

Comparing imaginary parts = b=k
Comparing real parts = a=2k =2b

soa=2b
L=7 _ ki where k <l
.'.b+ai=l—li

k k

Comparing real parts = b = %
Comparing imaginary parts = a = —% =-b

soa=-b

lzZ|+z=1

Sy +y? +x+iy=1

Comparing imaginary parts,

y=0

\/X_2+ x-1=0

=x]+x-1=0

x < 0 yields no solution - x + x -1 =0 = false statement
forx >0

2x-1=0

= X = 1
2

|z|-z" =i
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sz +y? —(x-iy)=i

S +yr —x+iy =i
Comparing real parts, y =1
X2 +1-x=0

= x* +1=x? =1 =0 false statement
Therefore, this has no solutions

7Z2+z7" =2

= (x+iy)2+(x—iy)=2

= x> +2ixy —y*+x—iy =2

= (X +x—y?)+(2xy -y)i=2
Comparing imaginary parts,
2xy -y =0=y(2x-1)=0

1
soy=0orx==
y 2

Ifx:l,
2

2
1 1,
| +z-y*=2
25
>y’ = —% which has no solutions
Ify =0,
x*+x-2=0
(x-1)(x+2)=0
sox=1lorx=-2

|2,2,| = |(X1 +iy,) (% +iy2)| = |(x1x2 —YYs) i (XY, +x2y1)|

= \/(X1X2 - y1y2)2 + (X1y2 + Xzy1)2
_ \/X12X22 4 y12y22 N X12y22 + X22y12
- \/(xlz +y72) (% + v,

= \/X12 + y12\/X22 + y22 = |ZI||ZZ|

Follows from part a: replace z, with zl

|z, + 2| =(2,+2,)(z,+2,)

2 2 * *
=2 +lzf +(22" +2'7)
=z, +|z[ + 2Re(z,2,)
<|z.[ +|z,[ + 2|zlzz*|

- |21|2 + |zz|2 +2|z,||z,

AR AREIACA

S CARYCS))

Since |z, + z,|and |z,|+|z,| are non-negative

|z, + z,| < |z,| +|2,|
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Worked solutions

*

8 a (2) =(x-ly) =x+iy=z

* *

b (z,+z,) = ((X1 +,)+i(y, +y2))

=(X, +X,) =i (y, +Y,)
= (X, —iy,)+(x, —iy,)

* *

=z +2z,

* *

¢ (22) =((x+%)(x +ir.))

*

= (X1X2 Yy, +i(x1y2 +X2y1))
XX = Y1V, _i(xlyz +X2y1)
= (X =iyy) (%, = iy>)

:ZI*ZZ*

d & *: X, +iy, *: (x, +iy,)(x, —iys) ’
Z, X, .|_iy2 X22 +y22

_ XX, Y4y, +i(y1X2 _X1y2)
X2+ Y,

_ x1x2+y1y2+i(x1y2—xzy1)

X+ Y,
and
213k _X — iy, _ (Xl _iyl)(XZ +iyz)
Zz* X3 _iyz X22 +y22
_ x1x2+y1y2+i(x1y2—x2y1)
- X2+ Y,

* *
z z

so || ==
ZZ 22

e |z| = sz +y? = .’xz + (—y)2 =

*
z

Exercise 3H

7

1 a 7+ +i"+i¥

A N SN -
=/4/3+(/4) /+(/4) /3+(/4) i
=P +i+iP+i=-i+i-i+i=0

b i173 _ i272 ;351

i ;766

=1

_ i172i _ i272 + i348i3 _ i764i2

)
=i-1+i*+1
=i-1-i+i=0

c (3+77)(1-2)=(3+)(1-2i%)
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=5-5j

2018 2019 12016 :2 120163 .4 504 2 -4 504 3
32018 4 22019 3j2016j2 4 2j2016j _3(/) i +2(I) i
4i2020 _ 3,‘2021 4i2020 _ 3i2020i 4([_4 )505 _ 3 (I4 )505 I_

:_3_2/__(3+2i)(4+3i)__6+17i: 6 17.

4-3i  (4-30)(4+30) 25 25 25

2019
i+iP+iP+i*=0> Zi":0+0+...0+i+i2+i3:—1
k=1

Lo 3 2019 504 . . .3
Ixicxi>xi"=-1= ,}_Ill =(—1) xixi‘xi>=-1

-1
-1
1010
i+ =0= > i*'=0
k=1

) 3 1010'2k
ixiP=1= PII =1

9 9
1

(3+2i) =(3) +3(3)° (2/) +3(3)(2/)" + (2i)

=27 +54i —-36-8i
~ 9146/

(1-3i)" =1+4(-3/)+6(-3i) +4(-3i) +(-3i)'

=1-12i+6(-9)+4(27i)+ 81
= 28+ 961

4

(1-2i)" +(1+2i)"

Worked solutions

=1+ a(-20)+ 6(-20) + 4(-20) + (-2i)} |+ |1+ 4(20) + 6(2i) + 4(20) +(2i)' |

=[1-4(20)+6(2i) - 4(20) +(20)"|+[1+4(20) + 6(20) + 4(2i) + (/)|

(1+6(20) +(2))
(

1-24+16)=-14

(1+i) - (1-iy

= (1+5/+ 10/% +10/* + 5i* +i5)—(1—5i+10i2 -10/ +5i* —i5)

= 2[5i +10/% + is]
=2[5i-10i +1i]
=-8i

ﬁ=a+bi

© Oxford University Press 2019




= i=(a+bi) =a - b +2abi
Comparing real part:
a-b’=0=a=+b

Ifa=5, 2ab=2a2=1:>a=iri
2
If a = —b, 2ab = -2a* =1 no solutions since a e

el A Sl {ori££+£iﬂ

VR

=i =a+bi=-i=(a+bi) =a -b*+2abi
Comparing real parts, a2 -b*=0=a=1+b

Comparing imaginary parts:
-1=2ab

ifa=b=-1=23"=a° :—%: no solution
Only a solution if a =-b

n-1=-23% :>a=J_ri
2

% or _\1/;' {ori(g—giﬂ

J-21+20i =a+bi = -21+20i = (a+bi)2 =a° - b* + 2abi

.-.az—b2=—21andab=10:a=%

= b*-21b* ~100 = 0
= (b* -25)(b* +4) =0
bel =b=45

:>a=£=i2
+5
i(2+5i)
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Worked solutions

i_L=(a+b;)2 = & —b* +2abi
36 3

:>az—b2=i and 2ab=—l
36 3

_ 1
6b
1 2 5

" 36b7 " 36

= 1-36b* = 5b°

= 36b* +5p2-1=0

= (9b2 —1)(4b2 +1) =0
a

4 a The statement follows repeated application of the result

given in Exercise 3G Question 7a. Can be (quite trivially) proven formally
using this property via induction (in a similar fashion to the below)

b P(n): (z*)n :(z")*, nel*
P(1) is true
Assume P (k) is true for some k e U*
Then,

()" =)z =(z) =

= (zkz)* using Exercise 3G Question 8c

=(zk+1)*

so P(k)= P(k+1)

Therefore it has been shown that P(1) is true and that if

P (k) is true for some k e 0" then so is P(k +1). Thus, the

statement is true for all n e 0* by the principle of mathematical
induction

5 a (1+i)=2i

1+ =1+43i-3-i=-2+2i

(1+i)

(1+i) = (1+i)(-2+2i)=-4

(1+i) =-4(1+/) which is a multiple of (1+1)

so it is clear that whenever n = 4k (k e D*), (1+i)" is real

b It immediately follows from above that when n =4k +2 (k =0,1,2...)

(1+i)2 is purely imaginary
6 a (-7 =((1-if) = (-2
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b (1-i)"" =(1-i)(1-i)" =(1-7)(-2i)" using part a

Exercise 31
1 a gx)=2x>-3x+1
c gx)=x*-x*-2
2 a g(x)=3x*-3x-2,r=-3

c gX)=x>+x,rx)==-x>-x+1

Exercise 3]
1 a gx)=x>+4x+5,r=11
c gx)=2x+2x*-x+3,r=1

2x* +3x-20
2 a (x+1)(x-3)2x* - x* —32x* +31x + 60

b 2x*+3x-20=(2x-5)(x+4)

b gx)=3x+x>+3

b g(x) = 2x*> - 5x +5, r(x) = 6x - 15

b gx)=2x>-3x-1,r=1

d g(x) =3x*+2x>-2x*> - x + 13, r = =81

2x* - x> =32x* +31x + 60 = (x +1)(x - 3)(2x - 5)(x + 4)

Exercise 3K
1 aqgx)=x*-x+3,r=1

c gxX)=x+2x*-2x+1,r=4
2 f(x)=(x2+2)(2x2—3x+1)+x—3

=2x*-3x° + X +4x° -6x+2+x-3
=2x*-3x°+5x?>-5x -1

3 By factor theorem,

b gx)=3x+x+1,r=1

d gx)=x*-2+x*-x+3,r=-1

fF(-2)=6(-2) +17(-2)" -20(-2)’ -35(-2)° +44(-2)+a

=12+a=0=>a=-12

Horner’s algorithm

6 +17 =20 -35

+44 +a

-2 6 5 =30 25

-6 12 +a

12+a=0=>a=-12

4 By factor theorem,
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Horner’s algorithm

2 5 -4 -b 1
1 2 4 -6 3+b 1 b
2 2
S A S
2 2
5 By factor theorem,
f(l)=1+5+5+a+b=11+a+b=0=>a+b=-11
F(-2)=(-2)" +5(-2) +5(-2) +a(-2)+b=0
= -2a+b=4
Eliminating b,
3a =-15= a =-5 and therefore b = -6
Horner’s algorithm
1 5 5 a b
1 1 6 11 114+4a |114+a+b
-2 1 4 3 5+a
11+a+b=0
5+ta=0=>a=-5=>b=-6
6 By factor theorem,
f L =%+¥—2—£+E+b=—14+2+b=0
2) 22 28 2 4 2 2

= a+2b=28
By polynomial remainder theorem,

f(1)=6+13—30—45+a+b=—40:>a+b=16

Eliminating a,
b=12=>a=4

7 f(x)=(x+2)g(x)+4 for some polynomial g(x)

f(-2)=4f(5)=-3
r(x)

f(x)=(x*-3x-10)eg(x)+ax+b
4=a(-2)+b
-3=a(5)+b
7=-7a=>a=-1
4=2+b=>b=2
r(x):—x+2

}Elimination

8 f(-1)=(-1)"+(-1)"+..4+1=0
so in fact (x +1) is factor of f(x)

9 f(x)=(x+2)2n+(x+3)n—1
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x?+5x+6 =(x+3)(x+2) so f(x) is divisible by

x* +5x +6 if and only if it is divisible by both (x +3) and (x +2).

f(-2)=(1)"-1=0so f(x) is divisible by (x +2)
f(-3)=(-1)" -1=1*"-1=0so f(x) is divisible by (x +3)
Thus f (x) is divisible by x* + 5x + 6

10 By polynomial remainder theorem,

f(x)= (x - gjq(x) + f(gj for some polynomial g(x)

= af (x) = (ax - b)q(x)+ af(gj

a

Worked solutions

i.e. the function af (x) leaves remainder af(gj when divided by (ax -b).

Thus f (x) leaves a remainder of f(gj when divided by (ax - b).

Exercise 3L

1

b

f(x)=x(x-2)(x-7)=x>-9x* +14x
f(x)=(x+3)(x+2)(x-1)(x-3)

:(x2 +5x+6)(x2 —4x+3)

=x*+x°-11x* -9x + 18
(%) :2(x+1)(x+%j(x—2)(x—5)

= (x+1)(2x +1)(x* - 7x +10)
= (2x2 +3x+1)(x2 —7x+10)
=2x*-11x*>+23x +10

f(X)=(X2—2)(X—2):X3—2X2—2X+4

f(x)= 2(x+1){x—%j(x3 -3)

= (x+1)(2x—1)(x3 —3)
= (2x2 +x—1)(x3 —3)

=2x>+x* - x*-6x* -3x+3
f(x)=(x—(1—ﬁ))(x—(1+ﬁ))(x3—2)

:(x2 —2x—2)(x3 —2)

—2x*-2x*-2x*+4x + 4
f(x):(x—l)(x2—2x+2)

f(x)=3x3—x2+2x+6:(x+1)(3x2—4x+6)
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Worked solutions

f(x)=2x%-5x>+11x* -3x -5

= (x-1)(2x* =3x* +8x +5)
= (x-1)(2x +1)(x* -2x +5)

o f(x):(x+2)2(ax+b)=(x2+4x+4)(ax+b)

Now, long division or synthetic division can be used, though it is easier to note
the coefficient of x* is3 = a=3
and 4b=-20=>b=-5

~f(x)=(x+2)"(3x -5)
F(x)=(3x-2) (ax + b) = (9x> ~12x + 4)(ax + b)

Now, long division or synthetic division can be used, though it is easier to note
the coefficient of x* is9 = a=1
and 4b=16=b=4

S F(x)=(3x- 2)2 (x+4)
F(x)=(x-1) (ax? + bx +c) = (x* - 2x + 1) (ax* + bx + )

Now, long division or synthetic division can be used, though it is easier to note
the coefficient of x* is1 = a=1

and ¢ = -4 and the coefficient of x is

8=-2c+b=>b=8+2c=0

L F(x) = (X -2x+1)(x* - 4) = (x -1y (x-2)(x+2)
f(x)=(2x+ 1)3 (ax +b) = (8x3 +12x% +6x + 1)(ax +b)

Now, long division or synthetic division may be used, but it is easier to note
the coefficient of x* is8 =>a=1
and b=1

S F(x)=(2x+ 1)3 (x+1)
f(x)= (x—1)4(ax+b) = (x“ —4x® + 6x2 —4x+1)(ax+b)

Now, long division or synthetic division may be used, but it is easier to note
the coefficient of x> is5=a=5
and b=7

S F(x)=(x- 1)4 (5x+7)
If z = 2i is a root, then so is z = -2i

- f(2)=(z+2i)(z-2i)(az+b)= (22 + 4)(az +b)

Now, long division or synthetic division can be used but it is easier to note
that the coefficientof Z’is1=a=1and4b=-8=b=-2
~F(2)=(z+2i)(z-2i)(z-2)

So the remaining roots are —2j and 2

Ifz=3-2iisazerothensoisz=3+2j
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Worked solutions

. f(2)=(z-(3-2i))(z-(3+2i))(az + b)

=(2*-6z+13)(az+b)

Now, long division or synthetic division can be used but it is easier to note
that the coefficient of 2’ is2 = g =2

and 13b=-13=>b=-1

. f(2)=(z-(3-2i))(z-(3+20))(2z-1)

So the remaining roots are 3 + 2/ and %
Ifz:l—ﬁi is a root, then so isz:1+ﬁi
2 2 2 2

“f(2)= [z —[%—?i]}[z —[%+§i}](az+b)

= (22 +z-1)(az+b)
Now, long division or synthetic division can be used but it is easier to note

that the coefficient of zZ> is3 = a=3
and b=7

- f(2) :{z—(%—?i]]{z—[%+§in(3z+7) )
3 7

So the remaining roots are 1+—i and - =
2 2 3

Ifz=-iisazerothensoisz =i

~f(2)=(z-i)(z+i)(az’ + bz +c)

=(2* +1)(az> + bz + C)

Now, long division or synthetic division can be used, but it is easier to note
that the coefficientof z*is1 = a=1

and ¢ =5 and the coefficient of z is

-2=>b

. f(2)=(2*+1)(2* -2z +5)

=2°-2z+5=0

=(z- 1)2 =4

=z=1+2i

So the remaining rootsarez=jand z=1+2j

Ifz=-2-jiisazerothensoisz=-2+i

© Oxford University Press 2019




Worked solutions

L f(z)= (z ~(-2- i))(z —(-2+ i))(az2 +bz + c)

= (22 + 4z+5)(az2 +bz+c)

Now, long division or synthetic division can be used, but it is easier to note
that the coefficientof z* is1=>a=1

and 5c=10=c=2

and the coefficient of z is 13 =4c+5b= b = % =1

f(z) :(z2 +4z+5)(zz+z+2)
so the remaining zeros satisfy

2
zz+z+2:[z+%] e

4
:z:—liﬁi

2 2
So the remaining roots are -2 +/ and —%igi
Ifz:—l+ﬁithensoisz=—l—ﬁi

3 3 3 3

- F(2) = {z —[—%+§in[z —(—%—giD(azz +bz+c)

= (22 +Zz +1J(az2 +bz+c)
3 3
Now, long division or synthetic division may be used, but it is easier to note
that the coefficient of z* is 3 = a=3
and €. 6=>c=18
3

- . 2c b

and the coefficient of z is 12 = 337 b=36-2(18)=0

3
=322+18=0= z = +i\[6

. f(z)= (zz P %](322 +18)

1-2i

so the remaining roots are z = — 3 and z = +6i

f(2)=8+4a+2-2=0=a=-2

SF(x)=xP-2x"+x-2= (x—2)(x2 +1)
roots of x? +1 = 0 can be found by long division, synthetic division, or inspection
so the remaining roots are x = +i

f(-5)=-250+250-5a+15=0=a=3

f(x)=2x>+10x* +3x +15
= (x+5)(2x* +3)
roots of 2x? + 3 = 0 can be found by long division, synthetic division, or inspection

so the remaining roots are x = J_r\/gi

f(x)=x*-2x*+ax*+bx +85

© Oxford University Press 2019




Worked solutions

If x = \/5i is a root then so is x = —5i

». (57} = 25+1045/ - 5a + 5bi + 85 = 0

Comparing real parts, 25-5a+85=0=a =22
Comparing imaginary parts, 105 +\6b =0 = b = -10
S F(x)=x%-2x>+22x* -10x + 85

= (x - \Ei)(x + «Ei)(cx2 +dx +e)=(x*+5)(cx’ +dx +e)
Now, long division or synthetic division can be used, but it is easier to note
that the coefficient of x* is 1 =c¢

and 5e =85 = e =17

and the coefficient of x is 5d =-10 = d = -2

X -2x+17=(x-1)+16=0= x =1+ 4

So the remaining zeros are

x=-\5i, x=1+4i, x=1-4i

d Ifx=1-2iisarootthensoisx =1+2j

f(1—2i)=2+a+b—(14+2a)i =0

Comparing real and imaginary parts,

na=-7=>b=5

A F(x) = (x—(1-20))(x - (1+2i))(cx* + dx + e)

=(x* -2x+5)(cx* +dx +e)

=3x*"-7x> +18x*> - 7x +5

Now, long division or synthetic division can be used, but it is easier to note
that the coefficient of x* is 3 = ¢ =3

and5e=5=e=1

and the coefficient of x is 5d -2e=-7=>d =-1

.'.3x2—x+1=0:>x=%
so the remaining roots are
x=1+2i andx:lilT 11
Exercise 3M
-3
1 a x1+x2+x3+x4=—T=3
X X, XX, = % =4

i=1 2
6
I11x = o_ 0
i=1 2
17 0

C X, =———=
i=0 ! 23
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i=1 23

2020 4 4
X, =——= ==

i=1 3 3

i-1 3 3
Ox +x+x--2-1

1 2 3 4_2

3-17 17

X X,X5 =(-1) — =—

o, = () L

-2

10x, +10x, +10x; =10(x, + X, + x;) = 10 7 =5

1
B(J
3(x, + X, + X
3,3 .3 3xtxtx) "\2)_ 6

XX, X X5 X,Xg X, X, X5 17 17
4
X X, 4 Xy b X, = 2=t
1 2 3 4 6 3
4 -3 1
X, X, X5X, = (—1) ]
1
3X, + 3%, +3X; +3X, =3(X, + X, + X; + X, ) = 3 -3 =-1
6 ., 6 ., 6 6 C6(X X, + X+ X,)
X XoX; XXXy XXX, XpX3X, X X, XX,
o3l
-1
2

Exercise 3N

1 a X+x°-4x-4=(x+1)(x*-4)=(x+1)(x+2)(x-2)=0

LX=-2,Xx=-1, x=2

b x*+2x*-9x-18=(x+2)(x* -9) = (x +2)(x+3)(x-3) =0

X=-3,x=-2,x=3

c X*-3x*+3x-2=(x-2)(x*-x+1)=0

X% — x +1 = 0 exhibits no real solution since A=1>-4=-3<0
LX=2
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x=-2,x=-1, x=1

x4+x3—3x2—x+2=(x+1)(x3—3x+2):(x—l)z(x+2)(x+1)=0

(-2) +(-2) +a(-2)-4=0=a=4

x3+x2—4x—4:(x+2)(x2—x—2):(x+2)(x—2)(x+1):0

So the remaining roots are x =2 and x = -1

Coefficientof x>: 2=c¢
Units: 9=9d =>d =1

2x3+ax2+bx+9=(x—3)2(cx+d)=(x2—6x+9)(cx+d)

- 2x3 + ax? +bx+9=(x2—6x+9)(2x+1)

=2x°-11x*>+12x+9
na=-11, b=12

b From the factorised form, deduce that the remaining root is x = —;

a Let the three roots be —x,,x, and x,

(x=x)(x+x)(x-x,)=0
(x> =x?)(x=x,)=0

X* =X, X% = XX + X,°X, =0
a=-x,b=-x720c=x7’x,

=ab=c

b From parta, x, =-a

Exercise 30

a X*+x°-4x-4<0
=>-1<x<2, x<-2

b x*+2x*-9x-18>0
=x>3, -3<x<-2

c xX*-3x*+3x-2>0

=Xx<2
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Worked solutions

d 43 +8x*+x-3>0

<x<-1

N W

1
Sx==, -
2
e 3xX°+4x*+7x+2>0
1
=> X > ——
3

f 12x®-16x*>-81x-35<0

5 1 7
SX<—-=, ——<X<=
3 2 2

g x*+x-3x>-x+2>0

=>x<-2, x>2-1

h 2x*-x*+x>-x-1<0

—l<x<1
2

=2x>+3x2-2x-5<0
= x<1.17227...

a Rearrange to give x> > -x -2

Plot y = x* and y = -2 — x and using a GDC or by inspection deduce
X >-1

b Rearrange to give x* +1 > 2x?

Plot y = 2x° and y = x* +1 and using a GDC or by inspection deduce
x<1

c Rearrange to give x* <2 - x?

Plot y = x* and y =2 - x* and using a GDC or by inspection deduce
-1<x<1

a x°-4x*+2x+1>0

= x>1.78897..., -1.8947...<x<1

b x¥+4<3x®+5x

0.746571... < x <1.27299..., x <-1.09526

c x®+2xM+5x% >4x* -1

—-2.06403... < x < -0.888753...,, —0.505311... < x <0.505331..., x > 0.868507...
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Exercise 3P

1 a Multiplying the second equation by 2,

14x + 6y =10

Therefore, subtracting this from the first equation,
(m-14)x = -12

= No solution if m =14

b Multiply the first equation by m: m(m-1)x+2my =-m
Multiply the second equation by 2: 6x +2my =22
Subtracting these equations, [m(m-1)-6]x = -m-22
~.No solution if m(m-1)-6=m*-m-6=(m-3)(m+2)=0

=>m=30orm=-2

2 a Multiplying the second equation by 2,

6x+2y =8
so by comparison with the first equation, there are infinitely many solutions
ifp=2

b Equating ratios of coefficients and constants:

p -1 p
P-4 _Pl-p)_-2
p p p
(1):(p-4)=p(1-p)
(2):(1-p)p=-2 Have only one common solution, p =2
(3):(p-4)=-2

= p = 2 gives infinitely many solutions.
3 a Multiply the first equation by 3

6x-3sy =3

Multiply the second equation by 2,

6x -2y =4

Subtracting these equations,

(2-3s)y =-1

Therefore for a unique solution we need

2—3s¢0:s¢g

11
2-3s 3s-2
and accordingly

1 1 S 1(4s-2 2s5-1
x==(1+sy)==|1+ == =
2 2 3s-2) 2\35s-2) 3s-2

Then, y = -

b Rearranging the first equation,
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y=s5-(s+2)x

Substituting this into the second equation
(5—25)x+s[s—(s+2)x}:4
:[(5—25)—s(s+2)]x=4—s2
:>[—sz—4s+5]x:4—s2

s#1, s#-5

_ 4-s° s*-4

s> -45+5 s2+45-5
(s+2)(s°-4) s°+4s’-55-(s>+25° -4s5-8)
s’+4s5s-5 s’+4s-5
25’ -s+8

 s2+4s5-5

= X

=>y=5-

4 a Adding the equations,

1
a+b
Subtracting the equations,

(2a-2b)y =0=y =0

(2a+2b)x:2:>x:

b The system does not have a solution whena+b =0

Exercise 3Q
1 a=3b=1+i,c=4-i,d=-(1-i),e=4+5i,f=7
D=ad-bc=3(i-1)-(4-i)(1+i)=-8

Xpum =€d —fb=—(4+5()(1-i)-7(1+i)=-16-8i
Youm = af —€C=3(7)—(4+5i)(4-1i)=-16i

X\ 1(-16-8i) (2+i
y) 8l -16i ) | 2i
2 a=1+4i,b=3i,c=3-5/,d=5+4i,e=2+4i,f =21-27i

D =ad - bc = (1 +4i)(5+4i) -3/ (3 -5i) = ~26 + 15i
Xoum = €d —fb = (5+4i) (2 + 4i) - 3i (21 - 27/) = -87 - 35i
Youm = af —€C = (1+4i)(21 -27i) + (2 + 47)(3 - 5/) = 103 + 55

x\ 1 -87 - 35/
y) -26+15i{103+55/

Exercise 3R

1 a Eliminating y from the first two equations:
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3x+(m—1)z=6:>x+m_1z:2

and from the second two equations,

2m—1Z:1

5x+(2m—1)z:5:>x+

Eliminating x,
(Zm—l m—1j
- z=-1
5 3
6m-3-5m+5
> —=Z
15
m+2
15
som# =2

=-1

= z=-1

b Eliminating x from first two equations,

(1-3m)y+(m-3)z=-5 (1)

and from the first and third:
(2-my=2=>m=2

and substituting this into equation (1)

=>m=#3
som=z#2and m=3

2 a Multiplying the first equation by 3,

6x+9y -3z=3
so comparing this with the second equation,
k=6

b k =2 gives infinitely many solutions as the the second equation is equal to 2 times the third
equation

3 If m=1, then

X+y+z=2
and
X+y+z=-3

which is clearly not possible. If m =0, then

2x+y+z=0

and adding together equations (2) and (3) gives
(x+2)+(x+y)=1+(-3)

2X+y+z2=-2

which is again clearly not possible. So it has one solution for all values of m other than m=1
and m=0.

4 a 9a-3b+c=1

4a-2b+c=-5

a+b+c=4
Gaussian elimination on this system of equations gives
azgl b=£, C:_Z

4 4 2

b a-b+c=1
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a+b+c=-9

4a+2b+c=8
Gaussian elimination on this system of equation gives
a=2, b =-5, c=—3—4

3 3

Chapter review

1 x(x-a-b)=1-ab

2

= x*-(a+b)x+ab-1=0

A=(a+b) -4(ab-1)

=a’ +2ab+b*-4ab+4

=a -2ab+b*+4

—(a-by'+4>0

so there are two distinct real solutions for all a,b € U

(L) 4 (L) = (1=30 4 3(=0) =)+ (L1434 3(-i) +77)

=(1-3i-3+i)+(1+3i -3-1)

= (-2-2i)+(2i -2) O

-4

o i64i63...i18 B i64i63i62i61...i19i18 B [1 . I . I'Z . I'3]11i19i18
To1-2i 1-2j - 1-2i

(YRR () () - _i@2) -2 2 0

S o1-2f 1-2i 1-2i 1*+2* 5 5 5§

If w is a root of f(x) then so is o’

F(x) =C(X+4)(X‘25+ij[x_%j

5
C 2
=§(x+4)(5x -4x +1)
= %(5X3 +16x° ~15x + 4)

so set, for example, C =5 to obtain integers coefficients
e.g. f(x)=5x>+16x* —-15x + 4

a(-2-ay)+y=2

(-a°+1)y =2+2a
L@ +120=>a=+1
2a _-2+2a-2a_ -2 _ 2

1-a 1-a 1-a a-1
2(1+a)  2(1+a) 2

YT1TF "(i-a)i+a) 1-a

X=-2-
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b i a=1sincethen x+y =2 and x +y =-2, which is not possible
il a=-1
y=X+2

12019 12019+2017 14036 ((1 I ,-)4)1009
4 a (1+1) _ (1+17) =(1+/) _

(1 _ I.)2017 (1 _ I.)2017 (1 " I.)2017 22017 22017
(_4)1009 2018

n+1
(L) (@i ((2+i)) e .
(1 _ I.)n 2n 2n 2n

.. n+1 must be odd, so n must be even
5 xX°+3x*-2x* +2x+4>x*+3x>+2x* +3
X°+2x* -3x°-4x* +2x+120
Use your GDC:

-2.45 < x <-1.26,
-0.339 < x <0.715,
1.34 < x (3s.f.)

3x-2y+z=1
6 6x+8y -3z=6
-12x+4y-7z=4

Eliminating x from the first two equations,
12y -5z=4 (1)

and from the second two equations,

20y -13z =16 (2)

Three times (2) minus five times (1),
-14z=28=2z=-2

Lyt
2
2
=>X==
3
7 a 2

b o (f(x)) =9x* +12x* - 26x* - 20x + 25

= (3x2 +2x-5) = ((x ~1)(3x +5))’

5

:1, = — —

a p 3
l+l:1_§:Z
a f 5 5
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8 * . = P
Z —iw=3 Z+io =3
{a)*+iz=6—i {—z+ia;*=1+6i
s 2iwt =4+ 6§
= 2i(a-bi)=4+6i
na=3 b=2sow=3+2i
:z=3—i(3—2i)=1—3i

9 Using sum of a geometric sequence,

1-z+2%= =0=>2°=-1
-z-1
72019 ( 3)673 (_1)673 -1
Exam-style questions
? 2
10a x = —bib——4ac (1 mark)
2a
x = 84208 ;208 (1 mark)
x =3++52 (1 mark)
x=3+2J13 (1 mark)

b Using sketch or table
3-213<x<3+213 (2 marks)

11a 8x*+6x-5=0

(4x+5)(2x-1)=0 (2 marks)
5
4x+5=0:>x=—Z (1 mark)
1
2x—1=0:>x=§ (1

mark)
b 8x*+6x-5-k=0
No real solutions = b*> —4ac <0 (1 mark)

36-4x8x(-5-k)<0 (1 mark)
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Worked solutions

36+32(5+k)<0
5+k< _36
32
k < 36 5
32
k < _2_40
8 8
k<32 (1 mark)
8
12 Two real roots implies b> —4ac >0 (1 mark)
(k\3) -4 (3k)(3)> 0 (1 mark)
3k? -36k >0
k?-12k >0
k(k-12)>0 (1 mark)
Critical values are k=0and k =12 (1 mark)
Solution is k<0 or k>12 (2 marks)
13a Using sketch of y =(x +4)(3-x) (1 mark)

Correct sketch or table

Solution is 4 < x <3 (2 marks)
b 2x*-11x+9<0

(2x-9)(x-1)<0 (1 mark)

Using sketch of y =(2x-9)(x -1) (1 mark)

Correct sketch or table

Solutionis 1 < x < % (2 marks)
¢ Comparing answers from a and b gives

1<x<3 (1 mark)

14let w = a+bi where a,bel

(a+bi)’ =77 -36i (1 mark)
a — b* + 2abi = 77 - 36i (1 mark)
Equating reals: a* - b* =77 (1) (1 mark)
Equating imaginary: 2ab =-36 (2) (1 mark)
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Worked solutions

(2) gives b = 18
a
o 5 18Y
Substitute in (1): a° - - =77 (1 mark)
5 _3;24 _ 77

a*-77a>-324=0

Attempting to factorise, or using the quadratic formula:

(a2 +4)(a*-81)=0 (1 mark)
Since ael , & =81 (1 mark)
a=49

a=9=b=-2

a=-9=b=2

So w=+(9-2i) (2 marks)

15Llet p(x)=2x>+ax*-10x+b
p(1)=0=2+a-10+b=0 (2 marks)
a+b=8 (1) (1 mark)

p(-2)=15=-16+4a+20+b =15

4a+b =11 (2) (2 marks)
Solving equations (1) and (2) simultaneously: (1 mark)
a=1 (1 mark)
b=7 (1 mark)
16Since 3-i is a zero, its conjugate is also a zero, i.e. (3—i)* =3+i is a zero. (1 mark)

By the factor theorem,

[z —(3—i)] is a factor of f, and [z—(3+i)] is a factor of . (1 mark)
Therefore [z -(3-i)]|[z-(3+/)] = 2> -6z +10 is also a factor of f. (2 marks)
Writing z* - 82> + 482° ~1762 + 260 = [ 2> -6z +10][ 2% + kz + 26 |

Equating coefficients of z* gives 48 = 26 — 6k +10 (2 marks)
So k=-2 (1 mark)

z2-2z+26=0

© Oxford University Press 2019




Worked solutions

_(_z)i\/(_z)z ~4x1x26 _ 2+4-100 _2+10i

zZ = =1+5i (2 marks)
2 2 2
The zeros are therefore (3+i) and (1+5i).
4\ 4
17a Sum of roots = —[?] =T (2 marks)
af 1 1
Product of roots = (-1) [— §J =-c (2 marks)
b Sum of roots = —(%4) :g (2 marks)
s(10
Product of roots=(-1) (?] =-2 (2 marks)
18 Suppose w=a+bi and z=c+di for a,b,c,d el (1 mark)
Then w" =a-bi and z" =c—di (1 mark)
So wz" —zw" = (a + bi)(c — di) - (c + di)(a - bi)
=[ac+bd +i(bc—ad)]-[ac+bd +i(ad - bc) | (1 mark)
=i(bc - ad)-i(ad - bc) (1 mark)
=i(bc—ad)+i(bc - ad)
= 2(bc - ad)i
which is purely imaginary (1 mark)
19At (-1,-5): a-b+c=-5 (1 mark)
At (3,-1): 9a+3b+c=-1 (1 mark)
At (10,-71): 100a+10b+c=-71 (1 mark)
Solving simultaneously using GDC: (1 mark)
a=-1 (1 mark)
b=3 (1 mark)
c=-1 (1 mark)
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Worked solutions

4 Measuring change: differentiation

Skills check

1 -2

1 7x5;2x’3;§x?
5
2 Vertical asymptote: x = — 3
Horizontal asymptote: y = 0
y-intercept: (O,EJ
3
1
3 S =5x =5x2=10
© 1
1-=
2
Exercise 4A
2 —
1 lim= ~4 _jim (x-2)(x+2) lim(x-2)=-4
X>-2 X + 2 x—>-2 X+2 X
2 —
2 im0 i I3) i3y
x-3 X -3 X3 xX-3 x-3
3o Iin;(x—3):—1 whereas Iin;(x+1)=3 so the limit does not exist
3 _ -1)(x? 1
a i<t J e x )=|im(x2+x+1)=3
x->1 x -1 x—1 x-1 x—1
. _ . 2 _ . _
5 lim(x+1)=2and lim(x*+1)=2so limf(x)=2
6 lim((x-6)’)-0
7

lim[x] =1 whereas lim[x]=2 so the limit does not exist
X2~ x—2"

Exercise 4B

1

f(3) = Iin; f(x)= Iin; f (x) =7 so the function is continuous o

f(2) =limf (x) = lim f (x) = 3 so the function is continuous o

X2~ x—2"

. X -2 X -2
lL"Qf(X)‘|x_z| o x—2]

lim f(x) = lim f (x) = 2a but f (a) = 2a so the function is continuous

x—a* X—a

Xx—1" x—1*

lim f (x) =§ and limf(x)=f(1)=

WIN

,and f(1) = % , hence fis continuous at x=1.
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=1land limf(x)="—= =-1 hence the function is not continuous.




Worked solutions

lim f(x) = and sz'\f(x) =—o butf(-2)=4

X—>-2"

so f is not continuous at x = -2.

6 lim f(x)=limf(x)

X—>-2" x—2"
= (-2)" -2 =3k(-2)

:>2=—6k:>k=—%

7 The function is already continuous for x > 3 and for x <3

Since the functions f, (x) = kx* — k and f, (x) = 4 are both continuous on their domains,
it remains to find the value of k that insures that the function is continuous at x=3
i.e. limf(x)=limf(x)

x—3" X—3"

:>k(3)2—k:4:>k:%
x*+9
Fix)= X *+2
(x) (x+3)(x-3)
.. Discontinuous at x = +3

b f(x) = % = ﬁ so discontinuous at x =1

¢ Continuous
B (x + 2)2 +1
d F G-y
Discontinuous at x =1 and x = -5

X2

e fix)-= (x—l)(x2+x+1)

Discontinuous at x =1

f Continuous

Exercise 4C

. X+2 342
1 a lim = =
x>3x -2 3-2
2
b timX X2 _jim(x+2)=3
x—1 x-1 x—-1
6 _ x*-3)(x*+3
C Iimx—gzlimM:G

x>B X3 =3 xoB (x3 - 3)

X*-4 o ox+2
X2 X< —2X x-2 X N

2
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Worked solutions

Ixmg (X;(Z)E(XZ_) 2) = Ixmg X; 2 limit does not exist
f Ilim 2 =lim Z(Z_X) :Iimz(z_x) =0
xa22+ 2 x922(2_x)+2 x922(3_x)
- X

(243x) -4(1+x)° | 44+12x+9x% — 4 8x — 4x?
im =lim

Xx—0 6X x—0 6X
. 4x+5x* . 4+45x 2
=lim =lim ==
Xx—0 6X x—0 6 3
2x2 — p? ax+b)lax-b
h Iimaa); t[::Iim( +ax)(b )=Iim(ax+b)=a2+b
a limf(x)=Iim =lim =3
X—o0 ( ) x>0 X + 3 x—>oo1 3
+7
X
. 2
b I|mf(x)=I|m—1——2
X0 X*)inl_iz
X
—1+§+% 1
¢ Imflx)=lim——-=-3
X x?

d Limit does not exist

2 3
e limf(x)=limX—X -0
X2
1 1
~
f Umf(x):ljéflzo
X x?

g Limit does not exist

h IXimf(x):Lim( f4-%+2 ,1+%J:4

a Vertical Asymptote: 6x-1=0= x = %

Horizontal Asymptote:
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Worked solutions

b Vertical Asymptote: x2-3=0= x = /3

Horizontal Asymptote:

c Vertical Asymptote: x> -1=0= (x—1)(x2 +x+1) =0=>x=1

Horizontal Asymptote:

1 1
— — 3 o3 o2
lim 2 X=X — lim X le =-1s0 y=-1
- -

d Vertical Asymptote: x> -2 =0 = x = 2

Horizontal Asymptote:

5
. 5x . ™
lim| - =lim-—%X_—|=0 so y=0
X—>oe|: X2—2:| y

e Vertical Asymptote: x=0

Horizontal Asymptote: None

2 2

r(X):sz —X3x+1 :(Zx—f)(x—l)

Vertical Asymptotes: x = % and x =1

Horizontal Asymptotes

Iim—x2 —Iim—1 _1
0 2x* =3x+1 xor, 30102
X X

Exercise 4D

1 a Divergent

b Divergent

c Convergent: u, = 1 = limu, = Iiml =0
n

n—o n-« N

d Convergent: u, = 3—1" =limu, = Iimln =0

n—o n-w 3

1+g

.on+2 .
2 a Converges: lim—==lim—2 -1
nowo N n—w 1
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Worked solutions

. n+2 . 1
Converges: lim =lim =5

1
n”-n 1-— 1
Converges: lim =lim n__-=-
n—ow zn + ,\E n—o i 1 2
nn
Diverges
2 N 1
R <
im27 1 _jjmn_n’ _g
nsol 203 nowe 1 >
-
1.1
lim = lim2N
n—ow —-Nn n—ow 1
F - 1
Converges since ratio of the geometric series is —% <1
s .11 3
1-[-L) 4
3
Converges since the ratio of the geometric series is 1 <1

3
S == =3
2 4 1
2
Converges since the ratio of the geometric seriesis |-—|<1
5.2t -2
1o+ 9
10
Converges since the ratio of both geometric series is g <1and ‘% <1
s -3t 2 1 325
* 51_§ 51_3 2 3 6
5 5
Converges since 0 < e < = = the ratio of the geometric series is €1
T
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1 a f'(-1)=lim

Diverges since = > 3.14 > 0 = the ratio of the geometric series

2* > 0 for all real x so need to solve 2* <1

=x<0

=2 =

w

= X =-

P <1 <+

Solve |3x| =|x +1]
~3x=x+1 or -3x=x+1

1 1
SXx=Zorx=-=
2 4

By sketching graphs, deduce that

1
- <x<=
2
1+27
Let S, =) 31
n=0
Then,
N n N (D n
S, =3 = 3 =
" 2(3] ' 2(3]
N+1 N+1
(5 )
=3 1 +3 5
1-= 1-=

so the infinite sum converges, and is equal to 277

Exercise 4E

[2(-1+h) +1]-[2(-1) +1]

h—0 h
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Worked solutions




2(h*-2h+1)+1-3
h—0 h

2h* - 4h

=Ihig;1(2h—4) =-4

[1 ~3(1+ h)z] —[1-3(1)2}

h—-0 h

=lim
h—0 h
. -3h*-6h
= Ih|_>o h Ilin(—3h -6)=-6
2 2
¢ f(-1)=lim=1+n ~1
+2 _
=limh=1 =Iim2+2(h 1)=Iim 22h
h—0 h h—>0 h(h_l) h-0 h2 _ h
:Iimiz—z
h~>0h_1
(1 h) -[-(2f
d f'(-1)=lim - [ ]
. —h*+2h-1+1
=lim
h—-0 h
=lim(-h+2)=2
3 3
e F(-1)=lim ) =Y

:”mh3—3h2+3h—1+1

h—0 h

:m(hz—3h+3):3

2 — — —
f f'(o):“le(l)
h—-0 h

4-(2+h) w2 _an
p m

=lim 5 = 5
"0 4h(2+h)  "°4h(2+h)
. -h(h+4) 1. h+4

=i > =——lim 3
"0 4h(2+h) 4m0(2+ h)

1

4
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h

-0 1
h £(0)=limA+l — —jim_=_-1
h—0 h h->0h+1

2 Gradient of line AB:

(1+h)2+/;75-(1+3):hZ+2fh;71+3—4:h+2

This becomes the gradient of the tangent to f(x) i.e. f'(x) in the limit
h—-0
Sf'(1)=lim(h+2)=2

h—0

[3(x+h) +2(x+h)-1]-[3x* + 2x - 1]

h—-0 h
_”m3x2 +6xh+3h° +2x +2h-1-3x> -2x +1
" hoo h

. 6xh+3h*+2h
=lim——

h—0 h

:Iim(6x+2+3h):6x+2
h—0
b fl(x)=-4=6x+2=4=x=-1

(-13(-1) +2(-1)-1) = (-1,0)

~lim X0 =
"% hx? (x + h)
Clim———2X=h
T o0 x* 4+ 2x3h + hPx?
_2x 2

x* x3

- If the gradient is - %,

—%z—%:x3:8:>x:2
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Exercise 4F

=lim

h—0 h

. 2xh+h*+h
=lim

h—0 h
:Im(2x+h+1) 2x +1
h—0
~f'(0)=1
b f,(x):“mz (x+h)+3(x+h) —2+x-3x

h—0 h

2-x-h+3x*+6xh+3h*> -2+ x -3x?

l
§.

h—0 h
_(-1+6x)h+3n
=lim—t
h—0 h
=lim(-1+6x +3h) = -1+6x
h—0
.-.f'(—l):—7
2 2
p— +7
c f'(x)=lim—X+h _x
h—0 h
i 2X+2(x+h) . -2x+2x+2h
=1lim =lim
h0  hx(x+h) h-0  hx? + h’x
2 2
=lim =

h-0 x? +hx x?

f(1) =

Ix+1+h-Jx+1

h4>0 h

d f'(x)=I

E]

IX+1+h-Jx+1 Jx+1+h+x+1
’HO h \/x+1+h+\/x+1
X+1+h—(x+1) ] h

(\/X+1+h+\/X+1) I”Iggh(«/x+1+h+«/x+l)
1 1

1+h+Jx+1) 2\/X+1

+
1
4
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=,imﬁ—m=“m(ﬁ—m)(ﬁ+m)
0 pfxJx +h 70 h\/;\/x+h(«/;+«/x+h)
—lim x—(x+h)

I B e (V)

=lim -1

=lim X 1 (x X+ )

-1 1

R () 2l
11
2.93 54

3 43
¢ f'(x):lim(x+h) 1-x3+1

h—0 h

3hx? + 3h°x + h®
h

=lim (3x* + 3hx + h?)

=3x?

~f'(1)=3

=lim
h—0

8+2(a+h)2—8—262 4ah + 2h?
2 a v, = =

avg h h =4a+2h

b Inthelimith—0, v, —v, =lim(4a+2h)=4a
h—0

2_ 3_ 5 3
3 a v:nmlo(“h) (t+h) —10t> +t

h—-0 h

—lim 10t + 20th + 10h* — t*> - 3ht? - 3h’t — h*> - 10t + t°

h—>0 h
_ lim 20t + 10h* - 3ht* - 3h°t - A*
" h0 h
= Iim(20t -3t2+10h-h* - 3ht)
h—0
=20t — 3t?

b v(1)=17, v(10)=-100

Worked solutions

The sign indicates the direction the particle moves in. At t =1, the particle
is moving in the positive direction and in the opposite direction at t =10

Exercise 4G

2
1 a f'(l):lim2(1+h) -(1+h)+1-2+1-1
h—-0 h
_ 2(h2+2h+1)—(h+1)—1 2R 4+3h
=1lim =lim
h—0 h h—0 h

=lim(2h+3) =3
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b y=f(1)=2

y-2=3(x-1)=y=3x-1

¢ The normal has gradient —% and also passes through (1,2)

y—2=——(x—1):>y=—%x+—
11
. 2-(x+h) 2-x . -x—-(2-x-h
F1(x) = lim ( J :”th—xﬁZ—x—%
i h
"0 h(Z-x)(2-xh)
_i L
h0(2-x)(2-x-h)
_ 1
(2-x)’
AF(x) =1 1 1s(2-x) -1

(2-x)
=>x=1o0orx=3

Atx =1, y= L =1 so the tangent here is

2-1
y-l=x-1=oy=x
Atx =3, y =2—13=—1 so the tangent here is

y-(-1)=x-3=>y=x-4

dy . 2(x+hY-1-2x2+1  4xh+2m
2 —|im =lim
dX h—0 h h—0 h

=lim(4x +2h) = 4x
h-0

so there exists a horzontal tangent at x = 0 = (0,-1)

b ﬂ_”ngz 3(x+h) (x;h) 243X+ X

dx

.mZ—3x—3h—x2—2xh—h2—2+3x+x2

h—-0 h
2
i (F3-20)h-h
h—-0 h

=lim[-3-2x-h]=-3-2x
h—0
so there is a horizontal tangent at x = —%

i.e. at the point(—é,zJ
2 4
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Worked solutions

X +3x°h+3xh* +h* -1-x>+1
h
3x%h +3xh* + h®
h
= Ihi£12)|(3x2 +3xh+h?) = 3x?
so there is a horizontal tangent when x =0
i.e. at the point (0,-1)

=lim
h—0

=lim
h—0

3 3
d ﬂ—lirrol(XJrh) 3(xh+h) x3 +3x

dx h

3x*h +3xh* + h* - 3h

=lim
h—-0 h

= |im(3x2 +3xh + h? -3)
h—0

=3x2-3

so there is a horizontal tangent at x = 1
i.e. at the points (+1,72)

1+h+ 1 -1-1 h-1+ 1
a4 f'(1)=lim 1+h —lim— 1+h
h—-0 h h—0 h

. kP -1+1

=lim———=

h—-0 h

=limh=0

h—0

Atx =1, y:1+%:2

-. Tangent: y =2
Normal: x =1

Exercise 4H

1 a y=(3x-1=9x-6x+1

ﬂ:2-9x—6:18x—6

dx
b 2:5-3x4—2-4x+2:15x4—8x+2
dx
dy 1 2 1 2
ay > iy c_1xi%
© ax X373

d y=5x5—4x3+x—lx’3—1x’5
4 5

dy _ 25x* —12x? +1+§x4‘ +x°©
dx 4

=25x* —12x% +1+ 4+i6
4x X
_9y3 4
e :32%:3x’1—2x2+x3
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d—y=—3x’2—4x+3x2
dx
:—%—4x+3x2
X
f y=x/;=x2
Q—lx_%_ 1
dx 2 2x
1 1
g y=\/—;=xz
Q—_lx_%__ 1
dx 2 ZX\/)?
h y=3=x*
d_y_ZX_%_ 2
dx 5 53 x3
. 2 3 s
i = - =2x°-3x2
T Ie
Q=_2X7§+§X_%=_L+i
dx 3 2 3 2dx7

2 y =—2(x2 +3x)=—2x2 —-6x

d—y=—4x—6
dx
LAt x =1,

y =-8 andd—y =-10
dx

So the equation of the tangent at (1, —8) is

y -(-8)=-10(x-1)

=y =-10x+2
3 y-X3_1 3y
X
.'.d—y=3x’2
dx

Therefore at x = -1,

y =4 and Q=3
ax

= The gradient of the normal is —%
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So the equation of the normal at (-1,4) is

y-4=-3(x-(1)
Lyo-lu
B 3

=>x+3y-11=0
f'(x)=15x*+24x -7

Therefore at x =1,
y=F(1)=10and & _r'(1)-32

So the tangent at (1,10) is
y -10=32(x-1)

=y =32x-22

At x = -1,

(1) = Y gy
y =f(-1)=14 and dX_f( 1)=-16

y -14 = -16(x - (-1))
> y=-16x-2

f'(x)=3x*>-10x+5

S F(x)=2

=3x*-10x+5=2
=3x*-10x+3=0
= (3x-1)(x-3)=0

sox=l orx=3
3

Ifx:l,yzf l =_Z

3 3 27

77 1

SOy+—=2|x-=
27 [ 3]

77 18 95

:>y=2X————:2X——
27 27 27

Ifx=3 y=-7
Yy —=(-7)=2(x-3)
—y=2x-13

f'(x)=2x-3

-. The normal at x =1 has gradient - N 1

2-3
y=Ff(1)=-1
Ly -(-1)=1(x-1)=>y=x-2
=x*-3x+1=x-2
=x*-4x+3=0
=(x-3)(x-1)=0
=>x=1orx=3
. The other point is (3,f(3))=(3,1)
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7 f'(x)=3x>+2x+1

The line has gradient —%

So, set f'(x)=2
23xP42x+1=2
=3x?+2x-1=0

=(3x-1)(x+1)=0
= x=-1 orx:l
3

If x = -1,
y=Ff(-1)=-2
Y -(2)=2(x (1)
=y =2x
Ifx:l,

3

1

y—f( j_1+1+1 1143+
=f|3)=55+5%3"1=

9-27 14

27 9 3 27 27

)l

= 27y +14 =54x-18
= -54x+27y +32=0

Exercise 41
1 a letu=4x-3, theny =0°

Ldy _dydu_
“dx  dudx

b Letu=1-4x, theny:u%

(5u%)(4) = 20u* = 20(4x - 3’

1 1
Gy _dydu_ (1 u_ZJ(—4) —2u - 2(1-4x)2

“dx dudx |2
2 5
¢ y=22X =3 ot x_3x
X
2 5
LW ot g qpe - 2EXA12E
dx X
1
d Letu=1-3x?% theny =-2u?2
dy dydu -3 6x
L= =—"——=U2(-6x)=-
dx dudx (-6x) 3

(1 - 3x2)E
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Worked solutions

1
letu=x"-x2, theny =u*

(%) (s
A5
3 (2]

2x*

1
f letu=2x>-4, theny =u3

. d_yzﬂﬂ:(l 3}(4)(): 4x 2°x

- ~u
dx dudx 3

2 dy =6x —12x>
dx

Therefore the gradientat x =1is -6
y=Ff(1)=-1

sy —(-1)=-6(x-1)

=y =-6x+5

3 y-1-2_-1-2x"
X

AP
ax
The gradient at x = -1 = the gradient of the normal

to the curve at this point is —%

y:f(_1)=ﬂ=3
1
1
y-3= 50 ()
Sy —-Lx42
Y=73%"3

=>x+2y-5=0
4 y=2-Jx

1
Let u =2 X, then y = u?
du 1

:__—_
dx  2Jx

. dy dydu (1 -2 ( 1 J 1
=L = Zu?| - =-
dx dudx (2 20x 4\/;\/2_\/;

5 f'(x):i—? and g'(x)=5
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. . 20
~f'(x)=g (x):7:5
=>x=4=x=%2

6 a f'(x)=15ax’-4bx +4c
b f'(x)20=A<0

- (~4b)’ - 4(15a)(4c) <0
= 16b* < 240ac
= b®> <15ac

7 i Letf(x) bean even function i.e. f(-x)=f(x)
Let u = -x, then f(-x) = (u)

L] =1 ()

and since f(x) is an even function,

a7 00]= 2l (0)] = Ll (w)] = G [ )] = (@) = ()

LX) =—F'(=x) = f'(-x) = -f (x)
i.e. the derivative of f(x) is an odd function

ii Let g(x) be an odd function i.e. g(-x) =-g(x)

Let u = -x, then g(-x) =g (u)

Then,
xlox]= 5 [o0]=- L l9()]=-9'(x
and also

Zo(-x)]= 2 [ow)] -2 [a(u)] - -9'(e) = -g'(~x)

+=g'(x)=-9'(x)
=g'(-x)=9'(x)
i.e. the derivative of g(x) is an even function

Exercise 4]

1 letu=2x-3andv=(x+3)

Then,

du dv 2
—=2 ek A

o and i 3(x+3)

2

Z_));:%v+u%:2(x+3)3+(2x—3)-3(x+3)
(x+3)2[2(x+3)+3(2x—3)]

= (x +3) (8x - 3)

2 Letu=(2x+3)2 and v=(3—x)3
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Then,
Z}‘i 4(2x +3) and %=—3(3—x)2
& % % (zx+3)(3_x)3+(zx+3)2.[_3(3_x)2}
= (2x+3)(3-x)"[4(3-x)-3(2x +3)]
=(2x+3)(3-%)"(3~ )
3 yzj(‘::(x_l)(xn)'l

Let u = x -1 and v:(x+1)71

Then,
du dv 2
dX and d_X = —(X + 1)

N7 uﬂwd_u
= dx dx  dx

(x=1)[=(x+1)7 ]+ (x+ 1)
1 x-1

x+1 (x+1)2
x+1—(x—1) 2

(x+ 1)2 (x+ 1)2

4 y :x(2—3x)%

Let u = x and v=(2—3x)%

Then,

du dv 3 1
9 __2(_ 2

dx 1and dx 2( 3X)

dx dx +udx

= (2-3x - Z(2-30)*

L dy _du, dv

2(2-3x)-3x  4-9x
22-3x  22-3x

1
5 y= 5o 3 i1 (x - 2x? +3x+1)
:d_y=—(3x2—4x+3)(x3—2x2+3x+1)72
dx

3x*-4x+3
(x3 -2x% +3x + 1)2

6 y=(x+1)(2-3x)
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Worked solutions

2
3

Let u:(x+1)4 and v = (2-3x)
Then,

du 3 dv 1
d—X=4(x+1) and ™ :—2(2—3x) 3

dy dv du
L =U—+—V
dx dx dx

=2(x+1)’ 2~ 3x)°3 [2(2-3%) - (x +1)]

—2(x+1) (2-3x) 3 (3-7x)
_ 2Ax+1)(3-7x)

2-3x
y =(2x- 1)3 (4- x)_2

Let u = (2x - 1)3 and v = (4 —x)'2

Then,

du dv -

d—x=6(2x—1)2 and —~=2(4-x) ’

L, W ax— 1Y (A-x) P e 2(2x 1) (4-x)°

Tdx  dx dx

2

=2(2x-1) (4-x)"[3(4-x) +(2x -1)]

2 3

=2(2x-1)" (4-x) (11-x)

1-2x -2
y = =(1-2x)(3x*+2) 2
Braz 22
1
letu=1-2x and v = (3x2 +2)7
Then,
du dv -~

——=-2and —= = —3x(3x2 + 2)
dx dx

dy du dv
= = v

+U—
dx dx ax
=-2(3x* +2) : -3x(1-2x)(3x* +2)

3
2

=-(3x%+ 2)'% [2(3x7 +2)+3x(1-2x)]
(

=—(3x2+2) 3x + 4)
y:)’:ji’l = (% +1)(x* -3)

Let v = x> +1 and v:(x2—3)_1

Then,

U _ o and & - —2x(x2 —3)72
dx dx

:>d_y=du dv

dx dx dx
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=2x(x2-3) —2x(x? +1)(x* - 3)°

=2x(x*-3) N [( 3)-(x*+ 1)}
=2x (x2 3) 2

= -8x(x* - 3) N

At x =1,

dy

L _(-8)(-2)" =-2

Y - (-8)(-2)

Therefore the tangent has gradient -2 and the normal has gradient%
Tangent: y -0 =-2(x-1)=y =-2x+2

1

1 1
N | -0==(x-1 = x-=
ormal: y ( ):>y

10a y=(x+1)2(3-x}

Letu=(x+1)% and v:(3—x)2

Then,
du 1 dv
™ 2(x+1)2 and a:—2(3—x)

“ax ax !’ TYax 1
(x+1)’i(3-x)2—2(x+1)5(3—x)
(x+1)2 (3-x)[(3-x)-4(x +1)]
(x +1) 2 (3-x)(-1-5x)

~(3-x)(5x+1)
2dx +1

dy du . dv

NI~ NP N~

b Q:O:x:3orx=—l
dx 5

Exercise 4K

dy (5-x)(3)-(1+3x)(-1) 16

1 a — = 2 = 2
dx (5-x) (5-x)
b ﬂ:(z X)(ij ‘F(_l):(Z—x)+\/;(2\/;): 24 x
dx (2-xy 20x(2-x)  2x(2-x)
X x(1+2x)
. & 1-x%(2)-(1+2x) — Z\fl X? + ﬁ
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d

dy _ (x* +1)(3) - (1+3x)(2x) _3-2x-3%
& ey e

Z—Z;QZZX;V:X3—1;Q: 2
dx dx

u=x 3x

dy (X3 _1)(2)() _(XZ —2)(3)(2) _2x* -2x-3x" + 6x°

ax (x* -1y (¢ -1)

_—2x+ 6x° - x*
oo 1]

du 1 dv X2
— x? . _ . 3 7. 3
u=x*+2x; X—2x+2,v_(x +1) v

_1
2

2(x + 1)(x3 + 1)% —3—)(2(x3 + 1) (x2 +2x)
dy 2

dx x> +1
2(2 7
(X3+1){2(X+1)(x3+1)_3x(x+zx)
d_y_ 2
dx x> +1
2(2 b
2(x3+1)_2[(x+1)(x3+1)—3x(x+zx)
dy 4
dx x3+1
d_y:x4—2x3+4x+4
dx 2(x3+1)%
1 1

=(x*-x>+2x°)2

y -
Ix* — x° +2x°

du

Worked solutions

u=1-—"=0;v =(x4—x5 +2x6)7%;— =—%(x4 —x5+2x6) 2(4x3 —5x4+12x5)

dx

1

& 0- [—E(x“ -x° 4 ZXG)% (4x3 —5x* + 12x5)}

dx (X4 RV +2X6)2

—(12x2 —5x + 4)

) 2x3 (2x2 - X+ 1)2

e P S

dx (1 + \/;)2
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Worked solutions

b)) 2

2 (1+3x) 2dx(1eVx) Vx(1+x)

3\/ 1+3x [
dy
dx Ix -1
i 12 (Vx - 1) - (1+3x)
4K (VX -1
_9x-12Jx -1

ax (Vx - 1)%

4&\/x_ J

dy 2 1 ( 1 J3 2
f =3 1- = 1 5
3(x+1)3(x+2)3

3 & () (4920 axa
o (X2 + 1) (X2 + 1)

Atx =0, y =0and % =4 so the normal has gradient —%

. The normal has equation y = —%x

4 y=8(4+x)

dy 2\2 16x
= = =-8(2x)(4 + x =
dx ( )( ) (4+X2)2
1.8 dy __16
Atx_l,y_sand x5

. The normal has gradient f—g and its equation is

8 _25 25 3
—(x-1)=>y="x+_—
5 16 16 80

5 y:x2+x+1+l
X

3 2
d_y:2x+1_i2:2X+—f‘1
dx X X
dy _

dx

=2x3+x*-1=2x°
=2 -x*-1=(x-1)(2x* +x+1) =0
x =1is the only real solution and the corresponding coordinate is

(1,4)
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Worked solutions

Exercise 4L

1 f(x)=1-4x-x"

f'(x)=—-4+x7

f'(x)=-2x7=
2 f(x)=3x"-2x*+1

f'(x)=15x* - 4x
f'"(x)=60x>-4
£ (x) = 180x°
F9 (x) = 360x
~ FY(1) =360

2 3,3
—a

3 y=1-3ax+3ax X

d3
=63 =162 = &’ =-27
ax?
La=-3
X3
4 f'(x):?—4x+5

f'(x)=x*-4=0=>x=42

5 ﬂ=4x3—12x2+16

dx

2

dy _12x - 24x
ax?

a’ 5 =24x-24

d—X{ Z’; 12x2 —24x = 24x — 24

=>x2-4x+2=0
= (x-2)=2=>x=2%2

6 f(x)=x*+px®+qgx+r

f'(x)=4x>+2px +q

f'(x)=12x*+2p

f'(-1)=16=>12+2p=16=p=2

F(-1)=-16 = -4-2p+q=16 = q=16+4+2p = 24 = q = 24
f(-1)=1+p-q+r=16=r=16-1-p+q=37=r =37

7 a Notice that s(t)=4(t - 2)5

v(t)=s'(t)
v(t)=20(t-2)’
~v(3)=20 ms™
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Worked solutions

b a(t)=v'(t)=s"(t)
a(t)=80(t -2y

~.a(3)=80ms™

c a'(t)=v"(t)=s"(t)
a'(t)=240(t -2y’

a'(1)=240ms> 0

-
/-\
X
S—
I
|

w

120
-~

Conjecture that P(n): f" (x)=(-1)" XIZ+!1

£ (x) =

The statement P(1) is true (see above)
Assume that P (k) is true for some k € 7"

e. that £ (x) = (1)} -
Then,
. d
F(x) = af(k) (x)
d k k!
= oY
(1) k1 9 [t
= (1) k1 [x ]
= (1) k(K +1)x "2
a(k+1)!
= (_1)k ' (Xk+1+1)

so P(k)= P(k+1)

Therefore, P(1) has been shown to be true and if P (k) is true for
some k € Z* then so is P(k + 1). Hence, the statement is true for all
positive integers by the principle of mathematical induction

9 f(x)=(x-1)° [(x +1)" (1- 2x3)3}
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Worked solutions

Note that all derivatives up to and including the third derivative of (x - 1)4

will include a factor of (x —1) and therefore disappear upon being evaluated
at x = 1. Therefore, we only need to include the first term in Leibniz:
a*[(x-1)'] o . ;

— w[(x #1)*(1-2%°) ]

x=1

Fr(1) =

=-384

x=1

_24 [(x f1)'(1-2x° )3}

Exercise 4M

1 a f'(x)=0=f has a stationary point at x. So, x =-3,-1,2,4
b f(x)>0=fisincreasing, so x <-3,-1<x<2,x>4
¢ f'(x)<0=fisdecreasing, so -3<x<-1,2<x<4
d By inspection of the graph of f, x <-3,-1<x<2,4<x
e By insprection of the graph of f, f' is decreasing at x <-1,2<x<3
2 a i By inspection of the graph of f, x<-3,x>4
il By inspection of the graph of f, -3<x<4
iii By inspection of the graph of f, x =-3,4
b i By inspection of the graphof f, x <-1,0<x<1,2<x
il By inspection of the graph of f, -1<x <0,1<x<2
ifi By inspection of the graph of f, x =-1,0,1,2

3 a y=2x-6x>+3

i %:6x2—12x:03x(x—2):03x:0orx:2

f'(-0.5) > 0,f'(0.5) < 0 = (0, 3) is @ maximum.
f'(1.5)<0,f'(2.5) > 0 = (2,-5) is @a minimum.

ii 6x°-12>0 = x<0orx>2

iii 6x>-12<0=0<x<2
iv Both turning points are local.

b y=-3x"+2x*+3x*-4

i O % =-12x° +6x%> +6x = 6x(—2x2 +x+1) =6x(-2x-1)(x-1)
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Worked solutions

.-.d—y=0whenx=—%,x=00rx=1

dx
' g 1 59
f'(-1)>0;f(-3)<0= [_E'_E
f'(-0.5) < 0;f'(0.5) > 0 = (0,-4) is a minimum

f'(0.5) > 0;f'(1.5) < 0 = (1,-2) is @ maximum

j is @ maximum

ii d—y>0whenx<—l orO<x<1
dx 2

ifi d—y<0when —l<x<00rx>1
dx 2

iv [—%,—%) and (0,-4) are local turning points, and (1,-2) is a global maximum.

c y =2(3—2x—x2)f1

-2

i D o(2-2x)(3-2x- %) = 4(1+x)(3-2x - X?)

dx
ay =0 when x =-1
dx
. . . . . dy 1) . I
By testing points either side of x = -1 in ax’ —1,E is @ minimum
dy

i d—x>0whenx>—1 (x =1)
dy

i d—X<0whenx<—1 (x¢—3)

. 1) . -
iv —1,5 is a local minimum.

3x+3
y =

d -
3x - x?

o dy _(3x=x*)(3)-(3x+3)(3-2x)
dx (3X—X2)2

_ 3x2+6x-9 _ 3(x-1)(x+3)
(3x —xz)2 (3x- xz)2

.-.Q:OWhenx:—3orx:1

dx
By testing points to the left and right of these x-values in f’,
[—3,%) is @ maximum and

(1,3) is @ minimum

i Z—§>0whenx<—3orx>1 (x #3)

iii Z—§<0when -3<x<1 (x;tO)
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Worked solutions

iv Both turning points are local.

e y=x+(x—1)'1

) APV PRI :(x—1)2_1
o 1 (x-1)7 =1 PR
_xX*-2x _x(x-2)

(-1" (x-1)

SO d—y=0whenx:00rx:2
dx

By testing points to the left and to the right of these values in f/,
(0,-1) is a maximum and

(2,3) is a minimum

ii d—y>0whenx<0 or x>2
dx

i Z—§<0when0<x<2 (x =1)

iv The turning points are local.

4 f(x)=4+5x-x*-Xx

f'(x)=5-2x-3x*=0
=3x*+2x-5=(3x+5)(x-1)=0

5
=>XxX=-=-orx=1
3

.. By testing points to the right and left of these values in f' (—2,—%)
is a local minimum and (1,7) is a local maximum.
but f(-3) =7 and f (3) = -17 so the local minimum is not

the least value of f(x) in the given interval:

As x = 0 is in the interval, the global maximum and minimum are +oo

6 %=3x2+2ax=0:>x(3x+2a):0

:x:O;x:ﬁ

So the turning points are at x=0 and x=4.

x:4:>4:—2?a:>a:—6
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Worked solutions

~.48+8a=0=>a=-6
=>f(4)=-11=>4-6(4*)+b=-11
=>b=21

x=0:>(0,b)=(0,21)

7 The graph passes through (1,1)

~l+a+b+c=1=a+b+c=0 (1)

The graph has turning points at x = -1 and x =3
d—y=3x2+2ax+b

dx

.3-2a+b=0=2a-b=3 (2)
and

27+6a+b=0=6a+b=-27 (3)
Solving (2) and (3) simultaneously,

a =-3 and b = -9 and therefore
c=-(a+b)=12

Exercise 4N

1 a Q=7x6—7=0:>x=11
dx
d’y _
dx?
42(1)° >0 = (1,-6) is a local minimum

42x°

42(-1)° < 0= (-1,6) is a local maximum

b %:20x3—5x4:0:>x3(20—5x):0:x:0orx:4

d*y _
ax?
60(4)° —20(4°) < 0 = (4,256) is a local maximum

60x% -20x°

At x = 0, the 2"d derivative test is inconclusive, so resort to 15t derivative test by testing
points to the left and right of x = 0, in the first derivative.

f'(-0.5) < 0;f'(0.5) > 0 = (0,0), hence (0,0) is a minimum.

dy 1 1
cC —=4-==0=>x=%=
dx x? - 2
d’y 2
dx?>  x°
d?*y 1
o >0=> (E,Sj is local minimum by second derivative test
X -1
d*y 1
el <0 = (—E,—3J is a local maximum by second derivative test
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Worked solutions

f'(1)=3-b=0=b=3

b f'(x)=3x*-3=0=>x=+1
~(1,-2) and (-1,2)

3 a f'(x)=2ax+b=0

b

> X=—-—
2a
b Local minimum if a > 0, local maximum if a <0

Justified as a direct consequence of the second derivative test
since f"'(x) =2a

4 a f'(x)=3x2+b

F(1)=3+b=0=b=-3
f(l)=1+b+c=c-2=4=c=6

f(x)=x>-3x+6
f'(x)=3x*-3=0=>x=+1

so there is another turning point at
(-1,8)

Exercise 40

1 a f'(x)=3x*-1

f"(x)=6x

f"(0)=0and y = f(x) changes concavity through this point so
(0,0) is a point of inflexion

b x>0

c x<0

2 a f'(x)=4x>-3
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f"(x)=12x

f"(0) =0 but y = f(x) does not change concavity through this point

so no points of inflexion
x e R\ {0}

%)}

f'(x)=3x*-12x-12

f'(x)=6x-12=0=x=2
y = f(x) changes concavity through this point so
(2,-38) is a point of inflexion

f'(x)=3x*+2x

f"(x)=6x+2=0:x:—%
y =f(x) changes concavity through this point so

—l,—é is a point of inflexion
3" 27

f'(x)=12x* - 4x°

f'(x)=24x-12x* =12x(2-x)=0=x=0o0rx =2
The concavity of y = f(x) changes through both of these points so

(0,0) and (2,16) are both points of inflexion
O<x<2
x<0orx>2
f'(x)=3x*-6x+3
"(x)=6x-6=0=x=1

f
y = f(x) changes concavity through this point so
(1,0) is a point of inflexion

x>1
x<1

f'(x) =8x°%+3x2
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f'"(x)=24x>+6x =6x(4x+1)=0
= X = 21 orx=0
The concavity of y = f(x) changes through both of these points
( 1 127
0

-=,~——|and (0,1) are both points of inflexion
4128

x<—l orx >0
4

—1<X<0
4

f'(x)=4x>-12x*> +16

f'(x)=12x* -24x =12x(x-2)=0

=>x=00rx=2

The concavity of y = f(x) changes through both of these points
so (0,-16) and (2,0) are points of inflexion

x<0orx>2

O<x<?2

f'(x)=3ax*+2bx +c

Worked solutions

since there are two distinct stationary points, the discriminant of this quadratic

is positive

. A=(2b) -4(3a)(c)>0
= 4b*> -12ac >0

= b* > 3ac

f"(x):6ax+2b:O:>x:—3—lf3

(a # 0 by construction since f(x) is a cubic)
b+ (A -43a)T) b5 3a
f'(X):O:)(= ( a)(c)= b t4lb 3ac
2(3a) 3a

-b +b* - 3ac —b —+Jb? - 3ac
3a

sletx, = and x, =

3a
XX 1 -b ++b? —3ac - b-b? - 3ac __b
2 2 3a 3a
as required
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Worked solutions

Exercise 4P

1 a

b
| ¥
)
£[x)] \:IEL.
N
- -2 —1_1/ 2 ‘l‘\d
Wl
(o
d

Exercise 4Q

1 a
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Worked solutions

b
C
N \L
[ T
FAA
A5 b Nshds0) ds | 1f 2% 3
\ 21\ o
d
P(x)) J‘
/A
1 I
T
4,E Ws n‘lz
(] 1
2 a
"
[ ] e
-u\s\-n-:a-z/f?k 3 3 [ :
1
b

Exercise 4R

1 Let the length of the fence opposite the wall be denoted by x

Since there is 800m of fencing available, the remaining sides must each

800 - x
measure —
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Worked solutions

Therefore the area of the enclosed rectangular plot is
2
A(X):X(BOO—XJ X

=400x — —
2

. A'(x)=400-x=0= x =400
This is @ maximum, which can be justified by the shape of the graph
or by showing A"(400) < 0, indeed A"(400) = -1

2
4020 — 80000 so 80,000 m?

. A = A(400) = 400(400) -
Let the two side lengths be denoted by x and y, side x being opposite the river

Since the area enclosed is 200m?, xy =200 = y = zxﬂ
and the total length of fencing required is

L(x)=x+2y=x+4xﬂ

LX) =122 = 0= x* =400 = x =20 (x > 0)
L"(20) > 0 so this is a minimum

oLy =L(20)=20+ % = 40 so 40m

Let the radius of the semicircle be denoted by r

Then the horizontal edge of the window measures 2r and since the perimeter
of the window is 12m, if the vertical edges of the window are length x,
12 - (2 + 7z) r

2

2r+2x+ar=12 = x =

.. The area of the window is

1 1
A(r) = 2xr+57rr2 =[12—(2+;r)r}r+57rr2
- 12r+[z—(2+ﬁ)}r2 = 12r—[f+2Jr2
2 2

12
4+
This is a maximum, which can be justified either

.’.A'(r):12—(7r+4)r:0:>r:

by considering the shape of the graph or by computing
A"[iJ - 7-4<0
4+
12

or=

4+
and the dimensions of the rectangle are
3.36 m x 1.68 m (3s.f)

=1.68... so radius is 1.68m (3s.f.)

Let L be the length of the wire, then:

L =36+ X% + /196 + (20 - x)?
daL X 20 - x
dx 36+ x* 196 +(20 - x?)

To minimize the length of L, set the first derivative equal to 0, i.e.,
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Worked solutions

X 20 - x B
V36 + X2 196 +(20 - x?)
=>x=6

5 Let the side length of the congruent squares be denoted by x

After cutting out the congruent squares, the sides of the open rectangular box

will measure (24 -2x)cm by (45-2x)cm by x cm
Therefore the volume of the box is

V(x) = x(24 - 2x)(45 - 2x) = 4x> —138x* + 1080x
= V'(x)=12x* -276x +1080 = 0

= x*-23x+90=0

= (x-18)(x-5)=0

=>x=18 or x=5

x =18 is not feasible and V"(5) < 0 so

V.o = V(5) = 5(24 - 10)(45 - 10) = 5(14)(35) = 2450

6 Let the height and radius of the cylindrical can respectively be h and r.
Then, since the surface area is 37 m?,

3-r?
2r

2zrth+zr*> =3r =>r*+2rh-3=0= h =

Therefore the volume of the can is

2
V(r)=arth=nzr? 3;: = %(3r -r)
;vﬁﬁ:%@—3ﬂ):o:r:1(r>m
_3-1

~r=1,h = 1 so the radius and height are both 1m and

min

V,in =V (1) = 7 so the volume is 7 m®

7 1= Lm3
1000
Let the radius of the cylinder be r and the height be h
Then,
1 -1
1000 100072

S(r) =2xr* +2xrh = 27r* +

zr’h =

500r

1

S'(r):47rr——12:0:r3:—1 =r= L
500r 2000~ 2000~

1
~S. =s|[=—L_J|=0.055358...
20007

Therefore the minimum surface area is 0.055358...m° or
554cm’® to 3s.f.

8 Let the radius of the right-circular cone be r. Accordingly, by Pythagoras',
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Worked solutions

the height of the cone is h = 10 + 100 — r2
= r? =100 - (h-10)" = 20h - h’

~V(h)= %Zh - ”—;(20/7 - 1) = Z (200 - )

1 T ﬂ'h
=V (h):§(40h—3h2):?(40—3h):0
h=0soh=22 and V"(ﬂjw
3 3

V= v[?] =1241.12....

so 1240cm’ (3s.f.)
9 A general point on the curve has coordinates (x, \/;)

By Pythagoras', the distance from (1.5,0) is

10 Let the radii of the circles be r

Then the pieces of wire for each circle measure 2zr and the piece of wire
for the square measures 80 - 4rr so the square has side length 20 - zr
Therefore the area of each circle is zr* and the area of the square is

(20 - zr)’

So the combined area is

A(r)=2zr* +(20 - zr)’ = (27 + 2*)r* - 40zr + 400
20

2+

A'(r)=(47r+27r2)r—4072'=0:>l’=

and A"[ 20
+

j > 0 so this is @ minimum

11 Let the poster have height h and width w

Then, hw = 320
and the total area is
A(h):(h+10)(w+8):hW+8h+10W+80:400+8h+10W

=400+8h+3200
A'(h)=8-220 ~ 0= h* =400 = h =20 (h>0)

-.16cm by 20cm

12 Suppose I land my boat x km along the shore from the point on the coastline

© Oxford University Press 2019




directly opposite my initial position. Then, by Pythagoras', I row
Jx? +4 km and jog (6 - x) km so the total time taken is

2
T(x):\/X +4+6—x
2 5
X 1
2T (X)=——==—=—=-==0
(x) 2Ux>+4 5
=5x=2Jx*+4
= 25x* = 4(x* + 4)
2 , 16 4 421
=21x* =16 = x _21:X_\/ﬁ_—21 (X>0)

- I should land my boat 0.873km (to 3s.f.) along the coastline
from the point directly opposite my initial position

Exercise 4S

1 C(x)=0.01x°-10x+150

£ C'(x)=0.03x% ~10 =0 = x2 = 1000

3
X = f@ (x>0)
3
C"[ f@ J > 0 so this is @ minimum and a global minimum

by consideration of the graph % =18.257...s0 18

3 3 2::“’—)((4—x)=0:>x=4cm3

- F(4)= %(42) - é(43) = 4mmHg

3 a 7-+0.002=3500, so the domain of p(x) is 0 < x <3500
b x(7-0.002x)-(500+3x)=0

= 0.002x*> —-4x +500=0
= x> -2000x +250000 =0

x =1000 + 500+/3 = 1866... or 133.97...

p 1000 - 5004/3 < x <1000 + 50043 or
" 134 < x <1870

¢ From part

3500% - 2000(3500) + 250000 = 5500000
= 5.5 million

4 a c'(x)=20-0.4x+0.0012x* =0
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Worked solutions

= x =61.25741133 or x =272.075922
The latter is the minimum so 272

b p(x)=r(x)-c(x)=15x-403+0.2x* - 0.0004x>
p'(x)=15+0.4x-0.0012x* =0
= x =367.3599... so 367

c Individual Response

5 Let the plot measure x m by y m and suppose that

the side with fencing is of length x
- xy =1000
and the total cost is

T(x)=(15+3)x+(15+15)y =18x + 30)0(00
~T'(x)=18- 30)?200 =0
230000 0 506 40 ao4e
18 3

=y =106 =24.4949...
so the plot is 24.5m by 40.8m (to 3s.f.)
and the minimised cost is

r[%} = 1470 (to 3s.f.)

6 Suppose the airline reduces the price by €10 n times

Then the price of an individual ticket is 500 —10n and the number of passengers
is 180 +2n, and therefore the revenue is

r(n) = (500 - lOn) (180 + 2n) =90000 - 800n — 20n?
~r'(n)=-800-40n=0=n=20

so the optimal price is $300 and the corresponding number of passengers
is 220

Exercise 4T
1 a v(t)=h'(t)=96-32t = v(0) = 96ms™
b h'(t)=0=t=3s
Box = h(3) =256ms™
c h(t)=16(7+6t-t*)=16(1+t)(7-t)=0
t>0=t=7 so v(7)=-128ms™
2 a s(0)=10

b s(t)=5(2+t-t*)=5(1+t)(2-t)=0
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Worked solutions

t>0=t=2
c v(t)=s'(t)=5-10t so v(2)=-15
a(t)y=v'(t)=s"(t)=-10

The diver hits the water with a velocity of 15 m s~1, and a constant vertical acceleration of
—10 m s~2, which is approximately the force of gravity. Since both velocity and acceleration
are negative, the diver is speeding up as he/she approaches the water.

3 Take the ground to have height 0, so that h, =0

. h(t) =50t - 4.9t
50

h'(t)=50-9.8t=0=t =
9.8
50

~h,, =hl=|=127.55...=128 to 3s.f.
9.8

so the maximum height of the rocket above ground level is 128m
h(t)=0whent=0or t= % =10.2041...

so the rocket is at ground level again after 10.2s (to 3s.f.)
4 a t=0, 3,6, 11

b i O0<t<3 6<t<11

il 3<t<6
ci t=1.5

ii t=4.5
d t=1.5 4.5

e i 0<t<153<t<45 6<t<9
il 1.5<t<3, 45<t<6, 9<t<11
5 v(t)=s'(t)=-3t>-6t+4
a(t)=v'(t)=s"(t)=-6t-6

In the interval 0 <t <0.528, velocity and acceleration have different signs, hence the particle
is slowing down. At t =0.528 it comes to a stop, and for 0.528 <t <1, both velocity and
acceleration have the same sign, hence the particle is speeding up.

6 a vavg=—s(3);s(0)=§=21ms-1
b v(t)=s'(t)=20t-3t>

=Vv(3)=33ms™
a(t)=v'(t)=s"(t)=20-6t
= a(3)=2ms?

¢ Both the velocity and accleration are positive, so the particle is speeding up
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v(t):0:>t:00rt:2—??

v(t)=s'(t)=3t>-14t +11
a(t)=v'(t)=s"(t)=6t-14
v(t)=0=3t>-14t +11=(3t-11)(t-1)=0

.-.t:landt“:E
3

i Require v(t) and a(t) to have the same sign

a(t)>0whent>%=§ anda(t)<0whent<§

v(t“)>0when0<t<1ort>E and v(t)<0when1<t<—1
3 3

Therefore the particle is speeding up when

1<t<Z 0rt‘>E
3 3

Worked solutions

il The particle is slowing down when a(t) and v (t) have different signs

Using the working in part i, this is when
7 11

O<t<lor —<t<=
3 3

d v(t):O:t:lort:%

e D=|s(1)-s(0)+|s(3)-s(1)=5+8=13

Exercise 4U

dy dy 3x
4y~ -6x=0=> > ==—
ydx x :>dx 2y

dy dy 4x°
32 W a4y 5 Y 2
Y dx = dx 3y?

4x+8y%—3+4%:0

:>(8y+4)3—§=3—4x

dy 3-4x
dx 8y+4
dy dy
2x -3y -3x—+4y—=0
Y der ydx
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:>(4y—3x)2—§=3y—2x

d_y:3y—2x

dx 4y -3x
dy dy
e 2(x 1+—2%|=-3-"2
( +y)( +dx) ax

[2(x+y)+3}% =-2(x+y)
dy ___2(x+y)

dx 2(x+y)+3

Xty
__X_y

f 2x?

(x—y)[1+dyj—(x+y)(1—dy) 25 Y

Ax — dx i dx _ dx i
(x-y) (x-v)
2 dy
=4x(x-y) +2y:2x&
dy_4x(x—y)2+2y_2x(x—y)2+y
T dx 2x - X

1 2 dy 2 33
g 1=§[4x—18y d—X](Zx —6y)2

= 4x -18y? Z—i = 29‘/2x2 -6y?

dy ___1 "6y —
T [2 2x% —6y 4x}
3 3dy dy y?
2 2 2 _ g Y _ YV
x*  y*dx = dx x*

- At (1,1), the gradient of the tangent is -1 and the gradient

of the normal is 1

Tangent: y —-1=-1(x-1)=y =-x+2
Normal: y -1=1(x-1)=y =x

SRS SN SO 2 0 )
(x+1)2 (y+1)2 dx dx (x+1)2

- At (1, 1), the gradient of the tangent is —1 and the gradient

of the normal is 1
Tangent: y -1=—(x-1)=y =-x+2
Normal: y-1=x-1=>y =x

4 X*+y>=6x+8y
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Worked solutions

2x+2ydy :6+8d—y

dx dx
Yoy _8)—6-_
o (2y 8) =6-2x

_dy _3-x
dx y-4

=

.'.d—y=0whenx:3
dx

=9+y’=18+8y
=y’-8y-9=(y-9)(y+1)=0
Therefore (3,9) and (3,-1)

5 a x+y=x>-2xy+y’

1+d—y:2x—2xﬂ—2y+2yﬂ

ax ax ax

:>(1+2x—2y)ﬂ:2x—2y—1
ax

dy 2x-2y-1

dx 2x-2y+1

1 9y _q 2x-2y-1_ 1+2x -2y —(2x -2y -1)
dx = 1+2x-2y 2x -2y +1

_1+2x -2y -2x+2y +1
- 1+2x -2y

- 2

C2x -2y +1

c Differentiating the result in part b,

a2
_dy dx) ax

ax®  (2x-2y+1)f  (2x-2y +1)

2
4[2x—2y+1j:_ 8
(2x -2y +1Y’ (2x -2y +1)’

N2 B T 1_d_yj3
Tdx? \(2x -2y +1 dx

Exercise 4V

dA dr
1 A _oar
TR s

dA _ dr _ dh
am _5.9r o9
b Gt~ a

c dV_Z[Zhdr 2dh)_;r_r(Zhdr rdh]

— = rh—+r*—|= — 4 r—
dat 3 dt dt 3 dt dt
av dr
— — 4z ==

d 9 =" dr
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Worked solutions

2 Let the diagonal distance be D. Then,
D? = > + w? +h?

290 4l 5,9 o, dh
dat " dt dt dt

ldl de hdh
d> gV ar " ar
= — =
dt D
lﬂ+wd—w+h@
__dt dt dt
JP +w? + R?
dl dw
3 —=3, —=-3
dt dt

dA dl dw
a A_/W:E_EW+IE_3(W_/)

- Initially, % =3(7-24)=-51cms?

b P:2(l+W):>£:2(

it dl+dWJ:0msl

dt dt
c Let D denote the diagonal distance. Then,

D*>=P+w? = 2Dd—D:2/ﬂ+2wd—W
dt dt dt
dl

/ dw
dd gt "W 31-3w

dt N %
- Initially,
3(24-7
ab _ 3( )—5_1=2.04cms’1

dt  pa+77 25
4 Let the distance of the base of the ladder from the wall be x

and the vertical height of the ladder up the wall be y
Then, by Pythagoras,

y =100 - x?

x4
dx  100-x? dt
_dx _ \100-x dy _ J100 - x2

dt X dx 2x
~.when x =6,
dx _ J100-36 2
a 12 3

5 Let the cube have side length /
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av d 3
V=_P="2=-37"—==2
= dr ar 2
S=6P
Las 4y dl
dt dt

When vV =27,/ =3and &L =L
dt

18
ds 1

Let the radius of the cylinder be r and the height A

dr dh
—=-3and — =6
dt dt

S =27r*+2zrh = 27rr(r + h)

.'.d—S=27r ﬂ(r+h)+r £+@
dat dat dat dt

=27[-3(r+h)+3r]
sowhenr =12, h=10
ds

@ 2;;[—3(22) + 36] =607

h=a+b’

2n N _ 3592 5pdb
dt dt dt
ada bdb
dh _“gr "Pgr _ 5a-4b
dt @ +b* &’ +b?
~.When a=15and b = 20,

g 75-80 _ S5 _ 1
dt 225+ 400 25 5
4 av dr
R R
37 7 dt
—7=4ﬂ'l‘2£ au__ 7

When V = 36r,

gnr3=36ﬁ:>r3=27:>r=3

dr 7
SO — = ————
dt 36rx
1 av  zr dr dh
V=zarth= @ _opdl dT)_3
37T G 3( dt rdtJ
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Worked solutions

Let 6 denote the angle between the axis of symmetry through the centre
of the cone and the curved surface of the cone. Then,

r 1.5 3 3 dr 3dh
tanf=—=""="="h=r=-—==-"—
h 2 4 4 dt 4 dt
zr ( 3h dh dh
o= =t | =
3[2 dt dtj
_dh__ 18
dt 7rr(3h+2r)
sowhen h=2and r =1.5,
dh _ 4
dat 3r
dA dr dr 1 dA 1
10A=nr’= —=2par— = —=—— "=~
=g TG Tt 2ar dt ar
.. When r =5,
a _1
dt 5z

Chapter review

1 a Limit does not exist since lim f(x) # lim f(x)

x—>1" x—>1"

b limf(x)=2

x—>-1
c limf(x)=2.25
x—0
d no limit as there is a cusp at x= 3.
2 a lim(-x*+5x-2)=4
xX—2

b limX*t3_2
x>2x+6 8

c Iim(8—2x)% =2

x—0

2_ x-3)(x-1
d timX =3 (XD gy
X3 xX-3 x-3 X — x—3
2
e 1Im¥ =2 jimh-2 1
X—0 X X—>0
2
folim 2 =lim-—X_ -0
MMM T
t13
X
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Worked solutions

lim f(x)=(-2)" -6(-2)=4

xX—-2"

so not continuous at x = -2

a limf(x)= lim f(x)

xX—>-1" x—>-1"
=2+a=1=a=-1

b limf(x)=limf(x)

x—1" Xx—1"

=6=a-1=a=7

1+§ 1
a lim =i n_-
n~>oo3n_4 n~>w3_i 3
n
4 2
4-2n" . 2 n
I =lim—n _
b J_IE n - nl—rl! 1 0
n
¢ No limit
‘—% <1 so the series does converge

s =2+ .3

Y

The common ratio is

nzl 1’ so the condition is

<1l=>n+1>1=n*>0

n”+1
i.e. the series converges for all non-zero n
n? n(n?+1) n*(n”+1)
SDO = =— = 5 =n‘+1
1 1 n“+1-1 n
T2
n+1

a Vertical: x?-9=0=x=4+3
Horizontal:

limf(x)=6 soy =6

X0

b Vertical: 3x°+81=0= x> =-27=x=-3

Horizontal:
IXimf(x):O so y=0

c Vertical: x=0

y=x+1

a y=(01-2xy03Bx-2)°
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Worked solutions

% =-10(1-2x)" (3x -2)° +(1-2x)" - 18(3x - 2)’

= (1-2x)"(3x - 2)’[-10(3x - 2) +18(1 - 2x)]
= (1-2x)"(3x -2)’(-66x + 38)
=-2(33x-19)(1-2x)" (3x -2)°

M(Zx) —(x2 —1) 1

I 24x -1
ax x-1
~ 4x(x -1)-(x* -1) C3x% -4x+1
- - 3
2(x 1)z 2(x 1)z
c ﬂ=1(2+ 3x° ] !
dx 2 2% +1 \/2X+\/X3+1

10a Vertical: x> -1=0= x =+1

Horizontal:
1
- L X _ _
im g M =0 s0 y =0
XZ
X
b f(x)_XZ_l
-X X
R R
c Q:(xz—l)(l)—x(Zx)_ 1o 14X 0
N N
d

——

[T
L
-

" H
| —

b oA

H‘M\l”. RERE
11a |OP|:1fa2+(3—a2)2 —Ja"-5a7+9

2 2
b |OP|=\/(a2—§J +9—27:5=\/[az—§j +%

. Closest when a* —g =0=a= i\E

4
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3 (x-2)(x-1)
CxX?+3x+2  (x+2)(x+1)

12 f(x)

a Vertical: x=-2and x=-1

Horizontal:
1—§+£2
limf(x) = Iim%:l so y=1
X—0 X~>001+7+72
X

b (x-2)(x-1)=0=x=2o0rx=1
so (2,0), (1,0), (0,1)

c f'(x):<X2+3X+2)(2X:3)—(X2—23X+2)(2x+3)
(x +3x+2)

_2x>+3x* -5x-6-2x> +3x> +5x - 6
(x2+3x+2)2

2
__ 612 g .

(x2 +3x + 2)2
13a f(x)=0=>x=-1
b Horizontal Asymptote: y =0
Vertical Asymptote: x =0
c f'(x)=0=>x=-2

When x = -2, y =f(—2)=—%

f'(-2) = 2 >0 so —2,—g is @ minimum
8 4

d f"(x)>0=>x>-3

L0

i-1.00 .

(2-225) , |
14a f(x)=0:>x§(x/7—b)=0:>x=0orx=b2

b 2dx-b

b f'(x):l—m:W
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b2
i f‘(x)>0whenx>7

b2
it f'(x)<0 when 0SX<Z

c f(x)zf(bﬂ =_%2

b
4xﬁ

d f"(x)= > 0 so concave up

15

feL of
| infiexion

Pt. af :

I .
jinfiexion
T

/ 1 2 3

dy
16 8x+2y—=-=0
" ydx :dx y

N MAX
I
I
I
I
I
1
I
I
I
I
I
!.

Q_ 4x

2 2
LA S, 2,

[45 ﬁ]
ay _ 4
dx

17 4xy+2x2ﬂ+3y2 +6xyﬂ =0
dx dx

dy
= (2% + 6xy)a = —(3y* +4xy)
dy 3y? + 4xy
=L =7 = 77
dx 2x% + 6xy
- At (1,1),
d_y _ 3+4 7

dx 2+6 8

so the normal to the curve at this point has gradient g

8
y—1=7(x—1)
y=8,_1
y=3%73
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18 V2 + b = \p

1 1 dy dy \F
T ) A N A
2Jx 2y dx dx X
- The gradient at (a, b) is —\/g

and the equation of the tangent is

y—bz—E(x—a)

:yz—\/gx+\/5+b

The tangent passes through (0,r):

r=E+b

and (s,0):

O=—£;+ﬁ$+b:s=a+ﬁ5

Worked solutions

.'.r+s:«/§+b+a+\/§:a+2\E+b

- (JE+ \/E)Z - (\/E)Z = p as required

19 Let D denote the distance from the observer to the drone and x

the height of the drone. Then,

D* =36+ x* :>2Dd—D:2Xd—X
dat dat

dabD X dx

Tdt T Beex dt
- When d—X=3 and x =8,
dt

— =—==(3)=2.4
dt  J36+64

20a v(0)=-2
b v(t)=0

= 1+t=+at+9
:(1+t)2:1+2t+t2:4t+9
=>t*-2t-8=0

= (t-4)(t+2)=0
t>0sot=4
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di v(t)<Ofort<4 and v(t)>0fort>4

a(t)>0forall t>0

= slowing down when a(t) and v (t) have different signs
>t<4

ii v(t) and a(t) have the same sign when t >4 =t > 4

21 Let the (initially) inner circle have radius r; and the (initially) outer

circle have radius r,
ar, ar.
Then, =X =1.2 and —2=0.8
dt dt
The area between the circles is given by
A=r(r}-r?) soattimet,

:dA=2”(2drz dr,

— r‘——r—j=27z(0.8><3—1><1.2)=12—”
dt

22V - gnﬁ, S=4nr’

W gt 5 dr 3
dt dt dt 4rr
d—S=87rr‘£=8m‘ 32=§
dat dat 4rr r
.. When r =1,

ds _

dt

23| PQ|= x = |QT| =|RS| = x since PQT is an equilateral triangle and

QRST is a rectangle. Let |ST| =|QR| =y, then

NER

p=3x+2y and A=xy + Tx (area of rectangle plus eq. triangle)

_p-3x
Y=

:Azw_,_ﬁxz

2 4
=——3x+ﬁx=0
dx 2

-[- )2

[3_

A _p

N

~[ G

E
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Exam-style questions

24a Graphical approach:
o

N [/

170

Attempt to draw graph

Each branch correct

Then XIT; f(x) = lim f(x) =4

x—2"

Hence gngf(x) exists and is equal to 4.

Worked solutions

(1 mark)
(2 marks)

(1 mark)

OR: Algebraic approach (note that an algebraic approach will be accepted, but not expected,

in examinations)

2
lim f (x) = Iim_2X—4 - lim- (x-2)(x+2)
Xx—2" x>20 X°=5x+6 x> (X—Z)(X—3)
x>2  x-—3

lim £ (x) = Iin;ez‘x+x+1:4

x—2"

Then )|(I_I:12‘l f(x)=Ilimf(x)=4

x—2"

Hence Eggf(x) exists and is equal to 4.
b &@+3a+6=4

(@+1)(a+2)=0

a=-1la=-2

25a X’ +x-2#0=>x#1,x#-2

:f.
v -rn I/i 1 x

(Shape of each branch correct gains 1 mark)

c 1 Vertical asymptotes: x =1 and x =-2
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(1 mark)

(1 mark)

(1 mark)

(1 mark)

(1 mark)
(1 mark)
(1 mark)

(2 marks)

(3 marks)

(2 marks)




Worked solutions

3x-10

ii Using | divisi f =xX-1+—>—— 1 k
i Using long division, f(x)=x-1+ i x 2 (1 mark)
As x >, f(x) > x -1 which is a slant asymptote. (1 mark)
i(x2+1)—\/)7-2x
) - 2%
26a g'(x)= . (2 marks)
(x2 +1)
)
__1-3x i (1 mark)
ZJ;(XZ + 1)
1
b g(1)= 5 (1 mark)
, 1
g()= 2 (1 mark)
. 1 1
Equation of normal: y-35= 4(x-1) ory = 4x—35 (1 mark)

c ¢ is not defined at x =0 because a derivative is not defined at the end point of a closed

interval. (1 mark)
Therefore, there is no tangent to the graph of g at x=0. (1 mark)
d d
£1+ di](x—y)—( —d—)):}(x+y)
27a 2x = 5 (3 marks)
(x-y)
dy .
Make ax the subject (1 mark)

2x(x—y)2 = 2xd—y—2y

dx
d_y:( —y)2+Z (1 mark)
dx X
b y=0=>x’=1=x=+1 (1 mark)
dy =1 (1 mark)
dx
y=x7%1 (2 marks)
28a i 101.1—98.5:1 2
2002 - 2000
marks)
102.3-101.1 _ 0.6 (1 mark)
2004 - 2002

b The average annual profit between 2000 and 2002 was almost double the average annual
profit between 2002 and 2004. (2 marks)
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19m ) i 20T 3042 3 4)

h h
_(2x* +4hx +20* +3x +3h-4) - (2x* + 3x - 4)
=lim
h—0 h
. 4hx +2h* +3h
= lim———— >
h—-0 h

=Ihi£13(4x+2h+3):4x+3
b f(1)=2+3-4=1
F(1)=4+3=7
Equation of tangent: y -1=7(x-1) (or y =7x-6)
30a h(4)=370 and h(5)=438 (3s.f.)
b v(t)=Hh(t)=112-9.8t
c v(t)=0=112-9.8t=0
t=11.4 (3sf.)

d double x-coordinate of maximum, or determine zero

22.9 (3 sf.)
e

f:: ny={12tF .97 |

AN

200 + \ 1

T . x
10 15 20 195 30
il i
= tE22s |

(Shape: 1 mark; Domain: 1 mark; Maximum: 1 mark)

4

f v(22.9)=-112 ms!

g a(t)=v'(t)=-9.8 which is constant

i (gof)(1)=g(FU)F1)=9()F Q)
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Worked solutions

(2 marks)

(1 mark)

(1 mark)

(1 mark)

(1 mark)
(1 mark)
(1 mark)
(2 marks)
(2 marks)
(1 mark)

(1 mark)

(1 mark)

(1 mark)

(2 marks)

(2 marks)

(1 mark)

(1 mark)
(1 mark)

(1 mark)




32a

33a

i False
as derivative changes sign.

ii False

as the derivatives at these points are not negative reciprocals.

Let d(x) be the total length of the pipeline.

d(x) =x? +75% +100 - x

Let c(x) be proportional to the construction costs of the pipeline.

c(x) =3Jx* + 752 +100 — x

de = 3x 4

dx  x? 1752

ac g 33X g
dx Jx? 1752

Solve equation

9x? = x? +75%

75
X = —\/2
4

2
d(x) = (;fﬁ] +752+100—§\E

f 2 75
= 752 2 +1|+100-222
5 (1 J 00

9 75
_ 75 f— 100- 222
8" 4

=3x77:5\ﬁ+100—77:5ﬁ

=7—;J§+100

Vertical Asymptote: x =a

Horizontal Asymptote: y =a

(x =a~(x—a)—1-(ax—4)= 43 .
F'(x) (x—af (x—af

f'(x) =0 for turning points

2
(4_a)2=0:>a2=4:>a:2
X-a
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Worked solutions

(1 mark)

(1 mark)
(1 mark)
(1 mark)
(1 mark)

(2 marks)

(1 mark)

(2 marks)

(1 mark)

(2 marks)

(1 mark)

(2 marks)

(1 mark)

(1 mark)

(1 mark)

(1 mark)

(3 marks)

(1 mark)

(1 mark)




Worked solutions

2x -4 2(x-2)

For a=2, f(x) = 3 x_ 32 2 so the function is constant, and there are no turning
points. (1 mark)
For a=2, f'(x) =0, so the function has no max/min. (1 mark)
, 4-a
d f(1)= 5 (1 mark)
(1-a)
. , (1—a)2
gradient of normal is m = 7 4 (1 mark)
a-4
£(1) = 1 mark
H=1—> ( )
2
a-4 (1-a :
—-——=-—-—"(x-1) (or equivalent 1 mark
i (x-1) (oreq ) ( )
e Asymptotes intersect at (a,a). Substitute (a,a)into normal equation. (1 mark)
a-4 (1-a) .
a-——= a-1) (or equivalent 1 mark
=4 (a-1) (oreg ) ( )
Simplify (1 mark)

(@ -4) =(a-1)

4a° -14a* +4a+15=0 (1 mark)
f From GDC (1 mark)
a=25o0ora=1.82 (2 marks)

(For part f, award 2 marks only if negative root a = -0.823 is included)

Paper 3
a
1 1
1 2 1
1 3 3 1
1 4 6 4 1
A2
bil ii n AlAl
cil5 ii 15 AlAl
n n! n! 0
di'C__ = = ="C M1A1l
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Worked solutions

ii Answer to i explains the symmetry about a vertical line down the middle of Pascal’s triangle.

R1
ei20 ii 20 AlAl
n! n! ni(r+n-r+1)
f'C,,+"C = =
A T e DI(r D) (nr)irl . (n—r+1)i(r). MIAL
_onl(n+1)  (n+D)r MIAG

_((“+1)—r)!r!_((n+1)—r)!r!_ r

AG stands for ‘As Given’, so no marks will be given for quoting the result you’re asked to show

gil+3+3+1=8 ii 1+4+6+4+1=16 A1A1
n
iii Based on the answers to part i, Z "C,=2". R2
r=0
hi(a+b) ="C,a"+"'C,a"'b+"C,a" %’ +"C,a" %" +...+ "C, b" M1A1
n
ii (2)" ="Cy+"C,+"C, +"C, +...+ "C, proving that »_"C, =2" M1A1A1
r=0

it 0="C, —"C,+"C,—"C, +..+(-1)" (”Cn) proving that Zn:(—l)r ( ”C,) =0  MI1A1AL
r=0

j The coefficient of X" in the expansion of (1+ X)2n is 2nCn . Al

The coefficient of X" in the expansion of (1+ X)n (1+ X)n is found by multiplying the coefficient of

X" by the coefficient of x"" and then summing from r=0to r =n, that s R1
("Cy)("C)+("C,)("Co)+("C,)("C,p )+ +("CL )(Cy) M1A1
Equating the two, *'C, =("C,)("C, )+("C,)("C,1)+("C,)("Cp ) +--+("C, )("C,)

By partd, "C, , ="C, so R1
e, =("c,) +("C,) +("C,) +..+("C,) AG
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Worked solutions

Analysing data and quantifying

5 randomness: statistics and
probability

Skills check

720+ 750+ 690 +975+700+ 710+ 720+ 680+ 695+ 645 1457
10 B
The number that occurs most often is 720

n+ 1)“’ _ [EJ”’ _ 700 +710

1 a Mean= =728.5kg

=705

Median =
2 2

b Range=975-645=330kg
Q, is the median of the first half of the list, 690 kg
Q, is the median of the second half of the list, 720kg
IQR=0Q, -Q, =720-690 = 30 kg

(2.5><5)+(7.5><2)+(12.5><6)+(17.5><8)+(22.5><4)+(27.5><5)+(32.5><8)
5+2+6+8+4+5+8

The data is bimodal and the modal classes are 15<x <20 and 30<x <35

n+1jm _[38+1

2 L2

2 Mean= =19.21 litres

th
The median is the=[ ) value which lies in the interval 15 < x <20

Exercise 5A
1 a The target population is “all celery sticks grown in a certain US state”
b The sampling unit is “each celery stick”
¢ The sample frame is “a list of all celery sticks from the state”
d The sample variable is “the length of the celery stick”
e The sampling values are “the positive real numbers”
2 a The target population is “all ball bearings manufactured by a company”
b The sampling unit is “each ball bearing”
c The sample frame is “a list of all ball bearings enumerated”
d The sample variable is “the weight of the ball bearing”
e The sampling values are “the positive real numbers”
3 a The target population is “all 1 litre soda bottles from a soft drink factory”
b The sampling unit is “each 1 litre soda bottle”
¢ The sample frame is “all soda bottles enumerated in a list”
d The sample variable is “the volume of the 1 litre soda bottle”
e The sampling values are “the natural humbers”
4 a The target population is “all crates of 50 oranges”
b The sampling unit is “each crate of 50 oranges”
¢ The sample frame is “an enumerated list of all crates”

© Oxford University Press 2019




d The sample variable is “the weight of a crate of 50 oranges”

e The sampling values are “the positive real numbers”

Exercise 5B

Worked solutions

1 List and enumerate all books, generate a random number x then take books x, x +50,...

2 a Generate a random number x and then sample x bases from each region

b individual response

3 a The number of samples of three from 0,1,2,3,4 is equal to g]

!
5! 120 10

T31(5-3) 6x2

b The 10 possible samples are (0,1,2), (0,1,3), (0,1,4), (0,2,3), (0,2,4), (0,3,4), (1,2,3),

12,4, 4,34, (2,34

¢ The means are:

0+1+2
3
0+1+3 4 _4 3333
3 3
0+1+4 _5_ 6667
3 3
0+2+3_5_1 6667
3 3
0+2+4:2
3
0+3+4 _7_5 3333
3 3
1+2+3=2
3
1+2+4 7 _5 3333
3 3
1+3+4 _8 5 6667
3 3
2+3+4:3
3
d Mean of population: M=E=2

5 5
Mean of sample means:
1+%+§+g+2+%+2+%+%+3=£=
10 10

2

4 The variable is "whether the envelope is sealed correctly”
The sample is the “batch of selected envelopes”
The population is “all the envelopes”
The variable is discrete

5 It is not possible to wait 4000 years to see if they will last that long

6 This is stratified sampling
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Worked solutions

7 Pick 12.5 students from each grade (13 from two and 11 from another two).

Exercise 5C
1 Discrete data

a The classes are:

0.5<x<1.5
1.5<x<2.5
25<x<3.5
3.5<x<4.5
45<x<5.5
55<x<6.5

b | Number of people | Frequency Interval on

histogram

1 8 0.5<x<1.5
2 11 1.5<x<2.5
3 6 2.5<x<3.5
4 4 3.5<x<4.5
5 2 45<x<5.5
6 2 5.5<x<6.5

c
12
10
8
B
4
2 —|—|
o

— T T T T 1
o0 1 2 3 4 5 6 7

2 Continuous data

10 15 20 25 a0

3 Discrete data

B 858 5 8

10
]

0 20 30 40 50 &0
4 a The data is continuous

b This plot may show the distribution of lengths of ants in mm
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Worked solutions

5 Continuous data rounded to discrete

a | Hours Days
4 4
5 5
6 9
7 8
8 4

4><4+5><5+6><9+7><8+8><4_183:6.1 hours

b =
4+5+9+8+4 30

Exercise 5D

1

10 20 30 40 50 &0 70

Shape: the distribution is unimodal, most koalas had a mass of 30 < x <40 kg
Centre: the midpoint would fall in the 30 < x <40 class.
Spread: the mass of the koalas varies from 17 kg to 61 kg

2 a The data is qualitative therefore, a bar chart is preferable. Each bar would represent each
day of the week and would summarise the data very clearly

3 a A relative frequency histogram is necessary here as we wish to compare the distributions of
two samples from different populations

b | Time spent per day Male Relative Freq Female Relative Freq
0<x<15 0.1667 0.125
15<x <30 0.2667 0.1563
30 < x <45 0.3333 0.2188
45 < x <60 0.1667 0.4375
60<x<75 0.06667 0.0625
c
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Worked solutions

035
030 05
025 0.4
020 03
015

02
010

0.1
005

0.00
0 10 20 30 40 50 60 70

d The male distribution is symmetric unimodal. The female distribution is right distorted
unimodal.

00
0 10 20 30 40 50 60 TO

e On average, females spent more time per day on the phone than men.

4 a 8+16+11+7+3 =45 families were interviewed

(150x8) +(160x16) +(170x11) + (180 x 7) + (190x 3) _ 7460
45 T 45

b =$166.78

¢ The data is left skewed
5 0.25+0.1875+0.125=0.5625, 32x0.5625=18 items
6 i Skewed, bimodal, contains an outlier

il Skewed, multimodal, no outliers

ili Symmetric, unimodal, no outliers

Exercise 5E

(0><5)+(1><10)+(2><6)+(3><3)+(4><1) 35

=22_14
25 25

1 a The mean number of children is

b On average, women from Australia have more children

(25><5)+(35><4)+(45x3)+(55x2)+(65x3) =705

2 a Mean= —— =41.4706 ~ 41.5 years
5+4+3+2+3 17 y
b
5
4
3
2
1
1]
20 30 40 50 @60 TO
c Left skewed, younger teachers appear to move schools more frequently.

3 a A relative frequency histogram is necessary here as we wish to compare the distributions of
two samples of different sizes from different populations

035

030 05
025 0.4
020 03
015

0z
010
005 01 |

I —

0.00 o

120 130 0 150 160 170 120 130 140 180 180 170

0

On average, students from Peru are shorter

H
Q

A standard histogram
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Worked solutions

35

30
25
0

el

(17.5x5) +(21.5x15) + (24 x 20) +(27.5x 20) + (35x 30) _ 2490
5+15+20+20+30 90
Modal class: 30 < A<40

¢ Mean= =27.6667 years

Exercise 5F

2+3+3+4+4+5+5+6+6+6 44

=2 _44
10 10

1 a Mean=

Standard deviation

2 2 2 2 2 2 2 2 2 2
=VIZ +3 43 +4 +41+05 T 46746746 442 57.2-19.36 = 1.3565-1.36

21+21+24;25+27+29:%:24.5 kg

Standard deviation
[217 + 217 + 247 + 257 + 272 + 29

b Mean=

-24.5% = /608.833 - 600.25 = 2.92968 = 2.93 kg

:V 6
c Mean:3><2+4><3+5><2 :§:4
2+3+2 7

2 2 2
Standard deviation = [3x2+4x3+5 X2 _ 4 _ (16.5714-16 = 0.75591 = 0.756
\ 2+3+2

3x2+8x4+13x4+18x5+23x2 _ 226 ~13.2941~13.3
2+4+4+5+2 7

Standard deviation

d Mean=

2 2 2 2 2
|3 x2+8 x4+13 x4+18° x5+23 X2 13.2941% = (213.412-176.733 ~ 6.06

:V 2+4+4+5+2

2 Mean=2X _363 54 45
>f 20
> 2 2
Standard deviation = zfx —(&j = w —(@j =3.83764 ~ 3.84
>f >f 20 20
3 a Mean- 196 +197 +199 + 200 + 200 + 200 + 202 + 203 + 203 + 205 _ 2005 ~200.5 g
10 10
Standard deviation
3 ﬂ1962 +197% +199% + 200 + 200% + 200% + 202% + 203% + 203% + 205> -200.5

\ 10
=40207.3-40200.25 = 2.6551 = 2.66 g
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Worked solutions

6.3+9.6+12.2+12.3+10.3+12.1+10.3+8.4+9.2+4.3 95

4 a Mean= =22 _-95
10 10
Standard deviation
56.32 +9.62+12.22 +12.3> +10.32 +12.12 +10.3° + 8.4 + 9.2> + 4.3 _9.5?

-\ 10

= /96.426 - 90.25 ~ 2.49

b There is grounds for investigation because the mean amount of lead per litre is within 1
standard deviation of the level that is deemed dangerous

Exercise 5G

1

. I 10 [102+122+52+02+142+22+52+82+92+62 _(1O+12+5+0+14+2+5+8+9+6j2]

-1:\110—1 10 10
=]

67.5 —50.41) =4.35762 ~ 4.36

11504

2 Mean= =460.16 = 460 kg kg

2
5 =J 25 (5304823 _(11504j J _18.72538 = 18.7 kg

25-1 25 25

3 Mean- Ix _ 38750
n 25

n (x> (sxV) | 25 (60100000 (38750
Ser = || - | = | = - -39.5
n-1 n {n V25—1 25 25

=1550

12345678 9101112131415
b The data is symmetric and unimodal at 7

C Mean=2—x=ﬁ=7.84
n 50

s _ |50 (3470 (392)) , oichogs
"1 7450-1| 50 50 T '

d Individual response

Exercise 5H
1 a 80

b ais lower quartile mark, a = 55
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b is upper quartile mark, b = 75

k-3+k+k+2+k+5 4k+4

k+1
4

k+1-3=k-2

63

i 87 it 73
i 1.18m

ii IQR=UQ-LQ =1.22m - 1.13m = 0.09m

Class Frequency
1.00 <h<1.05 5
1.05<h<1.10 8
1.10<h<1.15 14
1.15<h<1.20 24
1.20<h < 1.25 18
1.25<h<1.30 11
2+8+14 4 3375-0.34
80
5+8+14(8'8§J
ii . =0.69
5+8+14
- a+2a+3a+...+na
i Mean =
n
~a(l+2+3..+n) an(n+1) a(n+1)
B n n 2 2
4 1 a(n+1
i 10+ 00, )

2n* +2n>100+2n+2
2n* >102

n*>51

n>7

n=8

m(0)+n(1) n

i M = =
n+m n+m

5. Im><02+n><12_( n j2+ n n Jmn

m+n n+m \in+m_(n+m)2:m+n

i Mcs—_" Nnm

n+m m+n
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Worked solutions




n =+nm
n* =nm
n=m

Worked solutions

As there are the same number of x and y points, median is the average of the two values

1+0
> =

0.5

Exercise 51
1 a No association
c strong, positive, linear

e strong, negative, linear

14 15 186 1.7 18 19

ii 65kg
i 47s

b moderate, positive, linear

d moderate, negative, linear

60
55
50
45
40

35

50 55 B0 &5 TO 75 BO

C

704
604
504
404
304
204
104

I+
30 35 40 45 50 55 60

iv The graphs giving the most accurate predictions are the ones where the data is close to
the line of best fit. Graphs b and c are better than graph a.

3

40000 .
35,000 . .
30,000 : .
25,000 :
20,000 4———F—F—1—1—1—

S H B H P
X y X2 y2 Xy
4895 37900 23961025 1436410000 185520500
75256 27495 5663465536 755975025 2069163720
8563 32595 73324969 1062434025 279110985
24495 38995 600005025 1520610025 955182525
68562 33895 4700747844 1148871025 2323908990
58200 29495 3387240000 869955025 1716609000
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Worked solutions

34011 34995 1156748121 1224650025 1190214945
70568 21000 4979842624 441000000 1481928000
¥x =344550 | Sy =256370 | x? = 20585335144 | xy? = 8459905150 | Zxy =10201638665
2
S, =3x" - (ZX)
n
2
S, - 20585335144 344550 _ 11491294663
2
zy)
S, =y’ _
Yy y n

S,, =8459905150 -

(zx)(zy)

S, =3Ixy

2563707 _ 488416075

S, =10201638665 -
S

r=

xy

8

2

344550x 256370 _ 1679793545

(5SS

Sy

1679793545

2

8 2

-0.709

[11491994663 488416075

\

2

2

There is moderate negative correlation

S
y =a+bx, where b=-2%

a=y-bx

_ 256370
8

1679793545
2 - _0.1462 and

S, 11491994663

+0.1462 x

2
344550

=38342.9 so y =38342.9-0.1462x

y =38342.9-0.1462 x 50000 = $31032.90

The make of car or price when new would be important information

4 a

400 -
350 -
300 -
250 4
200 4
150
100
50 -

0

— T
11 1.2 13 14 15 16

y

1.48

329

2.1904 108241 486.92
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Worked solutions

1.51 314 2.2801 98596 474.14
1.23 185 1.5129 34225 227.55
1.57 356 2.4649 126736 558.92
1.29 228 1.6641 51984 294.12
1.30 230 1.69 52900 299
1.37 257 1.8769 66049 352.09
1.17 171 1.3689 29241 200.07
1.2 185 1.44 34225 222
1.34 214 1.7956 45796 286.76
1.42 315 2.0164 99225 447.3
1.42 271 2.0164 73441 384.82
1.37 242 1.8769 58564 331.54
1.44 285 2.0736 81225 410.4
¥x =19.11 Yy = 3582 Ix? =26.2671 Ty? = 960448 ¥xy =4975.63

S, =3x" - (ZX)Z

n
S, =26.2671- 19.11° =0.18195

2
I
Syy_zy n

S,, =960448 - =43967.7

3582°
14

S =2:xy—M

S _ 497563 19:11x3582 _

86.2
o 14

s,  86.2
—a+bx, where b= - 852
yoarbx,where b=g " =0.18195

a=y_bx= % _473.757 191':1 ~-390.821 so y = 473.757x —390.821

=473.757 and

c r= OV

(Sxxsyy)
86.2

r= =0.96375
J0.18195x43967.7

there is a strong positive correlation

d y=473.757x1.38-390.821 = 262.964
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Worked solutions

Chapter review
1 Pick 15 students at random from each MYP class and 15 students at random from the DP group
2 a Pick 12 students at random from the whole medical school

b Pick 1.71 students from each year group at random

c Pick 2.4 students at random from year one and 1.6 students at random from each of the
other year groups

d Ask for volunteers and pick the first 12
3 i Make sure the questions are clear

il Make sure the questions are not leading

ifli Ensure that the possible answers are applicable to everybody and no options are missed
4 a Number of pages

b Height of page
5 a Qualitative, continuous

b Quantitative, continuous

c Quantitative, discrete

d Quantitative, continuous

7 a Mean
_ (5.5x13)+(15.5x16) +(25.5x146) + (35.5x 139) + (45.5 x 84) + (55.5 x 32) + (65.5 x 20)
B 13+16+146 +139+84 +32+20

Median group is 31-40
Modal group is 21-30

84 +32+20

b 50 x100 = 30.2%

¢ | Number of words per Number of Cumulative
sentence sentences frequency
1-10 13 13
11-20 16 29
21-30 146 175
31-40 139 314
41-50 84 398
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Worked solutions

51-60 32 430
61-70 20 450
450 _—

400

300

200

1001

0 —ro

10 20 30 40 50 60 70

min=1

Q, = 28.5 (approx)
Q, =33

Q, =42

max =70

an |

The diagram on the left is using the grouped data, the one on the right is using the five
point summary from the graph

The number of sentences is uniformly distributed within the interval.

The box-and-whisker diagram using the grouped data is more skewed then the diagram
using data from the graph.

Number of siblings Frequency
0 14

1 28

2 11

3 5

4 0

© Oxford University Press 2019




Worked solutions

5 2

The data is left skewed.

b Mean:O><14+1><28+2><11+3><5+5><2:E:E= 1.25
60 60 4

standard deviation

2 2 2 2 2 2
07 x14+12x28+422x11+F x5+5 x2 (5 _ fﬁ—§=1.105=1.11
\ 60 4 60 16

[SE T T S ]
R T T

=

d Notice that the mean of all students is equal to the mean of the original 60 plus the mean of

the new 32. Need to find X when %+x =1.25x, so % =0.25x=>x=5

9 a X 0 0.5 1 1.5 2 2.5 3 3.5
0.6 0.45 0.8 0.85 1.4 1.65 2.4 2.85
y? 0.36 0.2025 | 0.64 0.7225 | 1.96 2.7225 | 5.76 8.1225
b
8
]
4
2

-
GJ//G.'S 10 15 20 25 30 35

c y>=2.13357x-1.1725 =y =[2.13357x - 1.1725

10 Y —VYo= _O'S(X_Xo) ’
y -8 =-0.5(x -1)
y =8.5-0.5x

so y=8.5-0.5x=85-0.5x7=5

Exam-style questions

11a As the mode is 5 there must be at least another 5. (1 mark)
So we have 1, 3, 5, 5, 6 with another number to be placed in order (1 mark)
The median will be the average of the 3™ and 4" pieces of data. (1 mark)

For this to be 4.5 the missing piece of data must be a 4.
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Worked solutions

Thusa=5,b=4 (2 marks)
b )—(=1+3+4+5+5+6=2_4=4 (2 marks)
6 6

12a %:70:2x=700 (1 mark)
Let Steve’s mass be s. z:: S 72 (1 mark)

700 +s =792 (1 mark)

Sos =92kg (1 mark)

b IQR =10 (1 mark)
76 +1.5xIQR =76 +15 =91 (1 mark)

So Steve’s mass of 92 is greater than 1.5xIQR, so is an outlier. (1 mark)

13a 200 (1 mark)
b 35 (1 mark)

¢ Using mid-points 5, 15, 25... as estimates for each interval, (1 mark)

i estimate for mean is 22.25 (2 marks)

il estimate for standard deviation is 11.6 (3 s.f.). (2 marks)

d Median is approximately the 100th piece of data
which lies in the interval 20<h <30. (1 mark)
Will be 15 pieces of data into this interval

15

Estimate is 20+%x10 =23 (2 marks)
14a i 7.5 (1 mark)
ii 6.125 (2 marks)
bi 6 (1 mark)
ii 6.9 (2 marks)
c Sally’s had the greater median (1 mark)
d Rob’s had the greater mean (1 mark)
15a
25
20
&5
]
§1u
5
0
o1 2 3 4 585 & 7

grade
(1 for scale, 1 for correctly drawn graph)

bi 4 i 4 iii 4 (3 marks)
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Worked solutions

¢ The values of the median and the mean are the same due to the symmetry of the bar chart.

(2 marks)
16a 100=70m+c

140 =100m+c

40 = 30m m=2 c=20 (3 marks)
3 3
b Positive (1 mark)
c Line goes through (X,Y) (1 mark)
y=fx90+£=@ (2 marks)
3 3 3

d Estimate is %x 60 + 2—: - 2—20 (2 marks)

17a | x| 13|14 | 15|16 |16 |17 | 18|18 | 19| 19

y| 2 |0 |3 1 |4 1 1 |2 1 2

(5 correct: 2 marks; all correct: 3 marks)

b r =-0.0695(3sf) (2 marks)
¢ Very weak (negative) correlation so line of best fit is almost meaningless (1 mark)
It would be extrapolation to use this data to predict for a 25-year-old. (1 mark)
18a i nochange; r=0.87 (1 mark)
il no change; 15 (1 mark)
ifi the scatter diagram has just been translated up by 5 and to the left by 4, so the PMCC
and the gradient of y on x line of best fit are unchanged. (1 mark)
iv Strong, positive (2 marks)
b i nochange; r=0.87 (1 mark)
il 2x15= 30 (1 mark)
ili the scatter diagram has been stretched vertically by scale factor 2, so PMCC remains
unchanged, but gradient of y on x line of best fit is doubled. (1 mark)
c i r=-0.87 (1 mark)
i 1°5_ 5 (1 mark)
-3
ili the scatter diagram has been stretched horizontally by a factor of 3 and then reflected in
the y-axis, so gradient becomes -5, but PMCC is unchanged. (2 marks)
iv Strong, negative (2 marks)
19a i 0.849 (3sf) (2 marks)
il strong, positive (2 marks)
ifli y=0.937x+0.242 (2 marks)
b i 0.267 (3sf) (2 marks)
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Worked solutions

il weak, positive (2 marks)

ifli the Pearson product moment correlation coefficient is too small to make the line of best

fit particularly meaningful when making predictions. (1 mark)

20a r =0.979 (3sf) (2 marks)
b Strong, positive (2 marks)

c i y=123x-21.3 (2 marks)

it x=0.776y +20.8 (2 marks)

d 1.23x105-21.3=108 (1 mark)

e 0.776x95+20.8 =95 (1 mark)

f It is extrapolation (1 mark)
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Worked solutions

Relationships in space: geometry and
trigonometry

Skills check
1 25% = (2x)* + x°

252 = 5x?
x? =125
X =4/125

Area = 125 x 24125 = 250 cm?
2 LACB = /PAQ

As AB and PQ are parallel, lines BP and AQ meet AB and PQ at the same angle.
Therefore ZABP = /BPQ and #BAQ = ZPQA

All three angles are identical therefore, triangles are similar.

Exercise 6A

1ai (300) i (3,4,0) iii (3,0,2) iv (3,4,2)

b Midpoint of OF: (Xl;XZ,yl;”2,21ZZZJ=[°;3,°;4,°;2]=(1.5,2,1)

2

c Distance of OF d = (x, - x,)’ + (v, ~v,)’ +(z,-2,) = (3-0) +(4-0)' +(2-0)

=J9+16+4=29 ~5.4

N

2 2

N[+
N
N

-5.1+1.4 -2+1.7 9+11
2 2 "2

(
:(-4-2’4+2’5+9J:(_3,3,7)

(

(

] — (~1.85,-0.15,10)

3a d=\(x,-x)+(,-v.)+(z-2) =(4-2  +(3-37 +(1-5) =4+ 0+16= 20 ~ 4.47

b d=\(x,~ %) +(v,-¥:) +(z-2) = \(2+3) +(4-7) +(-1-2) =25+ 9+ 9= 43 ~6.56

¢ =\ -x) (Vs W) (2 -2) =1 +1) +(-3-3 +(4+4)

=J4+36+64 =104 ~10.2
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Worked solutions

d d=\(x, %) +(s- V) +(2,-2) =(-2-2) + (1 +1)] +(3-3) =16+ 4+ 0= 20 ~ 4.47

4 a

N
L

b tané =£
co

EC =\DC? + ED? = 20% + 20%> = /800 = 28.3

Then

co-trec-1283-14.14
)

tané@ = i
14.14

15
14.14

0 =tan™ =46.7°

C tan0:£
oM

om=120-10
2

tan@ = 15
10

6 =tan™ 15 56.3°
10

5 BD=+AB?>+AD? =5 +122 = 251144 = (169 =13

tané :E = i
BD 13

o=-tan' % _17.1°
13

6 a AC’=AB’+CB’ =4 +4 =32cm

AG = AC? + CG* =32 +64 =9.8cm

GC 8
b tand=—=—
AC 32

o=tan' - 5_—54.7°

V32
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Worked solutions

(o} tan9=£=@
8
0=tan’1@=35.3°
8
(90° - 54.7°)
. 4
d singd=—
J96
f=sin' & -24.1°

J96
7 a AC=\&+8 =128 =11.3cm

b AM is the midpoint of AC, so

AM :%XAC =5.7cm

¢ EA=EM? + AM* — 64+ 32 = 96 = 9.8cm
8
%«/128

d tané =

0 =tan? =54.7°

%\/1 28

Exercise 6B
Note that all answers should be provided to 3 significant figures

1 a V=1A h:%><12><12><12=576cm3

3 base'

h..=\6"+12> =13.4

SA=Ae +4A . = (12 x 12) +4 x [% x12 x 13.4} = 466cm?
1 1 3
b V =§Abaseh =§><4><5><6 =40cm

P, =\22 +6% =6.32 h, =2.5 167 =6.5

SA = Apee + 2A5 +2A

face,

:(4x5)+2x(%x5x6.32j+2x(%x4x6.5]=77.6cm2

c V= nr2h=%n><32><9=84.8cm3

1
3

s=9?+3% =9.49
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SA=7nr’+ars = 7 x3* + x3%x9.49 = 118cm?

d VZ%HFZ =%7r><1><3=71':3.14cm3

s=y1>+3* =3.16
SA=nr*+ars=rx1+7rx1x3.16 =13.1cm’

3
e V=ﬂ7rr‘3=i7z'>< 16.4 =2310cm?®
3 3 2

2
SA=4rr? = 4;;[167'4] =845cm?

6V
f V==1zr =—7r><[§j =113cm’

SA=4ar? = 4z(3) =113cm?

3 chl + \/cone cyl
1
4 \/clay = ‘//71 - \/hZ

"2

=nrh,, + 1 zrh
3

4
3

3
v :%gﬁrs) zg(gﬁ@j ] 46cm

= 7r><3.22><9.1+%7r><3.22><6.2: 359cm®

cone

4

><—7z><93—%><—7r><83 = 454cm’

5 12[4”;3)2J  2(10) = 1.44 cm

121[15
3783

2
— S =1« ?] (15+ 45) = 3534.3cm’

2
V. =17rr2 = %72’ x(gj (15) =98.17cm?

V., =V, -V, =3436.1 = 3440cm’ (to 3 sf)

Exercise 6C

45°7 60°r =«
1 45° = = b 60°= ==
a 180° 4 180° 3
c 2700 -2707 37 d 360°-2r
180° 2

e 18°0-87_1 f 22502227 _>57
180° 10 180°

g 80°- 807 _4r h 2000 = 2007 _
180° 9 180°
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120°7 _ 2z

120° = =
180° 3

2180O
6 ~«

=30°

or 180° _ 4 50-
6 =«

77 180°

=63°
20 «

7 180° 315
4

T

57 180° _ 3000
3 =

10°7z
180°

10° = =0.175

25°z
180°

25° = =0.436

110°x

110° =
180°

=1.92

85°x

85° =
180°

=1.48

37.5°x
180°

37.5° = =0.654

180°

T

1x =57.3°

180°

T

0.63 x =36.1°

1.55x189° _gg g

T

180°

0.36 x =20.6°

1357 _ 3z

135° = =
180° 4

1180° _
10 =

o

37289 _ 5400
7

4z 180°
5

= 144°

147 180°
9 =

=280°

137 180°
4

=585°

40°7
180°

40° = =0.698

300°7
180°

300° = =5.24

75°r

75° =
180°

=1.31

12.8° = =0.223

12.8°x

10
" 180°

=0.0175

180° _ 1150

180°

1.41x =80.8°

X 180° =172°

1.28x180° _ 53 3

180°

2.15x% =123°

© Oxford University Press 2019

Worked solutions




Worked solutions

Exercise 6D

1ai /=ro=14xZ-7zcm i /:r0:12x¥:9ﬂm
i /=ro=3x2%=2,m iv 1=ro=15x227 _70 m
6 2
2 2 T 2 . 1, 1 5, 3« N
bi A==r0==x14°x= =49zcm i A==r0==x12*x===54rm
2 2 2 2 4
iii A:lr20=1x32x5—”:E7zm2 iv A=lr‘20:1><152><14—ﬂ-:17571'Cm2
2 2 6 4 2 2 9
2 A-lp”_ 3,
2 12

r2=37r><2><£:72

r=+72cm

3 a A:%1229:367r

9367 ,_7
122 2
b P=2r+/

I=ro=12xZ =6r
2
P =2x12+67 = (24 +67) = 42.8m
4 Ashaded = Asector - Atriang/e

A :erG:%x102x1.5:75

sector 2

Atrfangle = %rz sing = % X 102 sinl.5 =49.9

Agoded = 75—-49.9 =25.1
5 Arclength is travelled in one second, so we need 60/ for total distance travelled.

l=ro=4x"2 ="
12 3

Then 60/ = 20zm

6 p=2r+/=2r+ré

r(2+6)=p
r-_P
2+6
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Worked solutions

1 1 T
7 Aquad = Erlzel = EX 102 XE =78.54
1 1
Asemi = Aquad = Erzzgz = Erzzﬂ' =78.54

P2 =78.54x 2 =50

T
r, = \/ﬁ =7.07cm
Peei =25 +1=2x7.07+7.07 x 7 = 36.35cm

L —-r=20-7.07=12.93cm

Exercise 6E

1 a QuadrantII, #=180-(-215+360)=35°

b QuadrantII, 0=7r—(%+27z)z—

R

c Quadrant 1V, .9:4”—7?”25

d Quadrant1vV, 92717 _ 7
6 6

e Quadrant III, 9 =564°-360°-180° =24°
f QuadrantlV, 6 =22°

8r

uadrant II, § =37 - = = z
g Q o373
2 sin@ cos @ tané@ 0
A 0.5 -0.866
0.5 =-0.577 5—”
-0.866 6
B ~sinZ--0.5 cos” = 0.866 ~ 05 _ 4577 11z
6 6 0.866 6
C 0.3907 0.3907 . _0.9204 -0.4245 2.74
-0.4245
D 2 2 : x
2 2 4
E 2 2 -1 3z
2 2 4

3 a #=sin'0.6=36.9°143°
b 0 is undefined
c 6=tan'(-2.36)=293°113°
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Worked solutions

4 cosf = g,ais in QIV

sin0=—ﬂ and tang = 4
5 3

Exercise 6F

1 6=cos'0.45=1.104 and 6 =27-1.104=5.18

2 0=tan'(-0.56)=5.77 and 0 =z (27 -5.77) = 2.63
3 6=sin'0.23=0.23 and #=7-0.23=2.91

4 theta is undefined

5 cos’0+cosf=0

cosB(cosf+1)=0

Then

cosfd =0

gives that @ = %3?”
and

cosd =-1

gives that =~
6 2cos’d-3cosf+1=0
(2cos@-1)(cosfd-1)=0

Then

cosazl
2
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8 3?9 = sin(-0.62) = 5.61

Note that 0 < % <37, so

36
2Y _5.61,3.81
2

and so

0 =3.74,2.54
9 tan26 =-0.45555
so 0<20<4r and
tan™(-0.45555) = 20
then
20 =2.714,5.856,8.997,12.139}

So
0=1.36,2.93,4.50,6.07

Worked solutions

where the first two angles are the angles for the negative tangent, and the last two are an

added rotation to them (+27)

Exercise 6G

1 a pPP=q¢*+r*-2grcosP =8 +5-2x8x5c0s30°=19.72

SO
p=+19.72 =4.44
2, 2 2 2 2 _g2
cosQ:r +p°-q° _5"+4.44°-8 __0.434
2rp 2x5x4.44

Q =cos™ (—0.434) =116°
and so
R =180°-116°-30° = 34°

b y’>=x*+2>-2xzcosY =4 +5* - 2x4x5c0s95° = 44.49

y =\44.49 = 6.67

and so

COSX—y2+22_X2 _6.67°+5° -4

= =0.802
2yz 2x6.67x5

X =cos*0.802 =36.7°
and
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Worked solutions

Z =180°-36.7°-95° = 48.3°

P +-a 8+ -5

C COSA= = =0.8594
2bc 2x8x4
so A=230.8°
2 2 2 2 2 2
cosp- LD S+ -8 595
2ac 2x5x4
so B=125°
2 2 2 2 2 2
cosc-Z b - _5+8 -4 4455
2ab 2x8x5
so C=24.2°

2 Largest angle is opposite the longest side

3.97+2.32-4.52

cosf =
2x2.3x3.9
2 2 2
0 — cos! 3.9°+2.3° -4.5 _89.2°
2x2.3x3.9

3 We have that
3PQ = 2QR = 4RP

so the smallest side is RP. Then

4 : 2
2RP| +(2RPY - RP?
PQ2+QR2—PR2=(3 j +(2RP) _ 43

2PQQR 2X%X2XRP2 48

CcosPQR =

cos™! :—2 =26.4°

52+ x% - (2x - 1Y’

4 cos60° =
2 x5x

or equivalently
2><5X><% =25+ x?-4x* +4x -1

or equivalently

-3x*-x+24=0

which has solutions x = —3,% . We take the positive value as it is a distance. So

8
X ==
3

and b=§, a=2><§—1=£.
3 3 3

Then we calculate the remaining angles as
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Worked solutions

so
ABC = cos 39 =18.4°

and so
BCA =180°-18.4°-60° =102° (to 3sf)
5 Note that DAB = BCD and CDA = CBA. Then
2DAB + 2CDA = 360°
CDA =180°-DAB
We use the cosine rule to get the relationships

2

b*+a -qg
2ba

cosDAB =

and

a+b*-p?
2ab

cosCDA =

Note that we also have that cosCDA = cos(180° - DAB) =-cosDAB, so

b*+a -q° _ -a*-b*+p?
2ba 2ab

which rearranges to

pP+q =2(b*+a)

Exercise 6H

sinA _sinB _sinC
a b c

1 a

sin30° _sin125°
10 b

p=SM1254 464cm
sin30°
Then C =180°—125°—30° = 25°

sin30° sin25°
10 c

_ sin25°
sin30°

10=8.45cm

b Q=180°-45°-40°=95°
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Worked solutions

sin45°  sin40°
7P

_sin40°

= — 7 =6.36cm
sin45°

and

sin45° sin95°

7 q
_Sin95°, _ 4 86cm
sin45°
sin40° sinA
9 7
sinA = 75M40° _ 4 4909
A =sint0.49999 = 30°
Then
B =180°-40°-30°=110°
and
sin40° sin110°
9 b
and
p=9SNL10° 435 cm
sin40°
sinl5° sinQ
150 80
sinQ =805 M1>" _ ¢ 138
150

Q=sin"0.138=7.93°
Then R=180°-7.93°-15°=157.07°

sin15° sin157.07°
150 r

r=1505N157.07° _ 555 g1m

sin15°
The error course took 80+ 150 =230km, which took

230 =0.575h

400
and the correct course would take

225.5
400

=0.5645h
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Then the time difference is
0.575-0.56375 =0.0105h
which in seconds is

0.0105x 3600 = 38 seconds

The distance between the end of the lake and the balloon is given by

tan32° = 220
Xl
X, =400.1m

The distance from the balloon to the beginning of the lake is

tan(90° - 68°) = 2X—520

X, =250tan22° =101m

Then the length of the lake is the difference between the two lengths,
X, —x, =400.1-101 =299m

CBM =180°-64° =116°

BMC =180°-116°—23° =41°

sin41° sinl16°

15 MC
Mc =1551116° _ 54 5
sin41°
sinl116° _ sin23°
20.5 MB
MB =20.53123° _ g 91m
sin116°
and

sin64° _ sin90°
MA 8.91

MA = 8.91sin64° =8m

sin55° sin ACB
27 31

sin55°

SinACB = 31 =0.9405

ACB = sin 0.9405 = 70.1°

Then for this case, the third angle is BAC = 180° - 55°—-70° = 54.9°
Alternatively we can take the obtuse angle,

ACB =180°-70.1°=110°
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and so the other triangle has angle

BAC =180°-55°-110°=15°

Exercise 61

1 Atota/

:AmR+Ams
APQR = % x10x13xsin125°=53.24

PR? =10 +13?>-2x10x13xcos125°=418.13
PR =20.45
Then

Apps = %x 20.45x15xsin70° = 144,13

Then

Ay =53.24+144.13 =197 (3 sf)

Worked solutions

2 sinB _ sin20°
104 52
B = sin™ [104 S'”io ] - 43.16°
In this case, the other angle is C =180°-43.16°-20° =116.84°, so
A = %x 52x104 xsin116.84° = 2412.7cm?
We can also take the obtuse angle for B, and so
B =180°-43.16°=136.84°
Then the other angle is C =180°-20°-136.84° = 23.16°, so
A - %x 52 x 104 x sin23° = 1063.48cm?
Therefore the differnce is A — A, =2412.7 -1063.48 = 1349.22 = 1350cm” (3 sf)
2 2 2
3 cosYOZ = 7 5,02
2x5x5

YOZ = cos™0.02 = 88.9°
1 - 2
Ao = 5% 5x5xsin88.9° =12.5cm

52 4+52_3°
2x5x5

cos XOY = =0.82

XOY = cos™0.82 =34.9°
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Worked solutions

Aoy = %xSxstin34.9° -7.15

Then

At = Azo + Aoy =12.5+7.15 =19.7cnm?

tan60° = E .
CA

_ 12
tan55°

2 2 2 2 2 2
COSCAD=CA + DA’ - CD :6.93 +8.4° -15 __0.914
2xCAxDA 2x6.93x8.4

CAD = cos'-0.914 = 156°

Acsy = %xCAxDAxsinCAD =%><6.93><8.4><5in156° ~11.8m?

T 7r+7r]_1 > 27r=§r2

a A —lxrzxsin +Z+2 | =Zr%sin==
FoQ 2 4 6 4) 2
1 o1
and Ags =§r25|ngzzr2
2
b Asect?orPQ:l"zgzlr2 24242 ==
2 2 4 6 4 3
A paom B, Lz \B
minorPQ sectorPQ POQ 3 4 3
1 1 V1 zr?
c A =Zrg==r*Z|=2—
sectorRS 2 2 (6] 12

2
zr- 1 , (7 1
AminorRS = AsectorRS - AROS = - =rls-7

12 4 12 4

d Shaded area should not include minor of RS (otherwise it's just A .. )

2
Ashaded = AminorPQ - AminorRS =r (Z - EJ -r (l - lj = r_ (ﬂ- +1- ‘ﬁ)

3 4 12 4) 4

Yacht : 24 x5 = 120 nautical miles
Catamaran : 15 x5 = 75 nautical miles
0 =139°-37°=102°

d? =752 +120% -2 x75x120cos102° = 23767.4
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Worked solutions

d =+[23767.4 = 154.167 ~ 154 nautical miles (3 sf)
The bearing is given by the relationship
360°-143° =217°

and the angle complementary to the bearing from the yacht to the origin. Then we find the
other angle of the triangle as

sin102° _ sin A
154 75
A=151.6°

where we chose the obtuse angle. Then the complementary angle to the bearing we are looking
for is

0 =217°-151.6° = 65.4°
Finally, the angle we are searching for is

¢ =180° - 65.4° = 115°

Exercise 6]

V1 1
7 b 1 COS§ 1 2 NG
1 sec—-cot== - = __c N2
6 3 cosZ sinZ ﬁ ﬁ 3
2 2
sin7—”
2 csc 2z +2tan7—”: 1 +2 6 :—2\/5+2\/§:0
3 6 sin _2z cos7—” 3 3
3 6
3 a cosetanH:cosesmezsine
cosd
b cotosecezcc_J‘c’e 1 = _1 =csco
sing cosd sing
¢ cscotang=—1 SN0 1 ooy
sing cos® coséd
d cosésec’dsing = coso 12 sin6=5|n9:tan6
cos‘ @ cosé
sing cos@
e tanIHCOtH _ COS? Sing _ 1 =CSCO
sing sing sing
f tan@cscﬁ:sme _1 = 1 =secd
cosé@ sind coséd
4 cscez_LzE
sin@ 5
Then
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Worked solutions

sin6'=3

This comes from a triangle of sides 5, 13 and ¢ =132 -5 =12, then

cos¢9:iz
13
and
12
w:cgse 13 _ 12
sing 5 5
13
5 seco-= 1 _.>
cosd 4
cosf =-—

Then the third side can be calculated as ¢ = ’\/25—16 =3, and so

with sing = —% which is negative to satisfy 7 <6 <2r

| W

sing
cos 6

tané =

3
4

[
u1u>|u1

Exercise 6K

1 a +J1-sin?@ =+cos?0 = cosd

b sing _ sing —tang
J1-sing coso
— 2 i
c \/1 cos® 0 _ sing —tano
cos cosé
d cos® _ cosé _ cot o

1-cos’d sing

e J1+£2 =l+tan” @ =1+sec? -1 = secd

sing
£ tang :tan9:C059:sing
Ji+tan®@ secd
cos

2 a asinfg-a :az(sinze—l)zazcoszﬁ

b bcotovb* + b*cot?* 9 = beot Ha,sz(l +cot? §) = b? cot Ocsc? O = b? cot O csc O

,coséd 1 ,cosé
siné sing sin’ 0
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Worked solutions

b b b 1

C = = = =sing
Jb?+y?* P +b*cot?@ byl+cot?g Csco
siné@
d Ja? sec? 6 — & _ avsec? 6 -1 _ aytan’ 0 _tand _ cosb _ gny
aseco aseco asecd  secéd 1
cos @

3 a 3-3cosé=2sin’g
3-3cos8 = 2(1-cos®6)
2cos’9-3cosf+1=0
(2cosf-1)(cosd—-1) =0
Then

cos¢9=l
2

SO 0:1,5—” and
3'3

cosf =1
so 6=0,27
b seco-= 1 =
cosé
SO
cos¢9:l
2
then 9=£,5—”
3°3

C cos’d+sinfd+1=0
1-sinP@+sind+1=0
sin@—-sing-2=0
(sin@-2)(sin6+1)=0
Then
sing =2

cannot be a solution as it is outside the range of the sine function. We also have

sing = -1
SO 0:3—”
2

d sec’9=1+tané

tan’d+1-1-tand=0

© Oxford University Press 2019




Worked solutions

tan’9 —tan® =0
tang(tang-1)=0
Then tand =0, then 6 =0,27 and

tano=1

e 3tan’6-5secd+1=0
3(sec2 6'—1)—55ec6+1 =0

3sec’®-5secd-2=0

(secd-2)(3secHd+1)=0

So we have
sech = ! _
cos o
cosf = 1
2
Then = %,5?” . The second equation gives
sech = .
cosd 3
cosf =-3

which is outside of the range of cosine, so it gives no solutions.

f 2cotfdcos@+7=7cscod

2
co_s 0+7 _7 .1
sing sing

2

We multiply both sides by sing and get

2cos*0+7sind =7
2(1—sin29)+7sin0=7
-5-2sin0+7sin6d =0
Which gives us

. . 5
=sing=1 or smH:E
=0==
2
4 a csc?9-1=cot?o

1+2sinfcosd  cos0+sin?0+2sindcosd  (cosé +sind)’ :
= = =Cos @ +sing

sind+cos® sind + cos @ sind + cos @
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Worked solutions

sing
2tan9+sec26_2tan9+tan26+1_[ tang +1 jzz cosd

(sin0+cosa)2_ (sin9+cosé’)2 ~ {sing +cos o sing + cos ¢

. 2
sind + cosé

2
=| —_Cosé I
sing + cosé cosd

1

Exercise 6L

1 sin(A + (—B)) = sin Acos(-B) + sin(-B) cos A = sin Acos B - sin Bcos A

2 a Using the construction on pg. 38

cos(A+B)sgzop_TPEOP_SQE%_g
OR OR OR OR OR

Ezg—ggscosBcosA—sinBsinA

OQ OR RQOR

b cos(A + (—B)) = cos Acos(-B) —sin Asin(-B) = cos Acos B + sin Asin B

sin(A+B) sinAcosB +sinBcos A

A+B)= =
3 a tan(A+B) cos(A+B) cosAcosB-sinAsinB

sinA sinB
_ cosA cosB _ tanA+tanB
- 1- SinA sinB ~ 1-tanAtanB
Ccos A cosB

b tan(A+(_B))= tan A +tan(-B) _ tanA-tanB
1-tanAtan(-B) 1+tanAtanB

4 a sin75°=sin(45°+30°) = sin45°cos 30° + sin30° cos 45°

143

=—=—+

2 2

]

N~

1
—=+1

b tan105° - tan(60°+ 45°) = 21O LIANAS. B - 52
- 1
B

105° is obtuse, so we take the negative value

tan105° = —(\/§+ 2)
€ sin33°cos3° - cos33°sin3° = sin(33° - 3°) = sin30° = %

d c0s75°cos15° +sin75°sin15° = cos(75° - 15°) = cos(60°) =

N+~
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Worked solutions

Note that the missing side of the triangle with angle Ais ¢ =5 -3 =4, s0 cosA = ? as

A is obtuse, and the side of the triangle with angle Bis ¢ =13 -5 =12, s0 cosB = % as
B is acute. Then

cos(A—B)=cosAcosB+sinAsinB=—ﬂx£+§xi=—§
5 13 5 13 65

Note that
3
tan A = sinA =i=_§
cosA 4 4
5
and tanB = sinB = =i

S

13
cosB 12 12

13

3 5
Then tan(A+B) = tanA+tan8 _ 412 __16
~1-tanAtanB ;3 5 63
4 12

cos(A+B) cosAcosB-sinAsinB
sin(A+B) sinAcosB+sinBcosA

cot(A+B) =

Divide by sin AsinB and get

cosAcosB -sinAsinB

_ sinAsinB _cotAcotB-1
~ sinAcosB+sinBcosA  cot A+ cotB
sinAsinB

sin(A+B) sinAcosB+sinBcosA

= =tanA+tanB
cos AcosB cos AcosB

1 N sinA 1+sinA

secA+tanA = =
COSA CcosA COS A

SinA |, cosA _sin® A+cos”A _ 1

- = - = - =seCACscA
COSA sinA COSASIinA COSASInA

tanA +cotA =

1 1  sinf@+cos’0 1

St = S =— s— =sec’ §csc’ 0
cos’0 sin’@  sinf@cos’®  sin’ @ cos’ O

sec’ @ +csc’ 0 =

1 cosfd 1-cosé

cscf—-cotd _sing sing _ _sing  _ — csco
1-cosé@ 1-cosé@ 1-cosf® sinb6
. 1 . 1-sin’x cos®x
CSCX —sinx = —— —sinx = - = — = Cos x cot x
sinx sinx sinx

. . 2 2
1+cos4x—sm4x=1+cos4x—(sm2x) :1+cos4x—(1—coszx)

1+cos4x—(1—2coszx+cos4x) =2cos’ x
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1 sing 1+sin@
4 _

i secOd+tand = =
cosd cosb cos o

We multiply numerator and denominator by 1-sing and get

_1-sin’@  cos’@  cosé
cosd(l-sing) cosH(l-singd) 1-sind

sinA sin’ A 1-cos? A (1-cosA)(1 +cosA)

SinA

j sinAtanA _ COSA _ _COSA __ COSA _ cos A _1+COSA 1 ceca
1-cosA 1-cosA 1-cosA 1-cosA 1-cosA Cos A
( ) tan A + tanB +tanC
tanA+tan(B+C 1_tanBtanC
7 a tan(A+(B+C)): - — —tanBtanc
1-tanAtan(B+C) 4 5,4 t@NB+tan
1-tanBtanC

_ tanA-tanAtanBtanC +tanB +tanC
1-tanBtanC —-tanAtanB -tanAtanC

b Substituting into our formula above

N[~

X

Ul =

X
| =
Ul +
| =
I
(=Y

|~

N~
Ul =

tan(A+B+C)=
1_

X

|~

N+~
X

|
N +
X

Ul

Hence A+B+C=%

c If A, B and C form the angles of a triangle, then tan(A+B+C)=0, so

tanA-tanAtanBtanC + tanB +tanC _
1-tanBtanC —tanAtanB —tanAtanC

or equivalently

tanA-tanAtanBtanC +tanB+tanC =0

or equivalently

tanA+tanB+tanC =tanAtanBtanC

Exercise 6M

SinA | cosA _sin® A+cos’ A 1 2 2

- = - = - = - = — =2Csc2A
COSA sinA COosAsSinA COSASINA 2cosAsinA sin2A

1 a tanA+cotA=

sin2A+cos2A+1 2sinAcosA+2cos’A-1+1 2cosA (sinA + cos A)
Sin2A-cos2A+1 2sinAcosA-1+2sinA+1  2sinA(cos A +sinA)

=cotA

cos3X -sin3X cos(2X+X)—sin(2X+X) ~
¢ 1 osin2x 1-2sin2X -

_€os2XcosX —sin2Xsin X —sin2X cos X —sin X cos2X
N 1-4sinX cos X

~ €0s2X(cos X sin X) —sin2X (sin X + cos X)
- 1-4sinX cos X
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Worked solutions

_ (cos® X —sin® X)(cos X —sin X) - 2sin X cos X(sin X + cos X)
- 1-4sinX cos X

_ (cos X +sin X)(cos X —sin X)(cos X —sin X) —2sin X cos X(sin X + cos X)
1-4sin X cos X

~ (cos X —sin X)*(sin X + cos X) - 2sin X cos X(sin X + cos X)
- 1-4sinX cos X

_ (sinX + cos X) (cos® X —2sin X cos X + sin®> X —2sin X cos X)
B 1-4sin X cos X

(sinX + cos X) (cos® X — 4sin X cos X +sin” X
1-4sinXcos X

~ (sinX +cos X) (1-4sinX cos X)

- =sinX +cos X
1-4sinXcos X
cos x 1 cos x 1 2cos? x — cos® x —sin® x
d cotx-csc2x =— —-— == -—— = _
sinx sin2x sinx 2sinxcosx 2sinxcos x

_ cos® x —sin’ X _ cos2x

- = = = cot2x
2sinx cos x sin2x

sin4A  2sin2Acos2A  4sinAcos Acos2A  4sinAcos A (2cos® A-1)
sinA sinA - sinA - sinA

=8cos’ A—4cos A

3

| z”
sin2Asec24 = SN2A _ oo, 2taNA _ 14) 24
Ccos2A 1-tan“ A 1 (3) 7

cos3X = cos(2X + X) = cos2X cos X —sin2X sin X

(2cos® X —1)cos X —2sin X cos X sin X = 2cos® X —cos X —2sin® X cos X
=2c0s’ X —cos X —2(1-cos® X)cos X

=4cos® X -3cos X

sin3X =sin(2X + X) = sin2X cos X + sin X cos 2X
=2sinX cos® X +sinX (1-2sin* X)

=2sinX (1-sin® X)+sinX -2sin®* X

= -4sin® X +3sin X

COS4A =2Cos*2A -1 = 2(2cos2 A-1)2 ~1=8cos*A-8cos* A+1
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Worked solutions

[ 2tanA j 4tanA
> _TdnA
6 tandA - 2tan22A _ l1-tan"A - 12—ta|2'12A i
1-tan”2A 1 2tan A (1-tan® A)*-4 tan“A
1-tan’ A (1-tan® A)?

4tan A(1 -tan’ A)
(1-tan? A)’-4 tan’A

7 a We use the formula obtained in 4 to express sin3x
—4sin® x + 3sinx = sin’ x
or equivalently
sinx(4sin’ x +sinx -3) =0
Then sinx =0 gives x =0,27r and
(4sin* x +sinx - 3) = (sinx + 1)(4sinx - 3)

then sinx = -1 is given by x = 37” and sinx =% gives x =0.848,2.29

b cot2x =2 +cotx
Note that

1 1-tan’x

cot2x = =
tan2x 2tanx

Then the equation becomes

1-tan®x 1
- T =2+
2tanx tanx

which simplifies into
l1-tan’ x -4tanx-2=0
or equivalently

tan’ x +4tanx +1=0

We use the quadratic formula to get that
tanx =-2+3

237 11x 192 7x
SO X=——,—,—= /75
12 " 12 12 12
¢ We use the formula obtained in 4 to express cos3x
4cos®* x —3cosx —3cosx =2cos®’x —1+1
which simplifies into
4cos® x —2cos* x —6cosx =0

or equivalently

2cosx (2cos’ x —cosx -3) =0
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Worked solutions

so 2cosx =0 gives x=%,3?” and

(2cos® x —cosx —3) =(2cosx —3)(cosx +1) =0

which gives for cos x =§ no real results as it is outside of the range of the cosine function.

Finally, cosx =-1, gives X =7

Exercise 6N

1 Reasoning

cscd =1 when sind=1,soat 6==+2nr,nez

z
2
cscHd =-1 when sind=-1,soat 6= 3?” +2nz,neZ

cscé is unidentified when sing =0, so at & =0+ nxz,n € Z we have vertical asymptotes
cscld — « as singd —» 0

CcsCO ——0o as sind —» 0

2 Reasoning

cotd=1 when tand=1,so0at 9="+nr,nez

r
4

cotd = -1 when tanéd =-1, so at Hz:%”inﬂ,nez

cot @ is unidentified when tand =0, so at & =0+ nz,n € Z we have vertical asymptotes
cotd » o as tang —» 0*
cotd »—oo as tand — 0
3 a f(x)=sinx
Then g(x) = 3f (4x) . We apply the following transformations to f(x):

We apply a vertical stretch of scale factor 3 parallel to the y-axis

We stretch the function y =3sinx by a scale factor % parallel to the x-axis

The period of the new function is therefore %T” = %

The amplitude of g(x) is 3 and the period of g(x) is %

b The graph will the same as for sin(x) with a vertical shift of 37”

c Llet f(x)=sinx, and g(x)=-2f(7x). We apply the following transformations to f(x):
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Worked solutions

Then we reflect f(x) with respect to the Xx axis, and apply a vertical stretch of scale factor
2 parallel to the y-axis.

We stretch the function y = -2sinx by a scale factor 1/ = parallel to the x-axis

The period of the new function is therefore 2z _ 2
T

The amplitude of g(x) is 2 and the period is 2

Let f(x)=sinx, then g(x)=2f (4(x + ij —~1. We apply the following transformations to
f(x):
We apply a vertical stretch of scale factor 2 parallel to the y-axis.

We stretch the function by a scale factor % parallel to the x-axis

We shift horizontally by %

We shift vertically downwards by 1

Let f(x)=cosx and g(x)=2f(x)+2. We apply the following transformations to f(x):

We apply a vertical stretch of scale factor 2 parallel to the y-axis.
We shift the function vertically upwards by 2.

Let f(x)=cosx and g(x)=f(3x)-1. We apply the following transformations to f(x):

We stretch the function by a factor of % parallel to the x-axis

We shift vertically downwards by 1

The new period is 2?”

Let f(x)=cosx and g(x)=-2f(3x). We apply the following transformations to f(x):

We reflect along the x-axis .

We stretch the function by a factor of 2 parallel to the y-axis

We stretch the function by a factor of % parallel to the x-axis

The new period is 2?” and the amplitude is 2

Let f(x)=cosx and g(x)=3f(2x)+3. We apply the following transformations to f(x):

We stretch the function by a factor of 3 parallel to the y-axis

We stretch the function by a factor of % parallel to the x-axis
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Worked solutions

The new period is 2?” =z and the amplitude is 3

We shift the function vertically upwards by 3

5 There is one solution in the interval 0 < x <z as there is only one intersection between f(x)

and g(x) in that interval.

Exercise 60
1 a The amplitudeis 5
the vertical shift is +1

the horizontal/phase shift is %

the period is now 2?”

_max —min max+ min

5 and 1= , then

the maximum value is 6, as

the minimum value is -4

= om

-

b The amplitude is 2

the vertical shift is -2

We rewrite the argument as 3(X + %rj , so the horizontal/phase shift is 5?”

the period is now 2?”

__ max -min max +min

2 and -2 = , then

the maximum value is 0, as

the minimum value is -4
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Worked solutions

(i

The maximum value is 220, taken from the amplitude

The minimum value is 220, as there is no vertical shift

The amplitude of V is 220

. L 2 1
The period is given by —/—— = —
P g 4 1207 60

TR

_max-min _14.4-1.2

a =6.6m
2 2

vertical shift

d - max+min _ 14.4+1.2 —7.8m

2 2
period of the function
2 T
——=12=b==
b 776
Then our function looks like

h(t)= 6.6sin[%(t + c)j +7.8

Note that 08:15 is equivalent to t = 8.25 hours. At t =8.25, h =14.4. Substituting into
our equation for h(t), gives us

6.6 sin[%(8.25 + c)) +7.8=14.4
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sin(%(B.ZS + c)] =1

(%@25+qj=%

8.25+c=3
c=-5.25

Then
h@)zeﬁsm(%Q-525ﬂ+7B

sketch of the graph, first minimum occurs at t = 2.25
The time intervals during which the boat could enter or leave the harbour on that particular
day are calculated by plotting y =5 along with h(t), and obtain the intervals for which

h(t)=5 over a period of 24 hours. This gives 0 <t <0.0868, 4.41 <t <12.1 and
16.4<t<24.

The minimum value is -3.5 and the maximum value is -2.5, this is a cosine function. We
calculate the vertical shift and the amplitude as

g_25-35_
2
25435 1
2 2
SO

f(x) =%cosx—3

Horizontal shift, %, and we choose a cosine function. The amplitude is
a= E =2
2
and
d- 7+3 _5
2

is the vertical shift. Then the function is

f(x)= 2cos(x—%}+5

We choose a cosine function. The amplitude is

2+4
a-= =
2

3

and the vertical shift is
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The period is 7, s0 b = 2z =2 . Then the function is

f(x)=3cos(2x)-1

d We choose a sine function, reflected along the x-axis . The amplitude is

a- 2+2 _ 2
2
and there is no vertical shift. The period is 2?” ,S0 b= g—z = 3. Then the function is
3

f(x)=-2sin3x
e This is a tangent function, shifted horizontally by %, so f(x)= tan[x—%j

f This is a secant plot, shifted upwards by 1, where the asymptotes are at x = -z, , etc...
This corresponds to

f(x) = seclx+1
2

Exercise 6P

1 a 9=£,5—” b ¢9=f,5—7r c O=nrx d 0=f,7—”
6 6 4 4 6 6
e 6-02r f o277 g o-2% 47
4’ 4 3’3
2 cos’1x=——2—”=5—”
9 18
3 a tanx<0for%<x<7r and 3?”<X<27z'
3 7

b sec2x <0 for Z < x <>% and 5—”<x<—
4 4 4 4

c sindx > 3 never happens as it is outside of the range of sine
4 a We solve
y =sin2x
for X, giving

i1
Ko SNy
2

Then
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Pl
£ (x) = sm2 X

is defined for x €[0,1]
In the case of g(x),
gt(x)=2x.
and it is also well defined for all x
a1 1
—|=2l=|=1
> o'(3)-2(3

and

sin™ g[”j intZ~
Fig ) _ 6 _ sin 3
6 2 2
which has no real results

_ 27
period

so the period is 2?”

b The amplitude is 6
¢ The sine function is symmetric about the origin

d We stretch the function by a factor of 6 parallel to the y-axis
We stretch the function by a factor of é parallel to the x-axis

The new period is 2?”

There are no vertical shifts

Exercise 6Q

1 a For all of these, we graphically show the plot for the left hand side and the right hand side
and find the points of intersection

csc’ @ =3coto -1

1 ,cosd
sin? 6 sing

1 =3cosdsind—sin’ @
cos? @ —3cosfsing +2sin@ =0
(cos@ —2sin@)(cosd —sind) =0

so we are searching for the solutions of
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Worked solutions

cosé = 2sin@

or equivalently

2tand =1
tang@ = 1
2

which has solutions 8 = 0.464,3.605, and
cosf =sind

which is true for 6’:5,5—7r
4’ 4
b 2tang=3+5cote

5
tané

2tand =3+

2tan’ @ =3tand+5
2tan’¢-3tand-5=0
(2tand-5)(tand+1) =0

Then we get that
tané = E
2

which gives #=1.19,4.33 and
tang = -1

which gives @ = 3—”,7—”
4" 4

C 2sec’9d-3+tand=0

1 sing
2 5 =0
cos® @ cos @

2-3cos’0+sinfcosd =0
2sin® @ —cos® 6 +sindcosd =0
We divide by cos? @ and get
2tan’ @ +tand-1=0

or equivalently

(tan6+1)(tan6—%) =0

so tand = -1 gives 0 = %T”'?T” and tané=1/2 gives 6 =0.464,3.61

d 5cscHd+cotd=2tanég
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5 _cosd ,sing
sing sing cos @

5cos¢9+c0529=2(1—cosze)

3cos’@+5cosd-2=0
(cos@+2)(3cosfd-1)=0

Then cosd = -2 has no real solutions, and

cosn9=l
3

then 6 =1.231,5.052

Exercise 6R

cos(x + h) - cos(x)

d .
1 a d—X(cosx) = Ihlgg

cos x cosh —sinxsinh — cos x
h—0 h

[ (cosh-1) sith
cosx——smxT

_(cosh-1) . sinh
= cos xlim——< —sinxlim——
h—0 h—-0 h

=0-sinx(1) = -sinx

sin[Zx + ﬁj -sin(2x)
b i(sin2x):|im 2
dX h—0 Q

2

. sin2xcosh +sinhcos2x —sin2x
=lim
h=0 h

2

. . cosh-1 sinh
= Ihlgg(&nZXT + COSZXT

2 2

= sinZXIhim

—0 h—-0

cosh-1 + costIim—Sinh
h h
2 2

=8in2x-0+2xCoS2x = 2C0s2x

sin £+@ —sin X
3 3 3

c i(sini)—lim
dx 37 ho0 3h
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sin(X] cosh + sinhcos(xj - sin(XJ
=lim 3 3

3
h—0 3h
. . (x\cosh-1 x\sinh
=lim| sin| = |——= + cos —_—
h—0 3 3h 3) 3h
. (x),. _cosh-1 x),. _sinh
=sin| = [lim————= + cos| = |lim——
3 ) h-0 3h 3 /h-0 3h
=sin X -0+1cos X ~1=1cos X
3 3 3 3 3
sin 2x+3+2(h—3]+3 “sin(2x +3)
d i(sin(2x+3))—|im 2 2
dx 0 h_3
2 2
sin(2x + 3)cosh + sinhcos(2x + 3) — sin(2x + 3)
=lim
h—0 h—3
2

= sin(2x+3)Ihi_r3'1c°s"'_1

h-3

+C0S(2x + 3)!‘1'23 Z'Tg
2

=0-sin(2x +3)+2cos(2x + 3)-1 = 2cos(2x + 3)

2

tanx +tanh tan x
tan(x + h)-tanx -
a i(tanx):lim ( ) - liml=-tanxtanh
dX h—0 h—0 h
2
=Iimtanh (1 +tan” x) =sec® xlim—— =sec® x-1 =sec® x
h—-0 h h—0 h
COS(X+h) COS X
cot(x + h)—cot(x sin(x +h sinx
b —(cotx)=Ilim ( ) () im ( )
dx h-0 h—0 h
sinx cos(x + h) - cos xsin(x + h)
. sinxsin(x+h)
=lim
h—0 h
sin(x —x —h)
___sinxsin(x + h) . 1 -1 1 -1
im0 g im———— - lim— =
A0 h -0 sinxsin(x +h)  sinxh-0sin(x +h) sin® x

= —csc? x

tan 3x+ﬁ —tan3x
i(tan3x) =lim 3
dX - h—0 Q
3
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tan3x + tanﬁ

— 2 —tan3x h
1-tan3xtan— tan— (1 +tan®3x)
=lim 3 =lim 3
h=0 ﬁ h=0 Q
3 3
tanﬁ
= sec? 3xlhing 3 _sec?3x-3=3sec?3x
3
Exercise 6S
i(cosx)~sinx—i(sinx)-cosx
1 dy d(cosx) dx dx —sin® x — cos® x -1 2
a -2 = = — = — =——=-csc*x
dx dx\sinx sin® x sin® x sin® x
b y_d L =—1><(Sinx)‘2><COSX=__Cozsxz—COtXCSCX
dx dx\sinx sin
2 a Q=i(sin2x)=c052x><2=2c052x
dx dx
dy d . .
b v E(cos(Zx +1)) = —sin(2x + 1) x 2 = -2sin(2x + 1)
dy d .
C o d—X(cos(S - 3x)) = —sin(8 — 3x) x -3 = 3cos(8 - 3x)
cos 7 -2x
dy d 7-2x d 13
d —~=—((cot )= —| ——""<
dx dx 13 dx [7—2x}
sin 13

13

2 . 2(7—2xj 2[7—2xj
—(sin + COS )

13 13 13 zicscz(7—2xj
Sin2(7—2xj 13 13
13
df (x) . .
3 a ™ =—sm(x5—3)><5x4 =—5x4sm(x5—3)
df (x) d(sin(x?+1))* .
b - - :—1><sm2(x2+1)><cos(x2+1)><2x
—2xcos(x? +1
_ W = -2xcot (x2 + l)csc(x2 + 1)
c df (x) = i(cos(4x3 —2xX7 +7x +17))7) =
dx dx
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Worked solutions

~1x(cos(4x* —2x* +7x +17)) x—sin(4x> = 2x* + 7x +17) x (12x* —4x + 7)

B (12x2 —4x + 7)sin(4x3 —2x% +7x + 17)
- cos? (4x3 “2X% 47X + 17)

=(12x2 —4x + 7) tan(4x3 —2x2+7x + 17) sec (4x3 —2x2+7x + 17)

d daf (X) _ i 1 _
dx  dx cos(\/ex + 1)
~1x(cos (Ve + 1)) x-sin(Ye" 1)« [%J(e* 1) e
e*sin(ye* +1
:(l) ( ) — 1 ex tanN/eX+ISECx/eX+1
2)\e* +1 cos’ («/ex +1) 2Je* +1
e % ). cos(cos(tan x)) x —sin(tan x) x sec? x = —sec? x sin(tan x) cos(cos(tan x))

dx

Exercise 6T

1 a y =cosx(2x+1)+2 sinx
b y’:—2(x+x2)sin2x+(1+2x)c052x

, _—SINXxX—-COSX —COSX—Xsinx
cr- x? - x?

,  2xsin2x -2(2x +3)cos2x  2sin2x —(4x +6)cos2x
Y= sin’ 2x - sin’ 2x

1
sec® x ( 2—x)—tanx><1><(2—x)’5><—1
e y'= 2

2-X

tanx
2- x)3/2

_ sec® x
X

+1><
2-x 2

2 a y' =3cos3x

Then evaluate at the point,

V4 3z
"= |=3cos| — |=-3
y(3j (3]

b y =-2sin2x

Then evaluate at the point,
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Worked solutions

5z . 57
"N"=|=-2 2=)=-2
y[4) sin( 4)

c y =sinx+(x-2)cosx
Then evaluate at the point
y'(0)=0-2(1)=-2

d y'=-3cosx+3xsinx

Then evaluate at the point

N T 3m . & 3z 37
y'|=|=-3cos=+—sin==0+—=—
2 2 2 2 2 2

e y =3x"tanx+x’sec® x

Then evaluate at the point
(37 3z Y 37z) (3zY __ ,(3z) 272 27

y'|=—|=3| = | tan| = |+| — | sec’| — | = -
4 4 4 4 4 32 16

3 a sinPa+cos’a =1, so the gradient is 0.

ta_lﬂ = sec 8, so the gradient is tangsecp
sing
sin® x + 2sin? 2x + 3sin x sin2x + cos? x + 2.cos? 2x + 3 cos 2x cos X

c The gradient is 5
(cos x + cos2x)

_ 3(cosx +1)
(cos x + cos 2x)?

Exercise 6U

1 a Llet f(x)=cosx,then f*(x)=cos'x =y, then f(y)=cosy and so

¢ 11 a1 1 4
dx df ~—siny sin(cos?x) |[1-cos’((cos?x)) 1-x
dy

Then, we use the chain rule

a (arccos2x) =
dax

-1 -2
e, S S
J1-4x2 : V1-4x?

b We use the form obtained in Investigation 8, and find

1 3 3 3

d .3

—|arcsin>x | = 2 -

dx(r | ZXJ 3 22 9x?  4-9x2
1—(2x] 21- 2

4

c let f(x)=tanx, then f*(x)=tanx =y, then f(y)=tany and so
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Worked solutions

dy 1 1 2 2 -1 1
—— =——=——=—=C0S"y =cos(tan” x) =
dx df sec’y Y ( ) 1+x°
dy
Then
d 1 2 1
—(tan™* (2x +1)) = 2= =
dx( ( ) 1+(2X+1)2X 4x* +4x +2 2x* +2x+1
2 a Y _ i(2xarccosx) = 2arccos x + 2x B 2arccosx — 2x
dx dx N 1-x?
= x2X-—2arccosx 27X+2arccosx
b dy _d(arccosx) 1-x2 1o
dx dx| 2x 4x? 4x?
-1 _arccos x
2x41 - X2 2x*
2
¢ ¥ _oxarctan3x+3x X _12
ax 1+9x
3 a i(arcsinx+arccosx) - 1 0
dx Vi-x2 1-x?
This is valid because we are calculating two angles that add up to 7 in a right-angled
triangle.
d 1 1
b a(arctanx +arctan(-x)) T IiE" 0

Here both inverse tangents correspond to the same angle, in different quadrants (due to the
negative sign). So the rate of change between both is zero.

Exercise 6V
1 a f(x)=sin(3x+7)
The tangent is

ror(5le3) o

We calculate

f'(x) = 3cos(3x + 7)

Then f'[%) =3cos(z+7)=3
So the tangent equation is

y =3(x—%)=3x—n

The normal is
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gl
=53]

f (x) = arccos 2x

We calculate the derivative f'(x)=-

Then f'(0.05) = -2.01

and £(0.05)=1.47

The tangent equation is y =-2.01(x -0.05)+1.47 =1.57-2.01x

and the normal is y = -

f(x) = xsin2x

We calculate f'(x) =sin2x +2x cos2x

and so f'(-0.5) =-1.382

and £(0.5) = 0.421

Then the tangent equation is y
. 1
and the normalis y = -

xcos2x =tan(3x +7)-1
Point of intersection (using GDC) is (0.298,0.247).
Normal to y = xcos2x

f'(x) = cos2x —2xsin2x

so £'(0.298) = 0.493

Then the equation of the normal is y =

Normal to y =tan(3x +)-1

f'(x) = 3sec®(3x + )

so f'(0.298) = 7.65

(x ~0.05)+1.47 = 1.45 + 0.498x

(x+0.5)+0.421 = 0.783+ 0.724x

© Oxford University Press 2019

Worked solutions

1.382(X+0.5) +0.421=-1.38x-0.27

(x -0.298) +0.247 = 0.851 - 2.03x




Worked solutions

Then the equation of the normal is y = 7__615(X -0.298)+0.247 = 0.286 - 0.131x
From part b, the y-intercepts of each of the normal functions, which we call ¥y, and y,
respectively are

y,(0)=0.851-2.03x0 = 0.851
and y, (0) = 0.286-0.131x 0 = 0.286

The intersection between both functions is given by x = 0.298, as it is the point that they
both share.

Then the two lines form a triangle, with sides

c=0.851-0.286 =0.565

a=((0.298)’ +(0.247 - 0.851) = 0.674

b =(0.298)" +(0.247 -0.286) = 0.301

2 2 2
Then COSC=0'674 +0.301° - 0.565 —0.556

2(0.674)(0.301)

C =cos*0.556 =1.073 = 56.2°

_ (cosx - X sinx)(x +cos x) — x cos x(1 - sin x) _ cos® x - x*sinx
(x +cosx)? (x + cos x)?

!

for x>0

Tangent at point [E,Oj . We calculate

2
2
cos?Z -7 sin®
,(ZJ_ 2 4 2 _ 4
y 2 - 2 -
T tcost
2 2

Then the tangent is given by

ooy

and the normal is given by

y=—i x-Z|l+0=x-Z
-1 2 2

4x* +1

+ x?

y' = (8x)arctan2x + 2

y'(0.5) =8(0.5)arctan(2x0.5)+2 = 7 +2

and y (0.5) = (4(0.5)" + 1)arctan0.5 - z
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Worked solutions

and so the equation of the tangent at 0.5 is

y=(ﬁ+2)(X—O.5)+%:(2+ﬁ)X—1=5.14X—1

Exercise 6W

1 a a6 =6xi =0.1rots™
dt 60

and tang = 2 = y =100tané
100

Then dy _ 100 sec? 0% =10sec? o
dt dt

We are measuring 6 with respect to the shoreline, so when they are at right angles with
respect to each other is exactly when 6=0, so

al 10ms™
dt|,.,
b tano6-= 20 = 0= tan’11 =0.464
100 2
Then a =12.5ms*
dt 0=0.464

c When the ray approaches being parallel to the light beam, the velocity of the light beam is
increasing and is undetermined at the point where it is exactly parallel.

2 a ﬂzgok_m_go 1 1min 1000m

= — x x =25ms™!
dt h 60min 60s 1km

We measure the angle with respect to the horizontal of the camera ‘line of sight’. Then we
can write

tanazL: 30tand =y
30

Then dy _ 30sec? Hﬁ = écosz 0= a9
dt dt 30 dt

At 0 =0, the bird is directly in front of the camera, so we calculate

E>< 1=0.833rots™
30

b We integrate % function with respect to t to find

t? =£tan9
25

then at t =0 is when the bird is directly in front of the camera. So one second later is at

t=1, gives 9 =0.695, so we evaluate % at this value of 6 and we get 0.491rots™
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Worked solutions

3 a We use the cosine rule to write a relationship between the decreasing angle ¢ and the
decreasing side 6 -y so we are modelling the decrease y as

5+5 - (6-y) 50-(6-y)
2x5x5 - 50

coséd =

Then (6 - y)2 =50-50cosé
We differentiate both sides with respect to t and get

2(6-v)% _50sing9?
2(6 y)dt—SOsmedt

or equivalently, substituting with % =0.1cms™ we get

(0.004y —0.024) cscé = %

b In this case, we change the 6 for a 5 in the expression above, and write the rate of change
as

5+5 -(5-y) 50-(5-y) 25+10y - y?
2x5x5 50 - 50

cosé =

50cos6 =25+10y — y?

Then differentiating we get

. do dy dy
50sin09% 109 _2y Y _10(0.1)-2y(0.1)=1-0.2
Sing oy =10 4 =2y 5 =10(0.1)-2y (0.1) 4

and so

do _ 0.2y.—1 _ 0.2y—1cscg
dt 50sing 50

4 a We have the relationship for the volume of the sphere

Vziirr3
3

We differentiate with respect to t and get

av 4 dr
=2 232
a 37 G

We use that Z—\; =3cm’min™? and rearrange to get

3__dr
4rzr* dt

so evaluating at r =10 gives

% =0.002387 cmmin™

4z (10)

b We have the relationship for the surface area of the sphere
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Worked solutions

SA = 4xr?
and the relationship between the surface area and the volume as

ér=V.
3

so differentiating with respect to t gives the relationship
dA 1 Adr dv

— X=r+——=—

dat 3 3dt dt

For r =4.5, we use the relationship in a to get that

3 . 3 =d—;:0.0118

47(4.57 d

which we substitute into the rate of change for A, then

2
d_Ax1x4_5+m
a 3

0.0118=3

Hence

gA _ 1.333cm?s™
dt

take y to be the horizontal distance, and calculate the expression

ane = L
10000

Then

y =10000tan¢#

We convert % into m s~ to keep units consistent, so

9 _1025KM _284.72 ms
dt h

We differentiate the expression for y to get

dy _ 10000 sec? 9%
dt dt

The angle we're looking at corresponds to

_, 8000
10000

0 = tan =38.7°

Then we substitute into expression for the derivatives to get

do _284.72
dt 10000

cos?38.7° = 0.017degs™

When the plane is directly above the radar, =0, so

do 284.72

—~ =2217%,1-0.028degs™
dt 10000
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Worked solutions

6 a We can write the distance between the camera z and the train as

zZ=\y?+22 =y* +4

Then we use the chain rule to get

dz 1 dy y dy
a2 ) (zy)dt V14 dt

We evaluate at z=4 so 4 =.y’+4,so y =3.46. Substituting into the above equation we
get that

dz 3.46 km
— == -~ x75=64.9—
dt 4 h

b So we are looking for % when y =3.46, wheretané :%

SO 6 =tan

-t 3—;6 = 60° . We differentiate with respect to t and get

sec? Hde d_y 1
d  dt 2

which then substituting and converting 75 km/h to 20.8 m/s gives

sec? 60°d =20. 8><—

dt 2
which gives

do

= 2.6 degrees per second.
ar g p

7 We have that
coso =Y
3

where y is the horizontal distance in metres. Then

=3cosd
We convert to meters per second, % = % =0.06m /s . We differentiate with respect to t and
get
-3sinf— do dy
dt dt

The angle corresponding to the horizontal distance of 1 m is

1
coséd ==
3

S0 @ =cos™ = =1.23. We substitute all together is

Wl

-3sin1.23 a0 =0.06
dt
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do

then — =-0.0212
dt

Chapter review

1V

cube

=4 = 64cm’

we equate to the volume of the sphere

64 = i71'1‘3
3
so
48
r°=—
T
then
r=2.48cm
2 a \/tOt Vcone +\/h
1 2 1 2 3
Ve = 572‘[‘ Ane = 57[(6) (14—6) =301.6cm
V=2 201 fn(6)3 = 452.4cm’
2\ 3 2\ 3

b

V,, =301.6 +452.4 = 754cm?’

tot

Worked solutions

For the surface area we need to be careful to not count the circular base.

The cone slant height is

s=+8+6% =10

SA.,. = ars = z(6)(10) = 188.5cm?

cone

SA, = 2 (4ar) = 2 (45 (6)') - 226.2cm

N[~

Then

SA,, =188.5+226.2 = 415cn

3 +5%-32
2x3x5

cosCAB = =0.833

then cos™0.833 =0.586 = 33.6°.

i Note that AY = XB as this is an isosceles triangle. Then
AB-BY = AY
5-3=2
Then

AB =AY + XB+ XY
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Worked solutions

5=2+2+XY

Then XY =1.
So the length of the perimeter is

CY +CX + XY =4.52

i A —1r0-

5 (3)°(0.833) = 3.75cm?

N =

ili Height of triangle ABC is

h=+9-2.5 =1.66

A = % = 4.15cm?

Then
Asse —Pucx =4.15-3.749=0.401=A,, = A\
Ax = Ause — 2As = 3.35en7
4 a 6sin’x=5+cosx
6(1 — cos® x) =5+ cosx
6cos’ x +cosx—-1=0

(3cosx -1)(2cosx +1)=0

1 1
and so cosx == and cosx = —=
3 2

b x=cos*Z =360°-70.529 =289.5°430.5°, and x = Cos’l—% =180° + 60° = 240°,480°

Wl

5 4tan’x+12secx+1=0

a2

sin® x 1
>—+12 +

Cos” X Cos X

4sin’ x +12cosx +cos®> x =0
4(1—cos2 x)+12cosx+coszx =0
3cos®x—-12cosx-4=0

Then

cosx =4.31

which is undefined, and

cosx = -0.309
cos*(-0.309) =108°

and -108°
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Worked solutions

tan A +tan2A

6 tan3A=tan(2A+A)=m

tan A 2tanA
_ +1_tan2A _tanA (3—tan2 A)
- - 2
1_tanA 2tan24 1-3tan’ A
l1-tan“ A

7 We use a change of variables. Let ¢ =30 . Then we can rewrite the equation as
cos (i ¢j = COS¢
3
or equivalently

cos(Z;r —i¢j =COS ¢
3
n7r+2ﬂ=(g+g]¢

Then

gzz_”,ﬁ,6_”,0,2,z
7 7 7

If we substitute into the equation cos460 = cos36 , and apply the identities for cos(249+ 29) and

cos(26 + 0) we get the equation

8cos* 6 +4cos’0—-4cosfd—-1=0

so the roots to the equation are precisely cosz7”,cos47”,cos6—7” where x =cosé

Substitute the inverse roots to show the required equality.
8 a sin(x+60°)=cosx

sinx cos 60° + sin60° cos x = cos x

B

1.
=SiNX + —COS X = COS X
2 2

1 3 1

—tanx+ — =
2
tanx=(1—ﬁ]x2
2
X =15°,195¢°
b tan(A—x)= tanA -tanx =g
1+tanAtanx 3
3-tanx _2
1+3tanx 3

3(3-tanx) =2(1+3tanx)
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Worked solutions

9tanx =7

x =tan™? (—g] =142°,322°

9 sin3A=sin(A+2A)=sinAcos2A+sin2Acos A
=sinA(l-2sin A)+2sinA (1-sin’ A)

=sinA-2sinP A+2sinA-2sin® A=-4sin’ A+ 3sinA
10 We can write the equation for the angles, relabelling arcsinx =6, and arccos% =0,

91+€2=%

Then we calculate the sine on both sides (could be cosine or tangent, any function will do) and
get

sin(6, + 6,) = sin[%}

sing, cos @, +siné, cos o, = %

We complete the triangle and get that

2
XX h X e-1
TRE AR 2

or equivalently

(55

which simplifies into
3x*-3=0

which has solutions

W
0O

N

. A ;
sin~ sm[ J
11 tanétanB_C: 2,
2 2 B -

cosA cos
2 2

0O

Note that

A+B+C=r
as ABC are the angles of a triangle. Then

A :ﬂ—(B+C)

2 2
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Worked solutions

SO

A .z B+C B+C
Sin— =sin| = — = COS
2 (2 ( 2 j) [ 2 j

and

A V4 B+C . (B+C
COS— = COS| = — =sin
2 (2 [ 2 D ( 2 j

Then we substitute back into the first equation to get

(cosgcosE - sin§sin£)(sin§cosE - singcosg)
2 2 2 2 2 2 2 2

[singcosE + singcoséj (cosgcosE + sinésingj
2 2 2 2 2 2 2 2

Note that

. B B 1 .
sin—cos— = =sinB
2 2 2

and equivalently for C. We multiply the brackets and substitute with the form for sinB to get

. »bC . ,C : B _.,B
sin B(cos 5+sm E)—smC(cos E+sm E) _sinB-sinC

,B, sinB+sinC
5)

sin B(cos? ¢ +sin? E) + sin C(cos? B i sin
2 2 2
Finally, we have that the sine rule holds, so we rewrite in terms of only sinC to get

b . . b
PxsinC-sinc 2-1
cxsinC-sinC  =-1 4

bgncssinc Pi1 b+c
c c

12The angle CAB is
CAB =247°-36° =211°

and the two sides adjacent to it are 120 and 234, so the distance to C corresponds to the third
side, calculated with the cosine rule as

c® =120% +234% —-2x120x234cos211°

Cc =342.5km

The bearing of town B from C is given by the complementary angle to
360°-36°-211°=113°

so the angle we are searching for is

180°-113°=67°

13a The acceleration is given by the double derivative of x with respect to t, so (assuming a

constant)

d—X = -2acostsint = —-a sin2t
dt

so
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Worked solutions

d*x
—— = -2a cos2t
at?

b The particle is at rest where the velocity is zero, so where

dx

— =0=-asin2t
dat

Then we have that 2t =nz, andso t = nz—”

c First we check where the acceleration is zero, which will give us the turning points of the

velocity, as

d*x

—> =-2a cos2t =0
dt?

SO 2t = % +nz andso t = % + n?” . To find whether it is @ maximum or a minimum, we

check that the velocity as time approaches t = % it decreases from both the right and the

left, so this is @ minimum. For t = %Tﬂ . we have the opposite behaviour, so this is a

maximum. This is for positive a. If we have a negative a, the maximum and the minimum
will be reversed.

Exam-style questions

14a A=%x5x105in300=§ (2 marks)
b BD? =5%+10%-2x5x10cos30° (2 marks)

BD = {125-503 (1 mark)
BD = f25(5—2ﬁ) (1 mark)

BD = 5{5-243
c sinCDB _ sin450 (2 marks)
13 5J5-23
o 132
sinCDB = ————— (1 mark)
10523
d The angle CDB can either be acute or obtuse (1 mark)
and the two possible values add up to 1809°. (1 mark)
15a /=+45"+3%=5.83cm (2 marks)
S =2x(7rx3x5.83...) =110 cn?? (2 marks)
2 x 1 x7x3%%x5
— 3 x100=31.9% (2 marks)
7x3.05°x10.1
16 2cos? x = sin2x = 2cos® x —2sinxcos x = 0 (1 mark)
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Worked solutions

2cosx(cosx —sinx) =0 (1 mark)
cosx =0, cosx =sinx (1 mark)

(or cosx =0, tanx=1)

cosx=0=x=%, x=F (1 mark)
2 2
tanx=1=x-%, x= 2% (1 mark)
4 4
17a i -1<y<3 (1 mark)
i 2 (1 mark)
b a=-2 (1 mark)
b=27”=7z (2 marks)
c=1 (1 mark)
C —2cos;rx+1=0:>cos;rx:% (1 mark)
T 7w S5t In
X TS r S 5 1 5 1 k
T e{ 333 3} (1 mark)
1157
X Ry ey gy 1 k
e{ 3'3'3 3} (1 mark)
18a ﬂ—tanx:ﬂ—smx (1 mark)
1-sinx 1-sinx cosx
cos? x —sinx(1-si
- : (1-sinx) e
(1-sinx)(cos x)
mark)
) Lo
_ cos stm X —sinx (1 mark)
(1-sinx)(cos x)
1-sinx
= 1 mark
(1-sinx)(cos x) ( )
_ 1 (1 mark)
Cos x
=secx
ﬂ —tan2x = sec2x
1-sin2x
So sec2x =2 (1 mark)
c052x=i (1 mark)
2
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Worked solutions

2x=z,7—”,9—”,—15” (2 marks)
4’4" 4’ 4
x:£,7—”,9—7r,ﬂ (2 marks)
8 8 '8 8
19a ¥__1 (.1 2
d 1) L x
marks)
dy 1
=7 1 mark
dx 1+x2 ( )
b Valid attempt to apply product rule (1 mark)
2 jarctan x
dr _ 2xereenx | xe—z (3 marks)
dx 1+x
dy N x?
-7 _ earc anx 2X
[dx ( 1r X
20 Valid attempt at implicit differentiation (1 mark)
(cos y)d—y = —sinx(sec2 (cos x)) (2 marks)
dx
b4 dy . T
At | =,0|: (cos0)=% = —sin=| sec’| cos = 1 k
500): (50, 5 [sec(cos3)) (1 marl)
Y _ _sec0 (1 mark)
dx
-1 (1 mark)
So gradient of normal is —(—11) =1 (1 mark)
So equation is y—Ozl(X—%j , or y=x—% (2 marks)
21a S(x)=sin’2x +cos® 2x + 2sinN2x cos2x (3 marks)
1 sindx
=1+sin4x
b

24— T /-\
1
04— T T .\r.l

_%. - n

(1 mark) for correct shape, (1 mark) for 2 cycles, (1 mark) for correct max/min

(1 mark)

il O<y<2 (1 mark)
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Worked solutions

d
T 1y. .
] Y':m(x]—l .
f /M [/
JARNNEIARVI/,
REvERVi
e ] (3 marks)
e i k=2 (1 mark)
- T
ii p=—Z ,g=-2 (2 marks)
22a D=22J2r12 (1 mark)
=17 (1 mark)
a_22-12 (1 mark)
2
=5 (1 mark)
The period is EBO =24 (1 mark)
Therefore B=15 (1 mark)
So T =5sin(15(t -C))+17
At (3,12), 12 =5sin(15(3-C))+17 (1 mark)
-1=sin(15(3-C))
15(3-C)=-90 (1 mark)
Cc=9 (1 mark)
Therefore T =5sin(15(t -9))+17
b Solving T = 55in(15(t—9))+17 and T =20 by GDC (1 mark)
Solutions are T =18.54 and T =11.46 (2 marks)
18.54-11.46 =7.08 hours (7 hours 5 minutes) (1 mark)
2
23y = L2 2 2070 (1 mark)
3 3
av _ 10071 (2 marks)
dr 3
av_av adr (1 mark)
dt dr dt
2= 10077 xg (1 mark)
3 dt
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Worked solutions

F=0.4= 2307 dr
dt
:ﬂzicm min™ (1 mark)
dt 20r
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Worked solutions

Generalizing relationships: exponents,
logarithms and integration

Skills check

dy €osx(3x*-5)+(x’-5x)sinx cosx(3x*-5)+(x’ -5x)tanx

dx cos® X CoSs X

2 3xy2d—y+y3 —2ysinxcosx—sin2xﬂ = —ysinx+cosxﬂ
dx ax ax

= (3xy2 —sin® x —cosx)g—)); =y (sin2x - sinx)

- dy _ y (sin2x —sinx)

dx  (3xy?—sin’ x - cos x)

Exercise 7A

1 a I—Zx dx:—3~1x2+C=—lx2+C
3 32 3
b j§x3dx=§~1x4+C=£x4+C
4 44 16

C J'4x%dx=4~zx%+C=§x%+C
5 5
d _"Zx'%dx=z~2x%+C=7x%+C
2 2
e j25in(5]cos[ﬁjdx=jsinxdx=—cosx+C
2 2

2 a J'(x3+3x2—4x+3)dx=%x4+x3—2x2+3x+c

b _[(x“ +4x3 -3x73 +x’4)dx Lsixii 321y,
5 2 3

c (xz—x+2)2 =x*-2x°+5x> - 4x +4

So,
J'(x2 —x+2)2 dx =J(X4 -2x3 +5x2 —4x+4)dx =%x5 21

X +§x3—2x2+4x+C
2 3

d J'(Z—x)3dx=j(8—12x+6x2 —x3)dx =8x —6x% +2x3 —%x“+C

e J'(x+cosx— =

)dx = _[(x+cosx—sec2 x)dx

= %xz +sinx —tanx +C

3 y=f(x)=j(3x2—4)dx=x3—4x+C
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Worked solutions

f(—l):—1+4+C:2:>C=—1
Ly =Ff(x)=x>-4x-1

1
f(t):j[t-znZJdt:%t2—2t+2t%+c

f(4)=8-8+4+C=4=C=0

L F(t)= Lo otioe
2

y = J-(2x—1)3 dx = [(8x® —12x* +6x —1)dx

=2x*-4x*+3x*-x+C

Atx=-1 y=2
2=2+4+3+1+C=>C=-8
=>y=2x"-4x*+3x*-x-8

[(sin(4) + cos (g))2 dx = [(sin® (§) + 2sin(4) cos (4) + cos® (4))do

= J'(1+Zsin(§)cos(§))d9 = j(1+sin0)d0
=0-cosfd+C

f(0) = [(2-3sin0)do =20 +3cos0+C

f(0)=3+C=-2=C=-5
So f(0)=20+3cosd-5

a f(x):_[(3—cosx)dx:3x—sinx+C

FlZloz_licZoco
6)"2 2 2

1

2
. 1

s f(x)= 3x—smx+§

b f'(x)=2sec®x-3sinx

f(x)= J'(Zseczx—3sinx)dx =2tanx +3cosx + C
f(0)=3+C=43C:1
.'.f(x =2tanx +3cosx +1

c f'(x)=-2cosx+C

f %):-ﬁw:o:czﬁ

f(x)=—25inx+«5x+D

)
L F(x)=-2sinx +\2x +1

d f’(x) =2x+3sinx+C
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f'(0)
f(x)= x2—3cosx+4x+D
f(0)=-3+D=5=D=38

S F(x)=x*-3cosx +4x +8

9 Let the velocity be v(t) and the displacement be s(t)

(t)=9t> -2t +1

s(t)=[v(t)dt =3t -t* +t +D
(1)=3-1+1+D=3=D=0
(t)=3t>-t*+t

10 Let the velocity be v (t) and the displacement be s(t)

v(t)=[a(t)dt =6sint +C
v(0)=0+C=0=C=0
sv(t
s(t) =

=6sint
jv t)dt = -6 cost + D

s%j 3+D=2=D=5

. s(t)=-6cost +5
1 1
11a j(1—3x)6dx=—7—3(1—3x)7+C - 3x) +C
b [3(4-x)dx=- %(4—x)2+C=—2(4—x)2+c

-1 L 13 13 4
d [(2(2-30)" +(1+20) Jax=-2-3-3(2-3x) +5-F(1+2x) +C

§(1+2x)% +C

=—-(2-3x) *3

12 '(6) = Zsin[ze +%]

f(0)=—cos[29+%j+c
f(O)=C=1

S f(0)=1- cos(za + %]
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Exercise 7B

4
1 Integral: Ide = [SX]Z =5(4-0)=20
0

Area of a rectangle: 5(4) = 20

10 2.5 10
Integral: _[|2x—5|dx = —J' (2x - 5)dx + J' (2x -5)dx

0 0 2.5
=[x -5x]" +[x* ~5x]." =~(6.25-12.5)+ 0+ (100 - 50) - (6.25-12.5)
- 62.5

Area: 2 (5)(2.5)+3(7.5)(15) - 62.5

Integral: -3[3(3 ~|x|)ax = 1(3 +X)dX + :[(3 - x)dx

0 4 L,
Integral: I 4dx + j(4 - x)dx = 4[x:|f3 + [4x - X?}
-3 0 o

=12+ (16-8) =20

Area of trapezium: [a er th = [7 er 3](4) =20

2

1 3 1
a j(x+3)dx+j(6—2x)dx=[X?+3x} +[6x—x2}j=12
-3 1 -3

b The height of the triangle is 4 and the base length is 6 since
the lines respectively intersect the x-axis at x = -3 and x =3

. Area of triangle: %bh = %(6)(4) =12
1 1

“x—x3|dx = Zj(x -x*)dx by symmetry as f(x) is an odd function
-1 0

f“xz —5x—6|dx=—j‘(x2—5x—6)dx
e}

-1
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Worked solutions

6
:—Fx3—§x2—6x} =-(1(216)-5(36)-36j+(-1-5+6]
372 e 2 372
WIPNES =N N
6 6 6

8 ﬂxz —5X+6|dx = j'(xz —5x+6)dx—.3[(x2 —5x+6)dx+jt(x2 —5x+6)dx
1 1 2 3

3 5 2 3 5 3 3 5 4
X 2 iex| | X 2% iex| 4| X 22X 1 6x
3 2 RERE 132 ,

1
6
9 When £=n7r—z, asin| X+ % |~ 4sin[nr-Z+ & =4sin(nz) =0
3 2 3 2 2 2

a x=37r(n—%J so taken=1 :>x=3?ﬂ for the first
and n:2:>x=9?” for the second

b x:3n(n—%J so taken=0 :>x:—37” for the first

andn=-1=x= —9—2” for the second

10

Exercise 7C
3 1\3
1 a (81) -(81') -3°-27
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(¢}
|
w
N
S~
a o
1]
T
N
SN—
N
1]
ol s

b 2 +§j‘1+1_a (a:3?a2j_)1+1)—a+2a2+a3
—a(a®+2a+1)=a(a+1)

c %:Z_j:l

Joy7 +38y” = (9y°) +(8y?) = gy’ _ gyg

Therefore, when y = 64,

Joy? +3f8y* = %(64)% = %(32) =48

(a°c?)xNab’c  Fiprict gipict ( ang [

abc apicc  apic
a 21x377 7% 97 = 7x3x3" 1 _7x ()"
—7x3M _7x3% _
b 48x 4% +6x2% =3x 2% x (2] 4+3x2x2%
_ 3242 | 3y D42 _ 3, D4ns3

a 23)( _ 27x—2 _ 23x (1 _ 24)(—2) =0

23X¢0501-24X-2:o:24xz4:>)(:%

b 91—2x _
27

32—4)(:312—3x33x+10:13X:_10
C 99+9=10x3"=3*+9=10x3"

Let y = 3%, then

y?-10y +9=(y-9)(y-1)=0=y=9ory =1
y=9=x=2

y=1=>x=0
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Worked solutions

1

2x—1

d 22 4+7= =27 47 x 2t =1 = 4x2¥ +7x2°-2=0

Let y = 2%, then
4y? +7y -2=0=(4y-1)(y+2)=0

.'.y=%:>X=—2 (y>0soy=-2)

1
7 300000r™ = 500000 = r = [g]w ~1.0524... 505%

48.76 -37.21

8 ai l><
6 37.21

x100 =5.17% (to 3s.f.)

]x 100=1.10% (to 3s.f.)

1 “ 51.97-48.76
6 48.76

ili The average percentage increase between December 2015 to December 2016 is equal to
the average of the percentage increases from December 2015 to June 2016 and June
2016 to December 2016 (this is equal to 3.31% to 3s.f.)

b Individual Response.

c (53.47-49.33)+30=0.138 =14 cents

4x10

9 Paloma: 2000(1.06) " =20571.44 (to the nearest hundredth)

10x12

Concita: 1500(1.06)" +500(1.03)'”"* =20041.77 (to the nearest hundredth)

10 The amount Sureepan pays on the n year is given by 40000 x (1.075x 0.5)"

So after four years he pays
40000 x (1.075 x0.5+...+1.075% x 0.5“) =42606.41 Bhat

to the nearest hundredth

Exercise 7D

1 a 5=log,243
b log,2= %
c log,p=5
d -4=log,(0.0001)
e y-=log, 11
2 a 5°=625

b 64° =8
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Worked solutions

102% =0.01

1
log,2 =128 = 2 = x'*® = x = 2128
log,x =3=x =4’ =64

log,8=>=8=x" = x=8 =16

Nlw

|oggx=g:x=9%:27
log,49=2=49=x>=x=7 (x>0)

m
log, P log, m-log, n” =log, m-2log,n

Ioga[xﬁj§ = Zloga[ﬁ

w73 7}5('%5)-%'0%(*) = 3109, m~2log, n

40x6

log6 - 3log2 +10g40 =log6 -1log8 +1og40 = Iog( j =log30

log, 36 -2 =log, 36 —log, 9 =log, % =log, 4
lIog m+§Iog mn? = log (m% -(mnz)%) =log (mn%)
4 a 4 a a a

log,12-log,48-3 =log, % -3=l0og,s-3=-2-3=-5

%Iog2 81 +log, 48 —%Iog2 27 =log, 3 +log, 48 —log, 9
=log, (3X—948j =log,16 =4

4loga = 3logb = log(a*) = log(b’) = a* = b’

~.a=bt
loga =logb -log2 :Iog(éj =0= 2a =1
b b
b
sLa=—
2

logh =1-4loga = logb =l0g10 -log(a*)
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Worked solutions

8 a log,3xlog;2=log, 3 x =1

log, 3

b log,10xlog36 =

1
21 =2
log6 X( 096)

c Iog43xlog38=|L

1 3
log, 8 = 3log,2)==
0934>< 9% X( % ) 2

2log, 2

1 1 1
log;5 log,25 log,5

d log,8+log,. 8 x(2logy 5) =2

1 1
=log.3+log.2=1log. 6 =1
€ log, 6 +Iogz6 9 = +19% %
f 0Olog. 40 - 1 =log 40—1Iog 64 =log. 40 -log. 8
5 2|09645 5 2 5 5 5

= log, (%OJ =log.5=1

log x

— lologxlogy _ (10Iogy) _ ylogx

logy

9 a x° =(10")

1
+
log, xy log, xy

=log,, x +log,, y =log,, (xy)=1

10p=|ogax:%= 1 =log, a

log, x

1
~log,a==

p
Similarly,
11 =log, a = log a—l
g log,y U g

1 1 1

a log

a= = =
¥ log,xy log,x+log,y p+q

1 _ 1 _ 1
log, (%) log,x-log,y p-g

b log,a=

11a x=Ilog;10=2.10 (3s.f)

b 5'=12=3x-1=log,12
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x=|09512+1

3 =0.848 (to 3s.f.)

c 2 x5 21(2x5)x -Li0=0.01
5 5

= 10" = 0.05 = x =l0g(0.05) = -1.30 (3s.f.)

9

12a log,x =9log, 5=
log, x

= (log, x)° =9 = log, x = =3

L Xx=5 =125 or x=5% = _1_
125

b 3log, x +log, 49 =log, (x*)+2 =8
~.log, (x*) =6

= x°=7°

= x=(7°) =72 =49

c log, x+log, 4 =log, x + L =2
log, x

- (log, x)2 -2log,x+1=0
= (log, x -1’ =0
=log,x =1

=x=4

2
13 25*-6x5X-16:(5X) —-6x5-16=0

= (5 -8)(5+2)=0
5>0=5=8=x=10g.8

14 log X+L—Iog X+;—Iog X+l|og x=9
2" "log, 4 2" 2log, 2 22
3
:Elogzx:Q
=log,x =6
= x=20=64
12
15a log, x +12log, 5 =log, x + =
log, x

:(Iogsx)2—7logsx+12:0

= (log; x — 4)(log, x —3) =0

s logsx =4 or log;x =3

sox =5%"=625 or x=5=125

b 5><(7X)2—21><7X+4=0
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Worked solutions

:(5><7X—1)(7X—4)=0
=7 :l or 7 =4
5

:>X=Iog7[%j:—0.827 or x =log,4=0.712

16 Using technology,0-3.42, 2.71

Eq:4x9*+3x4*=13x6"
x=2.709511291

Lft=1668.602737

Rgt=1668.602737

17a The first equation is equivalent to 2log; x + 3log, y =16

~.(2logs x +3log; y) + 3(5log, x —log; y)
=17log; x =16 +3(6) = 34
=log.x=2=x=25

~log,y =5log;x-6=4=y =81

b 3log,b=1=a=>b’

~ab=b*=16=b=2 (b>0)
=a=8

c 2mlog,16=n=4m=n

81" +3"=81+3"=2.3"=54=>n=3

3
>m==
4

d log, x =log, (6x-9)= %Iog4 (6x-9)

=>x*=6x-9=(x-3=0=>x=3
=>y=log,3
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2 17.8
=1-|=| >——
3 18

2 17.8
== <1-——
3 18

= hog[%J < Iog[

17.8

=

(3

=k =12

min

2
19a 5+2 Zx5+(z) x5
8 8

17.8]

1--2°
18

Iog(l——j
k > _\ 18/ 11.10....

685

32

2 3 k-1
b D5+2x5x{§+(§] +(§J ++(%) J

34.5
log[1- 34>
og( 70

(7
log

> k<1l+
8
Therefore k., =6

20a3=5

r =E =1.1
1.1"-1
1.1-1
=11"<6+1=7
log7
logl.1
So 20 experiments

S,=5 <300

n<

k-1
7 1'(ZJ
5410/ 2.8 |_
8

=20.42...

)

j: 6.08...
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— =21.4m (to the nearest tenth of a metre)




Exercise 7E

1 Green: a:l
4

Red: a=2

2 a f(x+1)=ka"! =aka" = af (x)

b f(x+2)=ka"?

= a’ka* = a'f (x)

c f(x-1)=ka'=a'ka* =a'f(x)

d Conjecture: f(x+n)=a"f(x)

Proof: f(x+n)=ka*"

= -1Y=0=2e"=1=x=0

™=K

3
Yy
B,
5 |
-:
=\ ||
\; 1) = a
L5 5 40
T
4 &&+e*=2=e>*-2"+1=0

=a'ka* =a'fr (x)

5 a Areflection in the line x = 0 (the y-axis)

y=f(-x)=¢€

X

b A reflection in theliney =0 (the x-axis)

c A reflection in the liney =0 (the x—axis) followed by a reflection in

the line x =0 (the y —axis)

y:

y =-f(x)=-€"

—f(-x)=-e>*

6 The domain of f is ]—o, [, the range of f is 0, o[

The domain of f* is ]0,o[, the range of f* is ]- oo, o0
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e

T T/ =ef

Lad

1 |
a2 b A 5

A

AU T }

7 x=a =y-=log,x

So f*(x) =log, x
fof?(x)=a%*=x by direct substitution and definition of inverse function

8 a f(x)=-Inx
b g(x)<Inx]|

c h(x)=In|x|

)

Lb b b oewnw s

y =log, (x —2) is a translation of y =log, x by 2 units in the positive x —direction

£ = logy(0) - 2
I ——
20 ,z/i 3 b 12 14 16
i
-
&

y = (Iog2 x) —2 is a translation of y =log, x by 2 units in the negative y — direction

10a Domain: {x el :x >-1}, Asymptote: x = -1,

) 2 nfa+ 1)-2

b Domain: {x el, x >-2}, Asymptote: x = -2
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Worked solutions

moa

1o = bogald + 241 - [ ]
2 _4——F b 12 1 1s 18
v

C

P

Exercise 7F

dy
1 a -7 _ 15e5x+4
dax

dy d g -
b d—)};=d—x(3xz)e3 = 6xe’

dy ax
Y _a(
c dx (n5)5

d &

d .
= —(cos x)e“* = —sinx e<*~
ax dx(

e W d(ﬁ)i:(ljl 1

dx  dx Ix o 2dx \/_;25
§ v __5
dx
g &__S
dx 5x+4
Loy ()
dx f(x)
2 a W30 xet =3¢ (1+2x)

ax
b y=Jxe¥ = xie®

dy (1 1), (1 _2) 3 1 5.5 1 1.3
L = Zx|le +x'|Zx e =Zx2e" +Zx e
ax \2 3 3

_led (3x’% + 2x’%)
6
Q_ 2 3 2 L. 2x3
c dx_3x In(2x +1) + x 2x+1_3X In(2x+1)+2x+1

d y=3sinxe™

& 3sinx(-e™)+3cosxe ™ = 3(cosx—x—sinx)
dax =
e % = (2¢*)-tan3x + e - (3sec’ 3x) = € (2tan3x + 3sec® 3x)
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w1 1 &) e*
o ¢ o) Flaze) sxt-)
w e T
L
- Zﬁe‘ﬁ

1 1 1

@y Inx-m—\/;-; ) m(Inx—2)  inx-2
dx (In x)2 (In x)2 Zx/;(ln x)2

b _(re)(e) (o)) o o erier

dx (1+e")2 (1+e’()2

1
d_y=(1+x)~;—lnx _ 1+x(1-Inx)
dx (1+x)2 x(1+x)2

dy e (1+e)—(x+e)(-e) er(l+e +x+e) 14 x+2€"

ax (e ]

y =e¥ +(Inx)"

dy 1 5 1 o e 1
L =——e¥-Z(Inx) =—4—=-———
dx 2Jx (Inx) 2Jx x(lnx)2
y:Xx:exlogx
Q_i xlogx __ X
dx_dx(xlogx)e =(1+logx)x
y=\l1+ex=(1+ex)%
d—y=1e"(1+ex)_%
Ix 2
At(o,ﬁ)
& 1o 1
dx 2 22 4
Q=Z.L.|n(l+x)=m .
dx 1+x 1+x
2
At [z,(lnz] ]
2 2
3
dx 3 3 2
2
, 1
f(x)=;—1=0:>x=1
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Worked solutions

Thus there exists only solution to f'(x) = 0 so there
is only turning point

The turning point is located at (1, (1)) = (1,-1)

f'(x)= —% < 0 so the turning point must be a maximum

Domain: x >0
Range: - <f(x)<-1

x=0

>

f'(X):eX—1=0:>X=0

Thus there exists only solution to f'(x) = 0 so there
is only turning point

The coordinates of the turning point is (0, f(0)) = (0,1)

f"(x)=¢e* >0 so the turning point must be a minimum

Because there is a single turning point and it has just been shown that
the point is @ minimum

Domain: x e

Range: f(x)>1

\\/

U\\l
3

Because In| x| is not defined at x =0

f(x)=0=xIn|x| =0 or x=0 by definition of the function

Forx =0, xIn|x|=0= [x|=1=x=x+1
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Worked solutions

¢ For x>0, f'(x)=Inx+1=0=x=¢"
For x <O,
f(x) = xIn(-x)
=f'(x)=In(-x)+1=0=x = -€

1

So there are two turning points and these are located at x = e

" 1

d Forx>0, f"(x)==
X

so there is a minimum at (e’l,—e’l)

and by symmetry, there is a maximum at (-e™*,e™)

T et
-2/—):5/:'1 -|151° s 2

a f'(x)=2xe"+x%* = xe*(2+x)
~f'(x)=0=x=0 or x=-2 so there are two turning points

FU'(x) = 2e" +2xe" +2xe" + x’€* = (2 +4x + x* )€
LF'(X)=0= X +4x+2=0= x = -2£42
So there are two points of inflection

b The turning points are located at (0,0) and (—2, 4e*2)

At (0,0), £"(0) =2 > 0 so this is @ minimum

At (—2, 4e?), f"(-2) =-2e” <0 so this is a maximum
c x=-2%2
d y=0

e
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Ly =f(1)=F'(1)(x-1)
=>y-e=3e(x-1)
=y =3ex-2e=e(3x-2)

g x —intercept is located at @,Oj

y —intercept is located at (0,-2e)

ZJ_Ze
-3

. The area of the triangle is given by %(Ze)(g

10a f'(x)=e"sinx+e*cosx =e*(sinx +cosx)

f'(x)=0=e*(sinx+cosx)=0
= tanx = -1 (eX # 0)

so in the range - 37” <X< 37”, there are three roots are located at

x:—s—ﬂ and x=-Z and x:3—7r
4 4 4

f"(x) = e*(sinx + cos x) + " (cos x — sinx) = 2e* cos x
~f"(x)=0=cosx =0 (ex # 0)

Therefore there are two points of inflexion, at x = J_r%

b f"[—%ﬂj - —2e% <0 so maximum at x = —%ﬂ

f"[—%] =J2e% > 0 so minimum at x = —%

f[%”] = —ﬁez"l <0 so maximum at x = %ﬂ

c [Z,e2land|-Z,e2
2 2
|

B 2 - 1

d f'[%j = e2? so the normal at this point has gradient —e 2

f'[—%} = —e 2 so this is parallel to the normal at x =%

Exercise 7G
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Worked solutions

1 a '[(x3—sec2x)dx=XT4—tanx+C

-3

_[ 3" + - sinx |dx =3¢ + Linx — cosx + C
2x 2
c J'Zsinxcosxdx:_[sinZde=—%cost+C

d J'(tan2 3x + 1)dx = jsec2 3xdx = %tan3x +C

3.3
2x

X ldx == Inx+i3x
2 In3

e (203
f j( 33)(] =-In[t-3x|+C
(

X x-1+1
cos x |dx = cos x [dx
oI5 ) J[ 1 jd

|_a.

x-1 X —

J( +cosxjdx x+|n|x 1|+smx+C

(cosx)e 5'”— dx = esnx 2 dx =e"™ - 2In|x|+C
dx X | |

de I[C;ix(eﬁ)—ZSinZXde

‘ (
—e™ ycos2x +C
2 a f(x)=j(2x—sin4x)dx=x2+%cos4x+C
FO)=tyc-0=c=-1
4 4
.'.f(x)=x2+lcos4x—l
4 4

b f(x)= '[(XZ +e™* +sec? x)dx = %x3 —e*+tanx+C

f(O):—1+C:—13C:O
1

.‘.f(x)=§x3—e‘x+tanx
3 2 x-3 3 3 x-3
C f(X)=I[m_3X —3e jdx=zln(2x—5)—x —3e%+C

f(3)=0-27-3+C=-25=C=5
L F(x)=3In(2x-5)- X =3 +5

3 a f"(x)=2cos’x-1=cos2x

© Oxford University Press 2019




Worked solutions

f'(x) =lsin2x+C
2

f! J:C=1:>f'(x)=%sin2x+1

f(x) =—lc052x+x+D
4

F(0)--3+D=2=D-1

o F(x) :—lc052x+x+1
4

f'(x)=%ezx’1+—cos(1—2x)+C
'(l)—l+l+czijcz_l
2 2 2 2 2
) 1,5 1 1
o f (x):ze2 1+Ecos(1—2x)—§
f(x) =g e - gsin(l-2x)- 5 +D
f[lj:l_l+ :l:D:l
2 4 4 2 2
f(x) lezx‘l— sm(1—2x)—£+l
4 2 2

j(x—seczx)dx={§—tanx}4 =[”_2—1—”_2—1j:—2

G

VR
W=
(0]

)
o
|
N[+~
Ne—
|
VR
Wl
|
N
|
[
Ne——
1]
|
(0]

o
—_
(0]

E}
|
[
S—
+
|

2 2
j(i+x2 —ezxjdx = {—LZ" 1y —%ez"}
1

2% In2 3 N
1 8 1., 1 11,
=|- +o—Zet|-l-——+=-Ze
4In2 3 2 2In2 3 2
2
-1 +e—(1—ez)+
Ini6 2

=

L. 6 1., (3
13- dx =|—=3"+2In[1-3x|| =| == +2In2|-
2 1-3x In3 , \Un3 In

=2 L+In2 :i+ln4
In3 In3

J' sec? [£J+xex2 dx = 2tan[£j+lexZ
! 2 2)72° |

J2ste |- lo3 e it 1izen
2 2 2 2 2
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f I 2X dxzzix‘lzldxﬂi[u

x-1 X —

1
X
X—Jd

=2[x+In(x-1)]} =2(4+In3-2)=2(2+In3)

Q
[y ——

cos6x
— |dx =
cos3x +sin3x

cos®3x —sin? 3x
— == = =" |dx
cos3x +sin3x

YN ——

Wiy

]

h I(sian]dX = Z_Isinxdx :2[—cosx]§ =2-2

COs X

-
O =y 5

1

Sds
S ST

1-x In2

L (VZ-1)+Ina

- In2

11

22

. < 1 5 1
(25|n2xcotx)dx = i[stxdx = —EI:COSZX]O = ——[——1) -

(2X+ 2 jdx={—2x—2In(1—x)T NCAPYNE S B

"2 2 In2

0

5 f(x) ~kanxadx = ~In(cosx)+C

f(O) =C=0
- f(x) =-In(cos x)

Range: f(x) >0 (f(x)el)

f'[%j =1 so the gradient of the tangent here is 1 and the gradient

of the normal is -1

Tangent: y—In\/i:[x—%):y:an\/_—%

Normal: y—Inf:—(x—%]:y:—x+ln\5+%

Base of triangle (along y — axis): (In\/f+ %) —[In\/_—%J =

Height of traingle: %

. 1(x\(~x Ve
soareals —| = || —|=—
2\2)\ 4 16

X+9 X+9 A B

6 f(X): 2x?2+x-3 :(2x+

3)(x-1) 2x+3 x-1
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Worked solutions




10

L X+9=A(x-1)+B(2x +3)
Setx=1: 10=B(5):B=2
Compare coefficientsof x: 1=A+2B=A+4=>A=-3
X+9 2 3
L F(X)=2= = _
2X°+Xx-3 Xx- 1 2x+3

2x +x—3 X — 1 2x+3

- 2In|x—1|—5In|2x+3|+C

1 1 _1( 11 J
x*-1 (x+1)(x-1) 2{x-1 x+1

.~.IX2 il :_I(x il X+1de_2(In(x—1)—|n(x+1))+C

_1|nx‘1‘+c

2 |[x+1

F)-X*O_ 5x+9 A B
_x2—9_(x+3)(x—3)_x+3 x-3

.'.5x+9=A(x—3)+B(x+3)
Setx=3: 24=6B=B=4
Setx=-3: -6=-6A=>A=1
:.f(x) 5)2<+9 1 . 4
X°-9 x+3 x- 3

ST

1-2x 1-2x A B
= =24
X + X2 x(x+1) X x+1

~1-2x = A(x+1)+Bx
Setx=0:1=A=> A=1
Setx=-1: 3=-B=>B=-3
Co1-2x 1 3
"x(x+1)_;_x+1

11_2 Ly 3
:!)Hx)gdxﬁ(;—xﬂjdx=[InX—3|n(X+1)J1

2 2

=(o—3|n2)—(|n1—3|n§] In (1 2. £j=|nz

Ny

2 8 8 32

1-x

5 2 H 5
J- 2+3x—-Xx dx — J- 1-x2 +1+3x dx=I 1+1+3x dx
) 1-x? : . 2
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Worked solutions

1+3x 1+3x A B
= = +
1-x*> (1-x)(1+x) 1-x 1+x
=1+3x=A(1+x)+B(1-x)

Setx=1: 4=2A=>A=2
Setx=-1: -2=2B=B=-1
J1+3x 21

T1-x? 1-x 1+x

So

1
2+3x-x° 1 3 2 1
T 1-x?2 X:_J’j 1-x X
1-x 2 \1-x 1+x

+[—2In(1—x)—|n(1+x):|i = %+(—2In%—ln;]—0.

O N | =

Exercise 7H

1 Lletu=3x*+4=du==6xdx

I6dex = ju%du = %ug +C= %(3X2 +4)% +C
2 letu=x®=du=3x%dx

-, [3x? cos x’dx = [cosudu = sinu +C = sin(x*)+C
3 letu=2+x-x*>=du=(1-2x)dx

I(l— 2x)e**dx = je”du =e'+C =" +C
4 letu=cos2x = du =-2sin2x dx

j 2sin 2xe"**dx = —je“du ="' +C=—e""+C
5 Letu=3=du=3In3 dx

ISX In3sin3*dx = jsin udu =—cosu+C = —cos(3x)+C

6 Lletu=x? :du:%x%dx

jgﬁeﬁdx :je“du _e'+C=e" 4C

7 letu=x-1=du=dx
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IZXJx—jdx = jz(u + 1)\Edu = .[(Zu% + 2u%)du

:2~Eug+2-zu%+C=iu%+iug+C
5 3 5 3

=g(x—1)%+g(x—1)%+c
- L (x-1f (3(x-1)+5)+C
- L (x-1) (3x+2)+C

8 letu=x+1=du=dx

[(1- )N xelx = [ (2 u)oidu = j(zui —ug}ju

2
2

Sl
Nl
Sl

wv+C==u-=-u’+C

U1IN
wlh
CIEN]

2y
3
(x+1)%_§(x+1)

ol

+C

= 2 (x+1) (10-3(x+1))+C
= 2 (x+1)

Olw

(7-3x)+C

9 Letu=x? —gxz =du= (3X2 —3x)dx

J'(x2 + x)sec2 X'~ 3 x| dx = lJ'sec2 udu
2 3
=ltanu+C=ltan x3—§x2 +C
3 3 2

10 Let U = cos2x = du = -2sin2x dx

H CosS2Xx 1 u 1 1 u
jstx(Z 2 )dx:—EIZ du:—imz +C
:_LZCOSZX_‘_C

2In2

1l letu=1-x*> =du=-2x dx
J'x«ll XdX———IUZdU——%% C=—%(1—x2)g

12letu=1-x=du=-dx

sza\/l—xdx— j(l uy’ u%du=—f(u%—2u%+ug)du

:—Zu%+ﬂu%——u%+c

37 "5 77
:-%(1—x)%+§(1—x)%—%(1—X)2+C
=_%(1 x)3(35 42(1-x)+15(1 - x)) +C
:_%(1 X} (8+12x +15x*)+ C
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Worked solutions

13 Letu=\/1—x:du=—;dx

Za\il -X

flx—zdx = —Zj(l —uz)zdu = —2.[(1 -2u* + u4)du
- X

—

_ofu-2pites)ic
3 5

=_2(1—x)%+§(1—X)%—§(1_X)%+C
2 3

:_E(l_x) (15_10(1_x)+3(1—x)2)+C.
2 3

:_E(l_x) (3x* +4x+8)+C

14letu=1+x=du=dx

7

6
J.X(1+X)5dX=j(u—1)u5du:%_%+C
1 7 1 6
_7(1+x) —€(1+x) +C

:—4—12(1+x)6(—6(1+x)+7)+C

:-4_12(1+x)6(1_6x)+c

15let u=1-cosx = du =sinx dx

I[ﬂde = _[u‘ldu =In(u)+C
1-cosx

=In(1-cosx)+C
16 Let v = €°* = du = -e°*dx
5-x _[[A5-X 1 2 s 2 3(5-x)
je Je dx:—_|'u2du:—§u2+C:—§e2 +C
17 letu=3-x = du=-dx

-[(3—%]2 dx = —j(‘?;uy du = —j[%—g+ 1]du

=9ut+6lnu-u+C

=39 +6In(3-x)+x-3+C

Note it is permissible to incorporate the constant -3 into the arbitrary
constant

u+3

18letu=2x-3=>x = and du = 2dx
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J.(l—x)\/2x+ 3dx = —%J'(u +1)uidu
= —Lku% +u%)du =—iug —lu% +C
4 10 6

1 s 1
——E(2X+3) 6(2X+3) +C
=—%(2x+3)%(3(2x+3)+5)+c
:—%(2x—3)%(3x—7)+c

19letu=1-x=du=-dx

(P gy 3u3) 31(5%}1,1

(1- x
—3In|u|—9u‘1+C

_3In|1l-x|-—2+C
1-x

20 Let u =2+ tanx = du = sec® x dx

2
j( sec” x ]dx:|n|u|+C:|n|2+tanx|+C

2 +tanx

Exercise 71
1l letu=x-1=>du=dx

Limits: x=2=u=1 x=5=u=4

de —Iu+1 I(u§+u;)du
=§[uI +2[uﬂ4 - %(8—1)+2(2—1) -

1
2 letu=2-x=du=-dx

Limits: x =3 = u=-1, x =4 = u= -2
I o
.
:[_3_4|n|u | +uI

:(4—1)—(2—4In2—2):ln16+3

3 Letu=1+cosx = du=-sinxdx
Limits: x=0=>u =2, x=%:>u=1

CH( sinx S U 5 |
"£[1+cosxjdx__J;Udu_IUdu

1
=In2
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Worked solutions

Let x = gsinu = dx = gcosudu

Limits: x=0=u=0, x =

= U
3 1 H

dx = ( cosu]
'<[«/9—4x2 z[ J9 - 9sinu

le

Let u =2x-1=du=2dx

Limits: x=1=u=1 x=2=u=3

t 16x* 1316(“51)
I—zdxz_j—zdu
1(2X 1) 24 u
3 u 1 3
1J(Jr—du lj(u2+4u+6+i+l2Jdu
24 24 u u .
3
=lu_ 2u? +6u+4|nu—l
2| 3 .
=1[9+18+18+4In3—l)—1[1+2+6—1)
2 3) 23
_2% ino
3
i(l—Zx)«/1+x—x2dX:i 1-2x dx
1 1+x-x? 1 1+x-x2

Let u=1+x-x>=du=(1-2x)dx
Limits:x=1:>u:1,x=§:>u=

(1- 2x)xi1+x—x2

1+x-x? dx=J1'

. —_— i

-blﬁ
%“
Wl

ﬁ\H‘—-
:w H
Q
!:
l—|
N
c |
N
| I |
N
|
N |~
I/
w|h
|
N
~
1]
Wl

1
sec? x tan® xdx = Iu3du =

[SYE——N
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Worked solutions

5 - % .

sin x cos x 1t sin2x
5 COS”2Xx 25 cos’2x
12 12

Let u = cos2x = du = -2sin2xdx
Limits: x=£:>u=1, X=—7—=U=
6 2

z 1 B
6 i 2 2
.[ smx3cosx 'x:—l .[ %du:lj'
°  COS” 2x 4 5 4 4
2 2 2

10 let u =3 = du =In3-3*dx

Limits: x=0=u=1 x=2=u=9

f3(Fax = X fuidu - 2 [T
!3 J3d —m'lfudu— [u l

3In3
:L 27_1] - i
3In3 3In3

11 tan® x = tanx-tan® x = tanx(seczx—l) =sec® xtanx —tan x

n n

i ) 3

J'tan3 xdx = Isec2 X tan xdx — jtan xdx
0 0 0

U

sing question 8, and the fact that

tan xdx = M%ﬂ

tan’ xdx = % + In(%) = %(1 - 2In[%)]

= %(1 -In2) as required

Ot——h |y O——p[Y

12 Let u = coskx = du = —k sinkx dx

7z fornel

— = or —

3 4 3

kzr -1+8n kz 1+8n
4

:>k=_—3+6n or k=§+6n fornel
4 4

© Oxford University Press 2019




Worked solutions

13 3x? +12x +16 =3(x2 +4x)+16

:3[(x+2)2—4}+16=3(x+2)2+4

2 2

i —=-2
B S S S
| serimee™ ] 20X
4 3x*+12x + 2 4+3(x+2)
Letx:M—Z:dx=isec29d0
3 3
Limits:x=i—2:>6’=z,x:—2:>0=0
NE 4
2., .
B 1 14 1
jz—dx=—j —sec 0
< 3X°+12x+16 4 3(2
1+= %tana
4 sec?d 1 4 Vg .
= do = as required
zf-[1+tan 6 2@! 83 a
2X
14ex+e"‘=e‘x(ezx+1):e :1
e
—Inﬁ 1 —Insﬁ ex
L oemax = [
e +e o €7 +1
Let e* = tand = e*dx = sec? dé (e2X+1)d9
Limits x_—Inﬁze—Z,x:Ozez%
~InyB %
Pl ax ez o T
5 € +e ° 6 4 12
4

15a There are many ways to do this, the easiest being:

Ztani ot
tanx = 2 3
1-tan’= L 1-¢
2

Construct RA triangle with opposite side of length 2t and adjacent of length 1 - ¢

Then the hypotenuse is of length
,f(1 —2) (2t =12ttt = ,f(1 +82) =1+ = sinx = 12tt2 as required
+

b Differentiating sinx = 12t
+

implicitly gives

t2
d_XCOSX _ 2(1+t2)_(22t)(2t) _ 2_2t22 _ 2(1—['22)
dt (1+t2) (1+t2) (1+l’2)
1-¢2
COSX = ——
1+¢2

dx 1+t 2(1-¢)

= 9x _ . = as required
da 1-t* (1+t2)2 1+t° a

© Oxford University Press 2019




Worked solutions

2dt
1+¢t?

c lLett= tan(%] =dx =

Limits:x=%:t=1,x=0:t=0

: (zj
dat
2

L2t {1+t

.§ 1 1
";[1+sinde=;[

1 1482
1 1
dt
£1+ +2t ‘<[1+t)
[1+t} -2)=1 as required

Exercise 7]
1 _" 2xe*dx =2 _[ xe*dx

Let u = x and ﬂzex
dx
du

so —=1 and v =¢"
dx

J'erxdx = 2(xex - _fexdx) =2e* (x - 1) +C
2 Llet u=3x and ﬂ:sinx
dx

SO £:3 and v =-cosx
dx

J'3x sin xdx = - 3xCos X + 3_|' cos xdx

=-3xcosx +3sinx+C
=3(sinx - xcosx)+C

3 Let u=1-2x and ﬂ:ex
ax

du .
so d—X_—Z and v=g¢
~ [(1-2x)e*dx = e* (1-2x) + 2[ e*dx
=e*(3-2x)+C

dv .
4 letu=2-x and a:sm(Z—x)

du
o) a:_l and v =cos(2-x)
.‘.I(Z—x)sin(Z—x)dx:(2—x)cos(2—x)+jcos(2—x)dx
:(2—x)cos(2—x)—sin(2—x)+C
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Worked solutions

Let u:1+2X and QISGCZK
dx 2
so ﬂzg and v =2tanX
dx 3 2
sin5
,[ 1+2x seczﬁdX:Z(lJer)tan{_ﬂj 2 gy
3 2 3 2 3 cos X
2
=Z(1+2x)tan£+§|n cos X4
3 2 3 2
Let u=x and ﬂzzm
dx
so %Y _1 and v=-Lom
dx In2
x+1 X+1
.’.J‘X2X+1dX= X2 —i x+1 - x2 _ 1 22x+1+C
In2  In2 In2 (In2)
x+1
=2 X—L +C
In2 In2
Let u=x and ﬂ:3—x
dx
SO ﬂ=1 and v:_i3—x
dx In3
J-i X:—X37 +i 3’XdX:_X37 _ 1 237X+C
3" In3 In3 I3 (In3)
-3 X+L +C
In3 In3
dav 3

Let u=Inx and — =x
dx

du 1 x*
so — == and v="—
dx x 4

Ix3lnxdx = 1x“lnx—lj'x3dx
4 4

= 1x“lnx—ix4 +C
4 16

4
- X (4Inx-1)+C
16

Let u=inX and %Y -2 sx
3 dx

o) du_1 and v=2x—Ex2
dx x 2

I(Z—Sx)ln%dx = [Zx—gszlng—j(Z—ngdx

= 2x—§x2 In£—2x+Exz+C
2 3 4
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Worked solutions

10 Let u =arcsinx and ﬂ:l
dx
du 1
so — and v =x

dx J1-x?

. . X
farcsmxdx = xarcsinx — j

J1-x2
Using substitution to evaluate this integral:
let u=1-x* = du =-2xdXx,

X g 1jdu
'[\ll—xz o= ZIx/L_l
1

1. -t 1
=—§ju2du:—u2:— 1-x

dx

2

J'arcsinxdx = xarcsinx +yJ1-x?+C

11 let u=In4x and ﬂ:1+3x—x2
dx

SO du_1 and v:x+§x2—lx3
dx x 2 3

j(1+3x—x2)ln4x dx :(x+gx2 —%x3jln4x—j(1+%x—%xzjdx

= x+§x2—lx3 In4x—x—§x2+lx3+C
2 3 4 9
1
12 [log, xdx = —— [1-Inxdx
‘ Ina

Let v =Inx and ﬂ:l
dx

ﬂ=1 and v = x
ax x

Iogaxdx=L XInx —|dx
Ina

_xInx_ x
Ina Ina
- X (Inx-1)+C
Ina
2
13 Let u = arccos x andﬂ=x,then ﬂ=— L andv=X—
dx dx 1-x2 2

_ x?arccosx  1:(1-x%)-1
= Ixarccosxdx = T—Ejﬁdx

x?arccosx 1 1
=SS f\y’l—xzdx—j ﬁ_xzdx}

2
:@+%arcsinx—%‘[\/1—xz dx
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Worked solutions

Use substitution to evaluate this integral:
Let x =sind = dx = cos6dé

Then.[«/l—x2 dx = Ixfl—sinz 0 cos0do

= jcosz 0do (use the identity cos26 = 2cos? 0 —1)

= %J(cos 260+1)do

= %sin 20+0 = %sinacose + 6 (Substitute back x for )

= %xxll - x* +arcsinx

Hence

2
x-arccosx 1 . 1
fxarccosxdx:T+Zarcsmx—zxx/1—x2 +cC

14 Let u = arctan x and ﬂ =4x
ax

du 1
o — = and v = 2x?
dx 1+x?
2
:.j4xarctanxdx:2x2arctanx—ZI X > dx
1+x
2_
=2x2arctanx—zj‘%dx
1+x
:2x2arctanx—zj'(1— 1 2jdx
1+x

= 2x*arctanx - 2(x —arctanx) + C

= 2(x2 +1)arctanx—2x+C

157 = szarccosx

Let u = arccosx dv = x?
3
du=- 1 v=>
1-x2 3
3 3
I=X—arccosx+l X dx
3 3'J1-x?

Use substitution to evaluate this integral
let u=1-x*>=du=-2xdx = xdx = —%du

3
I :X—arccosx—l 1-u du
3 6

N

3 _1 1
=X—arccosx—lj uz2-u?|du
3 6

3 1 3
=X—arccosx—l 2u?2 - =u?|+c
3 6 3
1

x3 u? u ) N
= ?arccosx -—1 -3 + ¢ (Substitute back x for u and simplify)

)
(24x)+c

X3
= ? arccos x —

x3 J1-x

=?arccosx— 2+ x?

9
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Worked solutions

16 Let u = arctanx and ﬂ:l
dx
o] d_u:_ and v = x
dx 1+x?
B
.'.Jarctanxdx=[xarctanx] - —dx
3 o 1+x?
_ 1 8
= 3arctan«/_—5[ln(1+xﬂ0
= 3arctanﬁ—%|n4
= 3arctan«E—In2
17 Let u =Inx and d—)‘?:x’5
sod—u=l and v=—lx4
dx x
s 1 3 1%
_[x Inxdx———[x Inx] +—_|'x dx
4 144
In3 1
- 324 16° 'k
_ I3 171 \__I3 5
~ 324 16\81 324 81
20-1In3
324( )
d

18 let u=x and ¥ —sec? x
ax

SO ﬂ—1andv—tanx
dx

-(l,.(cos Xde [xtanx] Jtanxdx

- Z+[In(cosxﬂz = Z—In(ﬁ)
19 Let u =In(3x) and ﬂ=1—2x+x2
ax

du 1 , X2
sO —=—andv=x-Xx"+"—
dx x 3

:[(1 -2x+x*)In(3x)dx = I:[x -x* + X?len(Bx)I —:[(1 X+ X?zjdx

2

3 37¢
—le-er+ & In(3e)—lln3— x- X X

3 3 2 9

3 2 3
le-e2+ & In(3e)—lln3— e, 1

3 3 2 9 18

3 2 3
= e—e2+e——i In(3)—e—+2i+H

3 2 9 18

© Oxford University Press 2019




20 Let u = x and ﬂ:sinx
ax

du
so — =1and v = -cosx

g[x sinxdx =[-xcosx || + g[cos xdx

T

5

+[sin x]g

Exercise 7K

1 Integrating by parts

Letu =2x*> dv =e*
du=4x v = lezx
2
J'szezxdx = x%e* -2 j xe**dx
Integrating by parts again
Letu=x dv=e*
1

du=dx v==e*
2
= x%e*>* -2 lxezx —lj e*dx
2 2
2 .2x 2x 1 2x
= xe* - xe +§e +C

=[x2—x+%Je2"+C

e2x
> (2x2—2x+1)+C

2 Integrating by parts

let u=x® dv=sinx

du =3x* v =-cosx
fx3 sinxdx = —x> cos x + 3f x2 cos xdx
Integrating by parts again
Let u = x? dv = cosx

du =2x v =sinx
=-x3cosx + 3(x2 sinx — j2x sinxdx)
= —x>cos x + 3x%sinx — 6jxsinxdx

Integrating by parts again
Letu=x dv=sinx
du=dx v =-cosx

=-x3cos x +3x?sinx — 6(—xcosx + jcosxdx)

=-x3cosx +3x?sinx + 6xcosx —6sinx +C
= 3(x2 —2)5inx+x(6—x2)cosx+C
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3 Integrating by parts
letu=x-x> dv=cosx
du=1-2x vV =sinx
_[(x—xz)cosxdx
= (x - xz)sinx - I(l - 2x)sin xdx
Integrating by parts again
Let u=1-2x dv =sinx
du=-2 V = —COS X
(x - xz)sinx - [(Zx ~1)cos x - 2J‘cosxdx}

(x—xz)sinx+(1—2x)cosx+25inx+C

:(2+x—x2)sinx+(1—2x)cosx+C
4 Integrate by parts
Let u=x? dv = sin(%j

du =2x v = -4cos (%)

J'x2 sin [%)dx = —4x?cos [%) + SJ X COS [%}fx

Integrate by parts again

Let u=x dv = cos [%]

du =dx v:4sin[£]
4

= —4x? cos(fJ +32x sin[ij - 32'[sin[£] dx
4 4 4
— _4x?cos| X |+ 32xsin| X | +128cos| X |+ C
4 4 4
= -4(x* - 32)cos X1 32xsin| X4 C
4 4

5 Integrating by parts

X

Let u=x? dv =e?3
du =3x? V= 3eg
_[x3e§dx = 3x3e§ - 9] xzegdx
Integrate by parts again
Let u=x? dv = eg

du =2x v = 3e§

=3x%3 - 9(3x2e3 -6 j Xe3dXJ

=3x%3 -27x%3 + 54j xe3dx
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Integrate by parts again
Let u=x dv = e§
du =dx v = 3e§
_3x%e’ —27x%e’ + 54 (3xe§ -3 e;dxj

X

=3x%e3 —27x%3 +162xe3 - 486e3 + C

= 3e§ (x3 —9x% +54x — 162) +C

Integrating by parts

Let u = x? dv = e*

du =2x v =¢e¥
IOZ x’e*dx = [xzex ]z -2 Lz xe*dx
Integrating by parts again
Letu=x dv =¢e*

Integrating by parts

Let u=x? dv =sinx
du =2x V = —COS X

T T T
foz x? sinxdx = [—xz cos x]g + 2]02 X cos xdx

Integrating by parts again
Let u=x dv = cosx
du =dx v =sinx

= [—xz cos x]o% +2 [[x sin xjg - J'O% sin xdx]

=[x’ cos x]og +2[xsinx ]} -2[-cosx]
=[0-0] +2E-o} ~2[-0-(-1)]
—7-2

Integrating by parts

Let u=(1+x2) dv = cos x

du = 2x v =sinx

_[Og(l + x* ) cos xdx = [(1 + xz)sinxﬁ - ZIfxsinde
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Integrating by parts again
Let u=x dv =sinx
du=dx v =-cosx

1+x smx}2 2(—[xcosx]§+j§cosxdx]

z
2

+2[ x cos x] -2[sin x]og

all
{1+ x? smx]
-l

1+— —O}+2[0—0]—2[1—0]

2 2
:[14.7[_]_2:” -4
4 4

9 Integrating by parts

let u=x> dv=e*

3x
du =2x v:e—
3

1
ljlxze“ dx = 1 lxze” - Zjlxe3x dx
3b 3013 , 3%
Integrating by parts again
let u=x dv=e*

3x

du=dx v=5_
3
1

S el 3 | B —1J'e3xdx
3.3 913 37
=1[1X263XT_3F eﬂl_g{l }
33 . 9137 |, 27137 |,

3 3 3
(el g 2(e o) 2(e 1
313 9 3 27{3 3
_1e3—ie3+i(e3—1)
9 27 81
_5e’-2
- 81

10Integrating by parts

Let wu=x?
du=2x Vv =-

1
2.[01 x’edx =2 {[ ; xzezx} + I: xezxdx}

0
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Simplifying and integrating by parts again
let u=x dv=e%

1 1 1 1 1
:2{——x2ezx} +2 ——xezx} +{——e2x}
2 , 2 L2,
_of-tez_gliz[-Lero]4f-Lte2-[-L
2 2 2
_pe?-le2l
2
1-5e™

Exercise 7L

1 LletlI-= jtanxsecz xdx

Integrating by parts,
Let u =tanx dv =sec®x
du=sec®x v =tanx
I= _[tanxsecz xdx = tan® x — J'tanxsec2 xdx
=>I=tan’x-1I

2
:>I:tan X

2
- tan® x

+C (redefine I to include constant)

2 LetI] =_[sinxcosxdx

Integrating by parts,

Let u =sinx dv =cosx
du=cosx Vv =sinx

I= sinzx—jsinxcosxdx

=>I=sinPx-1I

:I:lsinzx
2

oI = %sinzx +C (redefine I to include constant)

© Oxford University Press 2019




Worked solutions

3 Let [= Isiancos3xdx
Integrating by parts,
Let u =sin2x  dv = cos3x

du=2cos2x v :%sin3x

I = Lin2xsin3x —stin3xc052xdx
3 3

Integrating by parts again,
Let u =cos2x  dv =sin3x

du =-2sin2x v=—£cos3x
I=Lleinaxsin3x -2 —1c052xc053x—zjsin2xc053xdx
3 30 3 3

=1 =%siansin3x+§c052xcos3x+gI

EI = 1 sin2xsin3x + Zcostcos3x
9 3 3

o I= %(3 sin2xsin3x +2cos2xcos3x)+C (redefine I to include constant)

4 Let]-= J‘e“ cos 2xdx
Integrating by parts,
Let u =e®* dv =cos2x

du=3e* v= %sian

I = Lexsinax —?[e” sin 2xdx
2 2

Integrating by parts again
Let u =€** dv =sin2x

du=3e>* v =—%c052x
I=1e3x sin2x—§ —1e3"c052x+zj‘e3" cos2x dx
2 2| 2 2
=1I= le“ sin2x+§e3x cost—gI
2 4 4

= EI = le3"sin2x+§e3"c052x
a2 4

3x
EI _& (2sin2x + 3 cos 2x)
4 4
3x
I = e3 (2sin2x +3cos2x)+C (redefine I to include constant)

5 Letl-= jsinz xdx = jsinxsinxdx

Integrating by parts

Let u =sinx dv =sinx
du = cos x V = —C0S X

I = —sinx cos x + [ cos’ xdx
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=1I= —sinxcosx+J‘(1—sin2 x)dx
=1I= —sinxcosx+J'dx—I

= 2] = -sinxCcos x + x

I = %(x -sinxcosx)+C (redefine I to include constant)

Chapter review

1a () -32)+8=0

:%(2*)2—3(2x)+8:0
= (2} -12(2")+32=0
:>(2X—8)(2"—4)=0
2X_8-0=x=3

2" =4=x=2
Sox=2o0rx=3

b 2(5)-9-= o

Multiply throughout by 5%

=2(5) -9(57)-5=0

= (2x5 +1)(5°-5)=0

2x5*+1=0 = has no solutions since 5* > 0for all x e
5-5=0=>x=1

2 a log, x +log,3-log,5=1log,6

= log, [3?)(] =log, 6

.'.3—X:6:>X:10
5

x) 3
b log, x —log, 7 =log, [7) =3

Nw

.-.§=9 =27 = x =189

3 a Iogzx—lo3 =log, x - 3log, x = -2log, x = 4

g, 2

slog,x=-2=x=27 _1
4
b log,x-4log,7=0

= log, x — 4 =0
log, x

© Oxford University Press 2019

Worked solutions
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- (log, x)2 =4 =log, x = +2
log,x =2=x=7"=49

1
log, x = -2 ==
g, x =X =75

4 Y _ge 21e>
dx
a? . e o
dx{=18e3 ~63e™ =9(2e> ~7e>) =9y

5 Inx+Inx®*+...+Inx" =Inx+2Inx+...+minx

:(1+2+....+m)|nx =%m(m+1)lnx =2m(m+1)

=>lhx=4=>x=¢*

1 2
6 - _ 1=
Inx i x 4= (Inx) -4(Inx)-1=0
Let Inx =y
Then
y?-4y-1=0
,_4x\16+4 Jizfvwzzh/g
1 22x 3 x_3x 42x x 3x
7 f’(X):(+e) € Ze(e):3e 6e2
(1+2e) (1+2e™)
f'(x)=0
= 3e" -6e” =3e*(1-2e>) =0
| 1,1
LeX==sx==Inz
2 2 2

Justification of maximum either by demonstrating f"(%ln%) <0

or alternatively by arguing that Xlin_'\ f(x)=limf(x)=0,

X —>+0

and f(%ln%] >0 so since f(x) is continuous, the single turning

point must be a maximum
Therefore the coordinates of the maximum point are

o) 2F) a2

8 For x>1,y=|nx:ﬂ=l=ln_x=|n_x
dx x xInx x|nx|

For0<x <1, y =|inx|=-Inx
dy 1 Inx  Inx _ Inx
dx x  xInx x(-Inx) x|inx|
dy _ Inx
dx  x|inx|
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9 a F(x)=3-(nx)’ =2 (inxy

Fr(x) = =S (Inx) + 2 Zinx == (inx) + 2 Inx
3

SN (x) = F(Inx)(—lnx +2)=0

Solnx=0 or Inx=2

Inx=0=>x=1

Inx =2 = x =e® > 2% = 4 which is outside the domain
Therefore the only point of inflection is (1,0)

F1(x)=2(nx F(x)=>(nx)’ = F'(e) =

olw

Tangent:
y—1=§(x—e):>y _3x-2
e e
Normal:
e’ e

—e
y—1_?(x—e):y_1+?—§x

Tangent intersects the y —axis at (0,-2)

2
Normal intersects the y — axis at [0,1 + %j

Then the base of the triangle lies on the y — axis and has length

2
3+ %, and the height of the triangle is e since the lines meet at

X =€

2 2
“Area=tph=1(3, |e-&[3,&
I SR ] e

3 _ 2 _ 3
10]-(2x 32)x/x 3x+3dX:"- 2x -3 dx
) x> -3x+3 1x2 —3x+3

Let u=x*-3x+3=du=(2x-3)dx
Limits: x=3=u=3 x=1=u-=1
3(2x -3)x* = 3x + 3 3, 1P
I( 2) - dx=Ju'7du=2 u?
1 X°-3x+3 1 )

2(-4
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11 let 2x =sind = dx =%cos€d0

Limits: x:l:>sin9:1:>9=2,
2 2
X =a= sind =2a = 6 = arcsin(2a)

dx = Ercsm(za) 1 (1 cos 9) de
2

1
= 1
. 2
L J1-4x? J1-sin?g\2

~ arcsin(2a) 1 de ~ |:91|arcsin(2a)

3 2 2]
1 . Vs Vg
= —(arcsm(Za) - —j =
2 2 24
= arcsin(2a) = i
12

= 2a= sin7—”
12

1 . (7% 1 . (» =#
ada==SIn|—|==SsIn| — + —
2 (12] 2 (3 4]

1( .« T T . T
= —| SIN—C0S — + COS —SIN—
2( 34 3 4]
1(B 1 1 1
= —| — X — + — X —
202 2 2 2
_«/.;7+1

a2

12 Any tangent passing through the origin is of the form y = mx

and furthermore, any such line will intersect f(x) once. Therefore,
the tangent at the point of contact satisfies the equations

mx =e? ' and m=f'(x)=lef_1
2
:%xe5_1=e5_1:>X=2
E,l 1
>m=-e? ==
2
y-Ix
2

13 Let 3x =2cosu = 3dx = -2sinu du

2
.[ 1_4_9x2dx=f ’4—9(§cosuj (—%sinu}iu
=—§jsinux/4—4coszudu

= —%Isin2 udu (using the identity cos2u =1-2sin*u)

= —%j(l—cosZu)du
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Worked solutions

= —Z[u—lsin2u)+c
3 2
2 .

= —§(u—smucosu)+C

2 . 2
==sinucosu-=-u+C
3 3

2 9x? (3x) 2 3x
==,1-=—|=|-=arccos| — |+ C
3 4 \ 2 3 2
=§ 4—9x2—2arccos(—j+c

14 By parts twice:

1
Let u = x? dv =e?
1

du =2x v =2e2
x x x
_[xzezdx =2x%2? — 4jxe2dx

Integrating by parts again

let u=x dv=e?
du=dx v=2e2

=2x%2 - 4(2er - 2] e? dx]

x x x
=2x’e? - 8xe? +16e2 +C
X

=2e5(x2—4x+8)+c
15 Let I=_[3Xsinxdx

Integrating by parts:
Let u =3* dv =sinx
du=(In3)3* v =-cosx
I= J'BX sinxdx = -3*cos x + In3j3x cos xdx
Integrating by parts again:
Let u =3* dv = cos x
du=(In3)3* v =sinx
I=-3% cosx+|n3(3x sinx—ln3j3x sinxdx)
= I=-3"cosx+(In3)3" sinx—(ln3)21
= (1+(In3)2)I =3*((In3)sinx - cos x)

cid .
I= m((ln3)smx - cos x)
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Worked solutions

Exam-style questions

16a Attempt to factorise (1 mark)
(3eX - 1)(eX + 4) =0 (1 mark)

1 1
e="=x=In|= 1 mark
3= x=n(3] (1 mark)
=-In3 (1 mark)
e* = -4 has no solutions (1 mark)
b Attempt to factorise (1 mark)
(Inx-9)(Inx+4)=0 (1 mark)
Inx=9 = x=¢° (1 mark)
Inx=-4 =>x=¢" (1 mark)
17a 10! =15 (1 mark)
log,, 10> =log,, 15 (1 mark)
5x -1=log,,15 (1 mark)
X = Mb%ls (1 mark)
b In(3)= |n(72] (1 mark)

X

(2—X)In3=iln7 (1 mark)
2In3 - xIn3 = XIN7 (1 mark)

4In3-2xIn3 = xIn7

4In3 =xIn7 +2xIn3

4In3 = x(In7+2In3)

4In3
¥~ (In7+2In3) (1 mark)
18a y =3log,,(2x+100) (1 mark)
y =3log,, [2(x +50)] (1 mark)

The transformations required are therefore:

Translation 50 units to the left (1 mark)
Stretch along the x -axis, scale factor % (1 mark)
Stretch along the y -axis, scale factor 3 (1 mark)
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b y =log,, (2x +100)’

19a

20a

_In(2x +100)’

(use of change of base formula)
In10

_ [%jm@x +100)

dy (3 ) __2
dx (In10 /| 2x +100

6 -
" (2x+100)In10 (or equivalent)

log,, 4 = log,4 1
log,16 log,16

1

log, 4°
1

2log, 4
_1
2

1

log,s (X —4)—log,¢ (x —12) = >

log,s (X —4)—log,s (x —12) = log,; 4

x-4
log,, (mj =log,, 4

x -4

Y _ e 4 3x%
dx

(e (3 )

dy

Substituting x = 3 gives ax 0, hence a stationary point.
X
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Worked solutions

(1 mark)

(1 mark)
(2 marks)
(1 mark)
(1 mark)

(1 mark)

(1 mark)

(1 mark)

(1 mark)

(1 mark)

(1 mark)

(2 marks)

(1 mark)




d’y
dx?

=e* (6x - 3x2) —e~ (3x2 - x3)

= e (6x-6x*+x°)
Substituting x =3

d?y
dx?

=-9e73 <0, so a maximum.

b x=1:>y:l
e

x:1:>d—y=z
dx e

Equation of tangent is y—é = %(X—l)
ey—-1=2x-2
2x-ey-1=0

21 2x* +3x -2 =(2x-1)(x +2)

5x __A B
(2x-1)(x+2) 2x-1 x+2

5x = A(x+2)+B(2x-1)
X===A=1

X=-2=B=2

5

5
J‘[ 1, 2 ]dX:FIn|2x—1|+2ln|x+2|}
\2x-1 x+2 2

1

=%In9+2ln7—2|n3
marks)

=In3+2In7-2In3

=2In7-1In3
=In49 -In3
5
=|n|l ==
3
49
So p=—
P 3
3 dx 1% dx
22a =—
:!xll—9x2 3'%[\/%—%
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Worked solutions

(2 marks)

(1 mark)

(1 mark)
(1 mark)
(1 mark)

(2 marks)

(1 mark)

(1 mark)

(1 mark)

(1 mark)

(1 mark)

(2 marks)

(2

(1 mark)

(1 mark)

(1 mark)




23a

Substitute x = %sinu

j—zzécosu
1.%[ dx lj’ cosu du
31Ji-x* 93 fi-1isinfu

1-sin’u
1%
:Eldu
_Lfz_=x
312 6
_ifz
3(3
-
-9
0.349
J' = dx=jxcosec2x dx
sin? x

Use integration by parts with U =X and j_v = cosec’x
X

dv 5

— =Ccosec’x = Vv = —-cotx

dx

j)g dx = —x cot x + [ cot x dx
sin? x

=-xcot x +In|sinx|+c

A= [—xcotx + In|sinx|]§

. T
sin—

d

. T
sin—

= -ZcotZ +In
2 2

2

T T
—|==cot=+In
4 4

_ [—0+0]—{—%+In%}
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Worked solutions

(1 mark)

(1 mark)

(1 mark)

(1 mark)

(2 marks)

(1 mark)
(1 mark)

(1 mark)

(1 mark)
(1 mark)

(2 marks)
(1 mark)

(1 mark)

(1 mark)

(2 marks)




1
:Z(ﬂ+|n4)

24 a=log, 343

a+3d =log,1331

Solve simultaneously to find d

log, 343 + 3d =log, 1331
3d =log, 1331 -log, 343

1331
3d = |ng [%j

1, (1331
d=Liog, [1331
3092(343j

1
13313
d =log, (mj

d =log, (17—1j

So log,x=a+d

=log, 343 +log, (%)

11
=log,| 343 x =
gz( " 7]

=log, (49 x11)
=log, 539
So x =539

25 Use integration by parts

du
u=e” Dd—z—e_x
X

dv . 1
— =sin3x = v = —-=Ccos3x
dx - 3
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Worked solutions

(1 mark)

(1 mark)

(1 mark)

(1 mark)
(1 mark)

(1 mark)

(1 mark)

(1 mark)

(1 mark)

(1 mark)

(1 mark)

(1 mark)

(1 mark)

(1 mark)




J'e"‘ sin3x dx = —e_xc%y—_[—écoﬁx(—e‘x)dx

= _M_EJQ*X cos3x dx
3 3

By using integration by parts a second time,

e *sin3x

J'e*x cos3x dx =
3

+lje*x sin3x dx
3

So J'e”‘ sin3x dx = —

e ¥ cos3x 3 1 e *sin3x N
3 3 3

lje’x sin3x dx
3

e*cos3x e*sin3x

J'e‘x sin3x dx = —
3 9

—l_[e‘x sin3x dx
9

e ¥ cos3x a e *sin3x
3 9

Eje’x sin3x dx = —
9

e 9 e*cos3x e sin3x
je sin3x dx = —| — -
10 3 9

—X

eO (sin3x +3cos3x)+cC
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Worked solutions

(2 marks)

(2 marks)

(1 mark)

(1 mark)

(1 mark)




Worked solutions

8 Modelling change: more calculus

Skills check
2_ x+4)(x-4
1a limX o6 AN L 4l 4 4 g
x>4 X4+ 4 x4 X+4 x4
3 2
b 1im>X X _jim3x+1-0+1-=1
x—0 X x—0
. 1
c lim

——- -1
-0 x?+1 0*+1

0 2 2
= —, horizontal asymptote is y = =
373 riz ymp isy 3

1
. B o 0 L . o
b leirlx —1_3!(|£Qx3— —3!(|_r21_1—3[1_()}—3(0)—0,horlzontal asymptote is y = 0
X3
_ ] ,_10 25
. AXx - x°-10x+25 . Ty "2 1-0+40 1
c lim =li =lim—X_X* - == =1, horizontal asymptote is
A X5 A xP-5 x5 1-0 1 i ymprote !
x*
y=
3 a Substitute u=x*>-1—du=2xdx
3
2
J.ZX\]XZ—ldxz.[x/ljdu=2%+C
3
2(x*-1p
=>———7 4+C
3
b Substitute v =sinx —» dx = du

Cos X

2
J'sinxcosxdx = judu = u?+C

sin® x
2

+C

¢ Integrate by parts juv' = uv—_[vu'

1
u=Inx=u'==
X

v'=4x+5=v =2x%+5x

= (2x2 +5x)|nx—j2x2—+5xdx = (2x2 +5x)|nx—j2x+5dx
X

= (2x2 +5x)|nx—x2 -5x+C

=x((2x+5)Inx - x -5)+c
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Worked solutions

Exercise 8A
1 a Find the points of intersection:

x=-1,0,1
0 3 3
A:J' X—+2x2+2x—1 - —1+3x+2x2—x— ax +
I 2 2 2 2
1 3 3
j —l+3x+2x2—x— - X—+2x2+2x—l dx
2 2 ) |2 2

A=0.25+0.25=

N[~

b Find the points of intersection

x=-1,0,1
102
A=2J.(X3—xjdx
0
1
A=2(0.1)==
(0.1)-3

c Find the points of intersection

x=-2,0,2
A= _(f [(2x3 -x?- SX) - (3x - xz)de + _2[[(3x -x*) - (2x3 -x?- 5X):|dX

-2 0

A= _(f (2x3 - 8x)dx + j(8x - 2x3)dx

-2 0

A=8+8=16

d Find the points of intersection

x = —0.934 and 0.934
0.934

A= j (8 cos® x — seczx)dx ~ 8.59

-0.934

e Find points of intersection

X
Il
NN

N[N

A=

O =Ny

el

2 a Find points of intersection

of5][ 50

x = 0.531 and 3.43

A= 3f3[lix—((x—2)4—4)jdXz10.1

0.531

b Point of intersection

x =0.476
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A= } (J?-(el-x—l))dx ~7.00

0.476
c Points of intersection

x = 0.537, 2.58, 7.31 and 7.97

2.58 X 4 7.97 X 4
A= j Zsinx—(e2 +1] dx+j Zsinx—(e2 +1J x ~1.34
0.537 7.31

3 Points of intersection

x =1.39, 2.60 and 3.40

A= 2.fo(ln(x— 1) - cos 2x) dx + 3-j‘w(c052x—ln(x—1))dx ~0.528+0.14 ~ 0.668

1.39 2.60

Exercise 8B

1 The graphs of the functions taken two at a time intersect at the points (0,0), (1,4), and (2,1).
The area of the region defined by these points of intersection is:

wfie s gl
5 4

7 1 5 .
=—+|-—=+=|== sqg units
12 (12 2 2

2 The graphs of the functions taken two at a time intersect at the points (0,1), (0.5,2) and
(0.631,1.56).

The area of the region ABC is:

0.5 0.641 1
A= j(4x—2x)dx+ I (——ZXJdX
0 0.5 X
4X 2X 0.5 ZX 0.641
= - +|Inx -
In4 In2 o In2 o5

=0.1237...+0.03894...
~ 0.163 sq units

3 The graphs of the functions intersect at the points (0,2), (0.925,2.29), (2.20,4.76) and
(3.23,57.1).

The sum of the areas enclosed by the two graphs is:

0.925 2.20
A= .([ [(x“ -7x° +6x+2)—(1+x+ e~ fZX)JdXJrOJZS[(lJFXJFex ’ZX)—(X“ 7% 4 6X+2)]dx
=0.842+0.241

=1.083 sq units (to 3 dp)
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[(1 + X+ e"z‘zx) - (x“ —7x? +6X + 2)}dx +

0.925 , 220
A= -7 6x +2)—(1 B X
‘([ |:(X X + O0X + ) ( +X+e }jx-i—ogzs
3.23

Zio[(x4 —-7x? +6x+2)—(1+x+ex “2x ]dx

=0.842 +2.406 + 8.224
=11.5 sq units (to 3 sf)

4 a Find the point of intersection
x3 =4x:>x(x2 —4) =x(x-2)(x+2)=0
x>20=>x=0,2
The entire area enclosed is

4

A= j;(4x x*) dx {ZXZ—XZI=4

4k
[sz —X—} =2
4 0

4

:>2k2—k—:2
4

= k*-8k*+8=0
= k =1.08

1

b y=xX=x=y3

Yy
=4Xx => X ==
y = 4

s Y,
..z[[y3—z]dy_2

4
:Emg—lm2 =2
4 8

4
>m*-6m3+16=0
= m=2J2=2.83

Exercise 8C

1 a V=nj‘y2dx=7z}xdx=g[x2]:=
1 1
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sin2xdx

Oy

-z
2

o

—%[cost]g = —%[—1—1] :%

SIS

V=r I 2dx = ;r_[tan xdx = nf(seczx—l)dx:

n[tanx—xf - ”[1_%j - ”(44_ 7)

1 1 > 1
= ﬂ'J. y’dx = z[(e™)dx = 72'.[ e dx
0 0 0

2x _ 1
3] = -5lem =515

V= n} yidx = niﬁdx
0 0

z[ln(x+1)]z =rzln4

3 V= ;rjs.yzdx

4 a

(36 x* Jdx

V= njz' x*dy
0

2 2
= n£4sin2 ydy = 27r.([(1 - cos2y)dy
2

1 .
=2 - =sin2
’{y 2 y}

[o]

= 2;r(2—%sin4} = ;z(4—sin4)

1
b V=njx2dy
0
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5 This is equivalent to rotating x = siny fromy =0to y =% through 2x radians about the y-axis

~V=zx|sinfydy =

[SLEERNTIY
Oty

% (1-cos2y)dy
2

1.
~Zsin2
|:y 2Slr‘l y:|0

NN

INEN

6 This is equivalent to rotating x = cosy fromy =0to y =% through 27 radians about the

y-axis

3 3
V= nj cos’ ydy = %f(1+ cos2y\dy
0 0
T . 2
=— =sin2
2{” yl
_
4

7 Intersection points: (0,0) and (2.31,1.16)

a V= 7zzfl[(arctan(x))2 - (eg— 1J2de ~2.35

1.16

b V=x[((3In(y+1)) ~(tan(y))) ~ 4.18

0

8 The functions intersect at x = 0.467 and x = 2.10. Therefore,

V= ;rzfo [(1 + Inx)2 —[tan%jz}jx ~ 3.58

0.467

0.601
9 The functions intersect at x = 0.601, Therefore, V =rx .[ ((cosx)2 —(ex— 1)2)dx ~1.31
0

Exercise 8D

1 a s(t)=[v(t)t
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Worked solutions

2

[(sin2t —t sin2t)dt

0

_ 1 2tT 2t in2tdt
_—E[cos ]o—J' sin

1 : 24
= {——cos 2t + — cos Zt} _[—cos 2tdt
2 12

2
= ucosZt—lsm2t
2 4

0

=1cos4—lsin4+1 ~ 0.362
2 4 2

D = [|(1-t)sin2tdt ~0.479

O'—.N

3z

i 3cost=0:t=£,—
2° 2

ii 3cost<0:>—<t<3—”
2 2

iii 3cost>0:>0<t<% and 3?”<t<27z'

2z
j 3costdt =0
0

L3

2z 2 T
[ [Bcostidt = 12[ costdt =12[sint |z =12
0 0

i sin2t=0:t=0,%
ii sin2t < 0 = no solution

ili 0<t<Z
2

, 1 |
sin2tdt = —E[coszﬂg = —5(—1 -1)=1

ot—,nN

kd

2
|sin2tjdt = jsintht =1
0

o—N[3

i J2-t=0=t=2
ii x/Z—t<0:no solution
iii v2-t>0=>0<t<2
2
j\/ tdt - {——(2 t)} :?
0
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c D\/Z—tdt =:[\/2—tdt =$

5 ai e®sint=0=t=0,72x

ii e'sint<0=7rz<t<2x

iii e'sint>0=>0<t<nxn
2z

b _[ et sintdt = [—ec"“lz) =0

0

2z
c |
0

=2(e-3z470
t
6 a i 1thz:O:t“:O
Lt .
W =< 0 = no solution
S
iii 1H_2>0:0<ts3

1

r 2z
gcost sint|dt = jemf sintdt — j e“st sintdt
0 V.4

b i t =%[In(1+t2)ﬁ=§|n10z1.51

1

Tt oo Tt - -
c £|1+t2|dt_6[1+t2dt_zln10~1.51

et T ot
7 J'3e3dt=—9{e3} :9[1—e3j
0 0

8 a Tv(t)dt =s(t;)-s(0)=s(t,)-8=-2=5(t,)=6

0

t.

t;

b [v(tlt =s(t,)-s(t) = s(6)-6 =16 = s(t,) = 22

c s(t;) = 6, so 6cm to the right of the origin at t = t;

s(t;) = 22, so 22cm to the right of the origin att = ¢,

t

[v(tyt =s(t;)-s(t,) =s(t;)-22=-7 = s(t;) =15

t

so 15cm to the right of the origin at t = t3
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- s(7)= s(O)+_1'v(t)dt

_ 2,515 22 54
42 4 4

So 5.5cm to the left of the origin

7 9 5 15 17

Exercise 8E

dy 2x? ,dy )
1 a == — =2X
dx y? =Y dx
.'.Iyzdy: I 2x°dx
3 3
Y2
3 3
1
=y =(2+cp =2 +c
b Q:ey"‘:e‘yd—y=e‘x
dx dx

Ie’y dy = I e™dx

> -e¥V=-e*+cC

eV =e"+cC

= -y =In(e™+c)

=y =-In(e”+c)
e*zxg—izgjy%=3ezx
J'ydy = I3e2xdx

y2 _ 3 2x

=>—==e"+c
2 2

= y>=3e"+c
=y =+l3erc
dy 1dy

—~ =y COSX = ——— =COS X
dx Y :>yd
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jldy:jcosxdx
y
=Iny =sinx+c

= y — esinx+c — Aesinx

dy x+sinx % .
L2727 o5yt — x+sinx
dx 5y* =y dx "
f5y“dy = f(x +sinx)dx

5

1
=y =§x2—cosx+c

1
1, 5 x?
=>y= EX —COSX +C :57—cosx+c

(1+9x2)ﬂ=1=>‘j—y=#2
dx dx 1+9x

S>y= %arctan(3x) +C

1 1

dy dy

1 1
x2+y?2 =2 =0= y2 -2 = _x2 subject to y(1) = 4

dx dx

1 1
J' y2dy = —J' x2dx
3 3
= ZyE _ 24,
3 3
3 3
=>y?=-x%2+cC

Whenx =1,y =4

=8=-1+c=>c=9
3 3

Ly2=9-x2
3\ 3)?
:>y:[9—x2] =3[9—x2J
xe¥+ yﬂ =0= yﬂ =-xe* subject to y(0) = 1
ax ax

fydy = —jxexzdx
1, 1

=>Zy?=-Ze‘sc
2y 2

Sy --e‘+c

Atx =0,y =1

l=-1+c=>c=2
nyt=2-e%

=Sy = \IZ —e (take positive root due to initial conditions)

dy
dx
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Iezydy = Iexdx

S lew e
When x =0,y =0
.'.%=1+c:>c=—%

Slev el
2 2

= e¥ =2e-1

Sy= %In(ZeX—l)

a ¥ 2xy sin(x*) = Ly _ 2xsin(x*) subject to y(0) = 1
dx y dx

1 .
J;dy = ijsm(xZ)dx
= Iny = —cos(x*)+c
When x =0,y =1
~0=-1+c=>c=1
= Iny =1-cos(x?)

l—cos(xz)

y=e
e exﬂ+x:0:ﬂ = -xe ¥ subject to y(0) =2
dx dx
.'.jdy :—Jxe’xdx

=y =—[(—xe‘x)+J'e‘deJ =xe*+e’+c=e*(x+1)+cC
~Whenx =0,y =2

=>2=1+c=>c=1

Ly=xe'l+te¥+l=e¥(x+1)+1

Exercise 8F

1 a 9T k(T-T,)=K(100-T)
dt
b 1 I _
T-T, dt

In(T -T,) = -kt +c
>T=T,+Ae™
When t =0,T =100
100=T,+A €))
When t =10,T =80
80=T,+Ae ' (2)
When t =20, T =65
65=T,+Ae?™ (3)
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10k

Multiplying (2) by €™ and subtracting from (1)

_ 10k
100-80e =T, (1-e™) = T, = _102 _235
. 80-65e'% 100-80e™
o To= 1_ ek = 1_ 0k
—100-80e% — 80— 65e% = k = —In[ 2
10 (3
=T, =20°C

c T,=20=A=80

N,
T(t)=20+80e © sk
4

- T(30)=20+80 ") L5380

a7
2 a _ =-k(180-T)

1 dar_

180-T dt

. —In(180-T) =kt +c

= T(t)=180-Ae™
T(0)=180-A=0= A =180
T(5)=180(1-e*) =120

1-e>k :g:k:—lln 1 :1In3
3 5 3 5

~ T(t) =180 [1 - eé'“J

s0 T(10) =180(1-e?"*) = 160°C

3 Since OP = PQ, OQ = 2x and the coordinates of Q are (2x,0)

The gradient of PQ is therefore y=0 =Y
X —2X X
. . . . . dy
Since PQ is the tangent of P, its gradient is dx
Ldy oy
Tdx X
_dy _ dx
y X
dy _ dx
=Iny=-Inx+c, sincex>0andy >0

=Iny+inx=c
=In(xy)=c
=Xy =k
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The point (1,2) lies on the curve
=>k=2
2
Ly ==
X
aP

9= _kp
dt

1
= | 5P = [ kat
= P =P, e where P, is the initial population size
P(0) = 500 = P, = 500
.. P=500e"

When t =3, p =10000

10000 = 500e%* = k = 'r‘%

In20

. P=500e 3

5In20

c P(5)=500e 3 =73680.63...~ 73700

d When P = 500000

In20

500000 = 500e 3

=t= iIn(1000) =6.917596...
In20

so 7 hours (to the nearest hour)

av
— =cr
dr
V = i71'!‘3

3
av =4zr? ar
dt dt
=cr=4nr*—

dr c k c
>—=——=—=k=—
dat 4nr r 4z

dr k
b d—;=7:»jrdr=jkdt O

2

L kt +d
2
Substituting(0,8),d =32

2
T kt+32
2

Substituting(30,12),k = —

Wl H
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Cc

a _ P
dt ~ 50

2
t-15-" 215,32
2 3

=r’=104
r =10cm
danN
9 _kn(100-N
o (100 -N)
-1 daN_
N (100 - N) dt

1 a b

==+

N(100-N) N 100-N
= 1=a(100 - N)+bN

N-0:1-100a= a- -
100

N =100:1=100b= b = -

100
Sifr, 1 dav_
""100|N 100-N | dt

1
= m[lnN—In(lOO—N)} =kt+c

=In N =100kt +c
100-N

— 10(;\/ N — Aelookt
Aelook _ 1
99
A 200k _ 1
49
Ae 99
= el = A g0k = 49
K = ﬁm% ~ 0.0070.. = 0.007(3 dp)
n 1 49
A -t A %9 _6004999..-0.005 (3 dp)
99 9801

Rearranging the result from the first part

4900 (33 ,
() - 100A4e"™  9g01°© _ 100(2.02)
1+ Ae!® 1 49 In(i—g]t 2.02" + 200
“9801°

N(7) = 40.725... so 41 students

Pli-_P )P __(2000-p)
2000 ~ 100000
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100000 dP _
P(2000-P) dt

50 50 \dpP
N bR L |
P " 2000-P)dt

= 50|nP—50In(2000—P) =t+c

P £
S - Ae®
2000 - P
£
50
. pr) 20004¢
1+Ae%
P(0) = 300
= 20004 500423
1+A 17
t
. P(t) 6000e5°[ 2000(1.02)f]
oo = T ~ T
7305 | 1.027+5.67

P(3) = 315.6234...
so 316 to the nearest integer

ar _4

d 5 |© 350) 875

1 ap_ 2
" P(350-P)dt 875

_+—
P 350-P

[1 1 ]dP_2(350)_700_4

dt 875

pl1-P |- 2 pso-p
(1-555) - 57P(350-)

875 5

2

49 + e

b limP(t) =350

4
~ 350e’ [ 350(2.226)
- "~ 2.226" +49
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Jlav_ 1

Tvdt 2

= ldv:j—ldt
v 2

t
=Ilnv=-=+cC
2

t

=>v(t)= Ae 2

If v(0) = 20, then A = 20
_t

so v(t)=20e 2

dv 2s
10a a=v—=
ds s*+1

= Ivdv = J'%ds
2

:V?:In(sz+1)+c

Whens=1,v=2

2=Iln2+c=>c=2-In2
V2 =2In(52+1)+4—2In2

V= \l2In(sz +1)+4-2In2 (positive sqaure root due to initial conditions)
2

- 2In[$ +1j+4
2

b Whens =5,

v =\/2In(26)+4—2In2 = In(%}+4 =+In169+4 =y2In13+4~3 ms*

2
11a-Y__[¥ 3| L (2.1600)

dt 50 50
1 av__1
1600 +v? dt 50
:>'[—d1 Sdv = - i(.'J'l'

1600 +v 50

1 v t
= —arctan| — [=-—+¢C

40 40 50

v at
= arctan| — |[=-——+¢C
(40} 5

=>v(t)= 40tan[c—%j

v(0) =40

:>40=40tanc:>tanc=1:>c=%
.~.v(t)=40tan z_4t

4 5
v(10)=-53.8ms™ (3 s.f.)
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Exercise 8G
1 a xy'=xcosx+y

= X(v+xv')=x*cosx + xv
= x%'= x?cos x

= Vv'=Ccosx

vV =sinx+cC

=y =x(sinx+c)

b x%'=3x>-xy

= X*(v+xv')=3x* - x
S>V+xv'=3-v
= xv'=3-2v

1 , 1
= vi==
3-2v X
1 1
= —dv=J—dx
3-2v X

= —%In(3—2v) =lnx+c

=1In(3-2v)=c-2Inx

~3-2v=Aem = A
X
1 A
v==:(3-4
= 2[ xzj
X A 1 3x%+ ¢
=2|3-2|=—(3x?-A)=
=Y 2[ xzj 2x( ) 2x
C x2ﬂ=y2+xy+4x2
ax

x? (v + XV ') = X2 + X% + 4x3

> xv'=vi+4

1 1
= V==
4+v X
1 1
= —zdv:J—dx
4+v X

1 v
= —arctan| = |=Inx+c¢
2 2

= v =2tan(2Inx +c)

=y =2xtan(2Inx +c)
2 letv=Y
%

X2y = y? + xy + 4x?

From 1 ¢ we know the solution is
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y =2xtan(2Inx +c)
When x =1,y =2 so

2=2tanc:>tanc=1:>c=%

Ly = 2xtan(2|nx+%]

3 y'=

X <

y2
i subject to y (1) =2

2

Letv:Z
X

LXV'HV =V 4+ V2
= xv'=v?

X | =

1,
:FV = —
1 1
:J#v:j;dx

1
=>-—=Inx+cC
v

1

c+Inx
X

c+Inx

SvV=-

y:
When x =1,y =2

1 1
L2=—--"=>C=-= SO
C 2

2x

Y =1 2inx

4 x’'=y®+3xy +2x* subject to y (1) =-1

= x? (v+xv ') = x%v? + 3x% +2x°
SVv4+xv'=vit+3v+2

S>xv'=vi+2v+2
1 , 1
=55V ==
Vei+2v+2 X
:I%dv:]ldx
1+(v+1) X
=arctan(v+1)=Inx+c
=v=tan(lInx+c)-1
y = x(tan(inx +c)-1)
When x =1,y = -1
~-1=tanc-1=c=0
=y =x(tan(Inx)-1)

Exercise 8H

1 a y+y=¢€"
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Idx x

I=e" =e
S e‘y'tefy =e¥
Y (o

)

:exy—lez"+c
2

2x

= =€

1 X -x
= =—e'+ce
V=3

(x—l)y'=y—x2y:>(x—1)y'+(x2—1)y=0

. ox?-1
= y'+
x-1

y:y'+(x+1)y=0

= eEiHJ (y+(x+1)y)=0

d
a(xy) =x*+1
1.5
S XYy ==X +X+C
1, c X*+3x+c
Sy=-X+1l+—="———
3 X 3x
y'+y =sin(e)
r-el® _er

e (y'+y)=e"sin(e)
%(ex y)=e"sin(e)
="y =-cos(e*)+A

=y =-e*cox(e)+Ae”

y'+xy =xe’
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1
xdx X
I= ej =
2 x? 3x2

Le?y'vxe?y=xe?

Ll 3
:i(ez szxe2

x

dx

x? 3x?

Se?y==Ze?+cC
3

XZ

Sy-letice ?
3

X?’y'+ 2Xy = COSX

i(xzy) = Ccos X

dx
= x’y =sinx +c¢

sinx +c¢
=Y =—"0

X
. , 2 COS X
Xy'+2y =cosx => y'+—y =
X X

2
I — ejfx — e2Inx — XZ
5 X’y '+ 2Xy = XCOS X
= i(xzy) = XCOSX
ax
= x%y = [ x cos xdx
= X’y = XSiNX +COSX +C
sinx cosx ¢
X

=Yy
2

xy' =y+x3sinx:>y'—%y = x?sinx subject to y (7) =0

:Z:sinx—xcosx+c
X

=y = xsinx - x> Ccosx +cx
When x =7,y =0
~O0=zsinr-z°cosz+Ccr = C=-x

=y =Xxsinx - x>cosx —zx

xy'_§:2y2>y'_£y:i2 subject to y(2) =5
X X %
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Exercise 8I
1 |n X, Ya %=f(xn,yn)=2_2yn_e-4xn
0 0 1 -1
1 0.1 0.9 -0.470320046
2 0.2 0.8529679954 -0.1552649549
3 0.3 0.8374414999 0.02392278827
4 0.4 0.8398337787 0.1184359246
5 0.5 0.8516773712
so y(0.5)~0.852
2" G & Z—)’; =f (X, ¥,) =2X,Y,
0 1 2 4
1 1.4 3.6 10.08
2 1.8 7.632 27.4752

When x =2,y =5

:>5:4c—l:>C:E
2 8

y_11x2_1
8 X

y '+ ytanx = secx subject to y (0) =2

e_[ tan xdx ~In(cos x)

I-= =e

dy

=Secx

;. secx o sec x tanxy = sec’x
X

d
= d—X(y sec x) = sec’x

= ysecx =tanx +c¢
= y =SinXx + ccos x
When x =0,y =2
n2=c=>c=2

= y =sinx +2cos x
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3 2.2 18.62208 81.937152
4 2.6 51.3969408 267.2640922
5 3.0 158.3025777
y(3)=158.3
5 X Yo Z—§=f(xn,yn)=xn2+yn2
0 0 1 1
1 0.1 1.1 1.22
2 0.2 1.222 1.533284
3 0.3 1.3753284 1.981528208
4 0.4 1.573481221

y(0.4) ~1.57, underestimated since y’ is increasing

5 G & % =f (X, y,)=€"+2y,
0 0 1 3
1 0.1 1.3 4.485170918
2 0.2 1.748517092 | 7.336026799
3 0.3 2.482119772
y(0.3)~2.48
=" o Yo Z—§=f(xn,yn)=2xn(1+xn2—yn)
0 1 2 0
1 1.1 2 0.462
2 1.2 2.0462 0.94512
3 1.3 2.140712

y(1.3) ~ 2.14, using a smaller step size would give a more accurate answer

b Integrating factor method
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Worked solutions

d—y+2xy =2x +2x°
ax

I _ e'[Zxdx _ exz
dy

- e o 2xe’y =e° (2x + 2x3)
= Z—){(e"2 y) =e" (2x +2x°)

= e’y = [2x° e dx + [2xe dx

Note that J'Zx3 e’dx = J'x2 (2x e’ )dx =x2eX - IZx e“dx (by parts)
ey =xe’- IZx e*dx + JZx e“dx +c

=x’e’+c

S>y=x2+ce~

When x =1,y =2

n2=1+ce'=c=e

Sy(x)=x*+e

y(1.3)=2.191576

Exercise 8]

1 a Iim30X _im&sSX _y
x>0 X x-0 1
. _tan3x . 3sec’3x 3
b Iim =lim—== =

x>0 tandx -0 dsec’4x 4

. 1- X . inx
c lim cos =I|ms =0
x—0 X x—0 1
2 2
e’ -e’ . 2xe¥
d lim =i =6¢°
x->3 x -3 Xx—3 1
1
. 1-Inx .y
e lim =lim—-X =1
x—e X X—e
21 =
e e
arctan x i 1 1
. a4 . 2 5 1
f I|rr11 " =I|n‘11 1+x ~ 2 ==
X T x-1 77 2 7T T T
tan” -1 T sec? % (\/5)
4 4 4 4
. COSX—COS2X ,. —Sinx+2sin2x
g lim =1lim - =0
x>0 X —COSX x—0 1+sinx
sin(x? 2x cos(x? cos(x?)-2x?%sin(x?
hoiim SC) o 2XES() L cos() —2dsin(x)
x>0In(cosx) x>0  tanx x-0 sec’x
-1
In(1+x)—x=|_ Tox v X i 1

i lim———————— =Iim : =lim —— =1im — =
x>0 cosx -1 x>0 —sinx  x»0(1+ x)sinx x>0(1+ x)Cos x + sinx

x? . 2x 2
=lim =

X0 _e

j lim

X0 e

=X
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Worked solutions

2
k im— _iim— 2 _jim 2 _lim 2 ~0
X0 eX In X X0 x 1 X0 x 1 1 1 X0 x 2 1
e“| =+Inx el —+Inx-5+= e’lInx+=-=
X X x> X X X

COSX —cos2x . —sSinx+2sin2x . —-cosx+4cos2x -1+4 3

lim

I lim lim

x—0 X2 x—0 2x Xx—0 2 2 2
o 2x3—x? . 6x?=2x . 12x-2 .. 12
2 a lim - =lim = =lim — = =

x50 D X — X x> 1 —4x x->n 12X x—n 24X
soy=0
. 3x*-2x*+1 . _9x*-4x . 18x-4 . 18

b Iim — =lim > =lim =lim—=-3
xo0 DX —X x->»o —1 — 3x xoo  —BX X—0 —6
soy=-3
. 3x>-7x . 15x*-7 . 60x°

c Ilim 5 =1lim =1lim =
x—»o 2X° + 4 X—® a4x x-o 4

so no horizontal asymptote exists

X X 2 5x
d Iimz—2 = Iimw = Iimw

X0 X X—® 2X X—®

= 00

so no horizontal asymptote exists

Exercise 8K

1 a f(0)=0

+—+
2 6 24
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Worked solutions

f'(x)=cosx =f'(0)=1
f'"(x)=-sinx = f"(0)
£

=0
x)=-cosx = f"'(0) =

O

(
F9(x) =sinx = F¥(0) =
(

'(x) =-2sinxcosx = -sin2x = f'(0) =0

(x)=4sin2x = f"'(0)=0
F9(x) = 8cos2x = ¥ (0) = 8
(

f
Fr(x) = 2(1—x)’3 = f"(O) =2
p

Fr(x)=-2x(1+x?)" = F'(0)=0
FU(x)=-2(1+ xz)_2 +8x” (1+ xz)_3 =f"(0)=-2
"'(X) = 8x(1 +X ) + 16x(1 +x2)f3 + terms divisible by x*> = f"'(0) =0
F9(x) = 8(1+ xz)f + 16(1 + xz)f2 + terms divisble by x = ¥ (0) = 24

L f(x)=1- X%+ x*+.

g Using question 1 f

f(x):x(

1+X2j=x(1—x2+x4+...)=x—x3+...

Exercise 8L

9X2 3an 0 3an
1 a e&=1+3x+ ot o=
2 n! = n!

b

1 0
=1-x+x2-xX3+...+(1)"x" =S (-1)"x"
T x (-1) NZ::O( )

¢ Using the series sound in part b

) +12X — 1250+ (20) = (3X) #one b (C1)(2X) 4. = ;(—1)”(2x)"

© Oxford University Press 2019




2(2n+1)

d arctan(xz):xz—x—+_+ 4~ X
3 2n+1
e y=f(x)=sin’x
'(x) =2sinxcosx =sin2x = f'(0) =0

f

f'(x)=2cos2x = f"(0) =2
f"'(x)=-4sin2x = f"(0)=0
f¥(x) = -8x cos2x = F¥(0) = -8

+

= (1)

X 2(2n+1)

2n+1

Worked solutions

Can show inductively that f*"*(0) = 0 for x e U and f*™ (0) = (—1)"771 22m-1

for x eJ so f(x):i% 2m

which coincides with the answerto 1 e

f)o TX-2 __ A B
S (x+1)(x-2) x+1 x-2

=>7x-2=A(x-2)+B(x+1)
x=2:12=3B=B=4
x=-1:-9=-3A=A=3
. 7x-2 3 _ 4
C(x+1)(x-2) x+1 x-2

n=0 n=0
= 3i (-1)"x" -2 3 —fj
n=0 n=0 2
=Y (31 -2
n=0

. sinx—-x .
a lim 3 =i 3
x—0 X x—0 X
x: x°
Z+
. ( 6 120 ] . 1 x
lim 3 =lim| —=+
x—0 X x—0 6 120
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Worked solutions

XZ X3 XZ X3
lex+—+—+. |- |1-X+—=—-—+...
. e"-e . 2 6 2 6
lim =lim

x—0 X x-0 X

“m(z 2cos x) _g] (1-cosx)
x—0 )(6 x—0 )(6
1- 1—X—2+X—4+ ’ X _xt ’
) 2 24 7 2 24
8lim 3 =8lim 5
x—0 X x—0 X
2 3
—gliml 1o, ] 28elot
0|2 24 8
- x2—six . (x+sinx)(x-sinx)
lim =lim
x>0 x%sin?x  x-0 X2 sin? x
2x X—3+ x° X—3 x° +
. 6 120 )l e 120 7
3—7 —
6 120
2x—X—3+ x - 1 L +
. 6 120 Jle 120
_lxlirg XZ X4
1% _
6 120

3 N
|
N |~
|
N~
N—
|
N W
N—
N\
N[+~
|
3>
+
—
N—

a2
( l)n—l (Zn)l
(27n !)2 (2n-1)
= 1+ i(—l)”‘1 (fn) 1)"x"
n=0 (27n1)" 2n-1)
=Al-x =1—i%x” :1—lx—lx2 —ix3—i g
n=0 (Z”nl) (2n _ 1) 2 8 16 128
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Worked solutions

1 3 &(-3) .,
b f(X)=m=(1+X) =z( jX

(—3]:-3~-4.-5....-(3-n+1)

n nl
=(—1)"3'4’5'£I;'!(n+2)!
= -y (022

" +1X)3 _ ;(—l)n [nzzjxn 1o

c f(x)= m =(1- 4x2)_2 = Z(_ZJ(AXZ)"

2) 2.-3--4...-(2-n+1)

n) n!

2.3.4....-(n+1)
n!

- -1y
—ay Dy
n!
ﬁ = 3 (n+ (-4 X" =3 47(n + x>
—4x n=0 n=0

=1+8x%+48x* +...

(1
d f(x)=- ! 3:(1+2x3)4=2[__J(2x3)n

1+2x n=0

4"n!
. 1 _..< n1:5-9-..-(4n-3) 4 5\
123 _1+nz:0(_1) 4"n| (ZX )

2 21:5-9....-(4n-3) 5,
=1 -1
+,,Z:(;( ) 2"n! X

B, AR,

41 51!

37 9 81
£(0.2) ~1.06272
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y'(x)=ytanx+cosx = y'(0) =1

y"(X)=y'tanx+ysecx—sinx:>y"(o):_%
. _ T, T

sy (X) =g x =X

y(0)=1

Ly'(X)=yi-x=y'(0)=1"-0=1
y"(x)=2yy'-1=y"(0)=1

yln(X):Z(y') +2yy :>y|||(0) 4
y(4)(x)=4y 'y'+2y'y"+2yy" =6y "y '+ 2yy "

=y (0)=6+2(4)=14

(

m m

0)=8(4)+6+2(14) = 66

)
v
x? 4x*® 14x* 66x°
J=la X+ T —

21 3! 41 5!
2) =

1.2264 (4 dp)

y(x
y (0.
y(0)=0

y'(X)=y’+1=y'(0)=0"+1=1
y"( )=2yy'=y"(0)=0

y“‘(x):Z(y') +2yy" = y"(0)=2
yW(x)=4y"y'+2y'y "+ 2yy " =6y "y '+ 2yy
=y¥(0)=0

:6y|||y+6( ") +2y y +2yy 8)’ y+6( ")2+2yy

(4)

y(S) (X) _ 6yl|| |+ 6( ll)2 + 2y|yl||+ 2yy(4) _ 8y|nyl+ 6(y||)2 + 2yy(4)

=y (0)=8(2)=16

Which is the Maclurian expansion of tanx.

Chapter review

a A= | (sinx-cosx)dx

sy e—a|{

5z
=[-cosx -sinx |?
4

A3

b A= T(Zsinx—sian)dx
0
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Worked solutions

={—2cosx+lc052x} =4

2 0

X =x>=x*(1-x)=0=x=0,1
1

.'.A=j;(x2—x3)dx={%3—%4] =%

[o]

2
=

2 2( 1
X>03X=X33X3[X3—1]=0

= x=0,1

1 2 5 2 1
A:2j(x3—x}:/x:2Fx3_X_} _1
: 57 "2 75

x*—2x? =2x%? = x* —4x? =x2(x2—4)=x2(x+2)(x—2)=0
= x=-2,0,2

From the sketch the graphs just touch at x = 0 so the enclosed area is the integral from
xX=-2tox=2

A= i[ZXZ -(x*- 2X2):|dX = i(4x2 - x*)dx

3 5| 15

The graphs intersect at x = 0 and x = 4

.:A=2} X—2+4—|x2—4| X
112

Sketch the graphs and find the points of intersection for x > 0:

\/?:X;6:5\/7:x+6

= 25x = (x+6) = x?+12x +36
= x*-13x+36=(x-9)(x-4)=0=x=4,9

Substituting these values back into the equation verifies they are valid for x < 0:

\/—X=X;6:—25x=(x+6)2 —x?+12x+36

x*+37x+36=(x+1)(x+36)=0= x=-1,-36
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Worked solutions

Substituting these into the original equations shows x = —36 is a spurious root and the only
valid root in this region is x —1

ezt e
=Hx;6_ﬁ X+I{X+6—F}dx+i[f—x+6}dx

5 5

x* 6x 2, 3 [x* ex 22T [22 x* 6x| 5
=l S (x| | ms X2 | Ix - - =2
105 3V 10" s 37 | |37 T10 5

f The graphs intersect as x = £2

Note that the total area is double the area enclosed in the first quadrant

2 8 X2 2 2 X2
LA=2 - —dx=2|| ——-—dx
;[(4+x2 4 -([

3 2
= 2| 4arctan XX
2) 12
—2|aarctan1-2|=2]4[Z)-2|-2, -2
3 4) 3 3

3 Total area enclosed is double the area enclosed in the first quadrant. The intersection in the
first quadrant is at x = 1 (by inspection or algebraically)

. t 2x 3
..A=2‘([(X2+1—x jdx

:Z{In(x2+1)—%4}l

0

—2in2-1
2

4 a X :d_y
x+1 dx

ldy x _x+1—1_1_ 1
ydx x+1 x+1 = x+1

[y =j(1—+

sIny =x-In(x+1)+c

x-In(x+1)+c _ AeX

=e
=Y x+1
1dy X

b ——==
ydx x°+1
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J‘ld = ZLdX
y X“+1

:Iny:%ln(x2+1)+c

%In(xZ +1)+c X2 +1

>y=e =Ae'n( ):A x> +1

ory = Jc(x*+1)

dy

1+xy'=y2:>x5=y2—1=()/+1)(y—1)

Ory_cx2+1
1-cx?

ﬂ_ 1 1
dx _xy+y_y(x+1)

,dy 1
Vax T x+1

- o [0

2
:%:In(x+1)+c

>y :J_r,/c+2In(x+1)
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I=ej§dx = x?
, dy 2 o 4
SX d—+2xy:x Sin2x — x
X

= C;ix(xzy) = x?sin2x - x*

5
= X2y = [(x?sin2x — x*)dx = [ x? sin2xdx - > + ¢
=] Jox = | c

1., x°
=—-=X cost+Ixcostdx——+c
2 5
5
:—1x2c052x+isin2x—ljsin2xdx—x—+c
2 2 2 5

2 5

=fsin2x+lc052x—x—c052x—x—+c
2 4 2 5

_Sin2x  cos2x  cos2x x?

-—+c
2x | 4x 2 5 "
dy
—~ —ytanx =1
dx y
dy

= COSX —— — ¥y SinX = COS X
dx

= i(ycosx) = COoS X
ax

= yCOSX =Sinx+cC
= y=tanx +Csecx

ay 1, 1l
dx 2 2
I:ej._z —e?
dx 2 2
Ly 1
— e ? .
~ gl
_1
>e? y=—+cC

dy
9 _k
a

lay
y dt

=Iny =kt +c

=y =y,€e" where y, is the amount of substance at t =0
Yo _ Y, €5 = k = - In2

2 5500

_In2
LYy =y,e 5500
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In2
Yo

Doy @ 5500
5 0

1 In2
=Inl=Z|=- t
5 5500

5500In5
>t=—"7-—
In2

=12770.60452

so 13000 years (to the nearest thousand years)

Worked solutions

X y dy X,Y,
n n 7 —_f(x , -1- n?n
dx (Xor¥2) 4-x2
0 0 1 1
1 0.25 1.25 0.9206349206
2 0.5 1.48015873 0.8026455026
3 0.75 1.680820106 0.6332756133
4 1 1.839139009
y(1)~1.84
Q+Ly =1 subject to y(0) =1
dx 4-x°
I- e_fr);zdx _ eféln(4—xz) _ 1
4 - x?
1  ay X 1
el A 3 y — \/ =
4 - x

:i( 1 y]: 1
dx (4 - x2 J4 - x2
= 4 =arcsin[§j+c

G
>y= W(arcsin(%) + c]

y(0)=2c=1:>c=%

=>Yy= W(arcsin(%) + lj

2
y(1)=1.7729...
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Worked solutions

M

tn

Since y’ is decreasing the value of y is greater than the actual value.

7 f(x)=In(1+sinx)=f(0)=0

fl(X): COS X

1+sinx
=f'(0)=1
f..(x)_(1+SinX)(—SinX)—cosx(cosx)_ dosinx 1

(1+sinx)’ (L+sinx)”  1+sinx
=f"(0)=-1
-Cos X oS X
F(0) =~ Rt 3
(1+sinx)”  (1+sinx)
=f"(0)=1
. 2 . A

£ (x) = (1+sinx)’ (~sinx) - cos x e 2cos x (1 + sinx)

(1+ sinx)4
-sinx(1+sinx)-2cos® x _ —sinx— sin® x — cos® x — cos? x
(1 + sinx)3 (1 + sinx)3

_ —sinx -1-cos® x

(1+sinx)3
f9(0)=-2
f*(0)=5
f(x)=x—ix2+l 3_2 44 Dy
217 7317 47 T
x> x* x* X

8 Using L'Hopital’s Rule:

. sinx—-x . cosx —1 . —sinx
lim - =lim— =lim - =0
x>0 xsinx x>0 siNX + XCOSX X°02C0SX — XSinx

Using MacLaurin Series:
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Worked solutions

. sinx-x .
lim - =lim
x>0 xsinx X—0 X3 x>
x| x-"—+ -
6 120
x> x° . x X
-+ —.. lim|-=+ -
. 6 120 x-ol 6 120
=lim = =0

X0 x3 x° X2
X|x-—+ - lim/1-—+...
6 120 X0 6
(dividing top and bottom by x? in penultimate step)

9 Using L'Hopital’s Rule:

1
lim—"X_ _jim_x __ 1
x>1sin(27x) x>12zcos(2zx) 2z
Using MaclLaurin Series:
Inx _ In(1+x) __In(x+1)

gl sin(27zx) x50 sin(2;r (x+ 1)) = sin(27zx)

x> x° x x?
X—-"—+"=—.. 1-Z+%—+...
2 3 . 2 3 1
=lim =—

X 3 X
° _(27[X) +J 027r—g7r3xz+... 2z

Exam-style questions

10a

\[ [ =/

_k'lfl\\ o

-2 -1

(1 mark) for correct shape, (1 mark) for symmetry about the y-axis, (1 mark) for points of
intersection

-

b A= 2[(x-x)dx (1 mark)
0
x2 x|
=X _X (1 mark)
2 3]
11
= ZEE—EJ (1 mark)
= % square units (1 mark)
11a d(t)=|sin2t —sin(t -0.24)| (2 marks)
b Use GDC to find the maximum of d =1.88 (1 mark)
occurs when t =2.25 (1 mark)
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Worked solutions

¢ Find intersection of graphs (1 mark)
t=1.13 (1 mark)
12a
¥
T
: (1.799,
. Nvir
-Znu-mrs,-l ‘D N A
(1 mark) for shape, (1 mark) for domain
b f(x)=g(x)=x=-1.68x=1.80 (2 marks)
c -1.68<x<1.80 (1 mark)
1.8
d I (f(x) - g(x))dx =5.68 (2 marks)

-1.68

OR can be done using technology

HNEE
| ==
AT N
Yieramt [ [0 INA
0.1B57)
13 Let the number of insects be y.
Y iy (1 mark)
dx
1
_[—dy = I—kdt (1 mark)
y
Iny = -kt + ¢ (1 mark)
y _ e—kt+c
y = Ae™®
when t =0, y = 500 000 = A = 500 000 (1 mark)

y = 500 000e™¥
whent =5, y = 400 000

400 000 = 500 000e>¥ (1 mark)
i _ e—5k
5
5k =InZ
5
1, 4
k = —glnE (= 0.0446) (1 mark)
250 000 = 500 000e7 (1 mark)
1w
2
In= = -kt
5 1
t=——In= = 15.5years (1 mark)
Ini 2
5
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Worked solutions

14a 'fseczydy = J'cosxdx (2 marks)
tany =sinx+c (1 mark)
tan%=sinzz+c:>c=1 (1 mark)
tany =1+ sin x (1 mark)

y = arctan (1 + sin x)

b Since the denominator is 0 when x = % , to apply I'Hopital’s rule the numerator must also be
0. (1 mark)
Hence k = arctan(l + sin%} = arctan2 (1 mark)
Iin; arctan(1+smx)2—arctan2 = % , S0 by applying I'Hopital’s rule:

)
2
CoSs X
lim @rctan(l + smx)z— arctan2 _ i sin’ x +2sinx+2 _0 (2 marks)
x>z T xZ 2( _ﬂ'j 0
2 X -= 2 X
[ 2) 2
Applying I'Hopital’s rule again gives
-(8+13sinx +sin3x) -(8+13-1) 20
cos2x —4sinx-5)°  (-1-4-5f 190 -
=lim ( ) = ( ) _100 _-1 (3 marks)
X2 2 2 2 10
15a y=In (1 + sin x)
' = ﬂ (1 mark)
1+sinx
1
w_ _ 1 mark
Y 1+sinx ( )
Y = cos x _ (1 mark)
(1+sinx)
2
—sinx(1+sinx) —2(1+sinx)cos® x
@ = ( ) ( 7 ) (2 marks)
(1+sinx)
y(0) =0; y'(0) =1 (1 mark)
y"(0) = -1; y(0) = 1; y*¥(0) = -2 (2 marks)
In(1+sinx) =x—lx2 +lx3 —ix4+...
2 6 12
b i In(1-sinx)=In(1+ sin(-x)) (1 mark)
=—x—lx2—lx3—ix4+... (1 mark)
2 6 12
ii In(1 + sinx) + In(1 - sin x) = In(1 - sin® x) (1 mark)
= In cos® x (1 mark)
Incoszx=—x2—éx4+... (1 mark)
INCoS X = 2INCos? X = — 2 X% — = x* 4 ... (1 mark)
2 2 12
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... d 1
ifi a(lncosx)=c

0S X

= —-tan x

tanx=x+%x3+

tan(xz) B X2 +X?+...

x (—sinx)

Incosx  x

-+
2 12
2
1+%
_ 3
1ox
2 12

—-2asx—0

nm[ta“xz)]:_

Incos x
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(1 mark)

(1 mark)
(2 marks)

(1 mark)

(1 mark)

(1 mark)

(1 mark)




Worked solutions

O Modelling 3D space: vectors

Skills check
1 a c=+212+20% =29
b a=\/132—72 =10.95

2 d=\(y,-v.) +(-x) =|(-5-3 +(4+2) =10

3 We calculate the slopes and get that m, = —% =m_so a and c are parallel

m, = %, m,xm, =m,xm, =-1 so b and d are parallel, and both perpendicular to a. e is not
parallel or perpendicular to any of the other lines.

4 We use method of elimination

16x-12y =4
-15x +12y = -6

We subtract both and get that x =-2
and so 4(-2)-3y =1

~1+8

=r°_3
-3

Exercise 9A

1 correct vectors drawn

2 a a+b b -a-b cC b-a d -2a-b
e —2a-§b f 2b+§a g —E+E h 1b—la
2 2 2 2

3 a AG=AB+BC+CG=a+b+c
b CE=CB+BA+AE=-b-a+c

c DF=DA+AB+BF=-b+a+c

d MN=MB +BC+ CG + GN = —1c+b+c—la=b+lc—la
2 2 2 2

4 i A(pa)=rua=(lu)a=(ul)a=p(ra)
ii By distributivity of scalar multiplication, 1(a+b)=1a+ b
iii By distributivity of scalar multiplication, (1+ x)a = ia+ ua

iv 1 is the identity so the operation from left or right returns the same vector, 1-a=a-1=a

v Multiplying by zero will always return the zero vector, 0-a=0
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Exercise 9B
1 We need to show that
BD = 2PQ
so we use the triangle rule for both diagonals to get
BC +CD =BD
and
PC +CQ=PQ

where
pc - LBc
2
and
1
CQ==CD
Q 2
Then
BD = 2(PC + CQ) =2PQ
hence they are parallel. Additionally,

1
PQ ==BD
Q=3

2 If PQ is perpendicular to AC, then PQ is parallel to BD, as the diagonals are perpendicular. Then
PQ =QC +CP
AC = AD + DC
BD =DC +CB
BD = 2QC + 2CP = 2PQ—=> BDand PQ are parallel, hence PQ is orthogonal to AC
AD =2CP, DC =2QC
Then
AC =2CP +2QC = 2(CP+QC) = 2PQ
as requested

3 On the side [AB] draw the point E such that BC = ED . Hence

NM:ND+DC+CM:%AB+DC+%CB

:lAB+1DE+DC:lAE+1DC+1DC
2 2 2 2 2

:lAE+lEB+lDC = lAB"’lDC
2 2 2 2 2

© Oxford University Press 2019




Worked solutions

We know that [AB] and [DC]| are parallel, hence since [NM] is a linear combination of them
then all three of them are mutually parallel and the same equation is true for the magnitudes.

inM| = 1148+ Lipc|
2 2

4 We have that DC = gy where y is some length. Then the ratio gives us that gPC =y.

5 a HC =HF +FE + EC where
FE = AB
HC -HQ = AB
HC — AHC = AB
HC = (1-k)AB
Hence they are parallel.
This means we can form a right angled triangle HQA and Pythagoras’ theorem gives us

HC =(1+ﬁ)AB

b MN=ME+ED+ DN

MN :lFE+ED+1DC
2 2

MN=AD+%OD+%DC

Hence they are parallel.

Again we have a right angled triangle which gives us that
MN = (1 + g] AB

6 KL=KB+BL
NM = ND + DM

We know that they are the midpoints, so

kL - 2B, BC
2 2

and

nm = AP, DbC
2 2

Then we form a parallelogram.

Exercise 9C

1 a a+tb=(2-3)i+(-5+4)j=—-i—]
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a-b=(2+3)i+(-5-4)j=5-9j
5a-6b = 5(2i - 5])— 6(~3i + 4j) = 10i - 25] + 18i — 24j = 28i - 49j
7b—4a = 7(-3i +4j) - 4(2i -5j) = —21i + 28] - 8i + 20j = -29i + 48]

§a+§b=§(2i—5j)+§(—3i+4j)=§i—Ej—gi+Ej=—Ei
5°°4 5 4 5 5° 4 4 20

Leta(3i+2j)+ B(i +5j) =5i -
where « and g are constants. Then
3ai+2aj+ Bi +58j =5i— j

This gives two equations
3a+p4=5

20 +58=-1

Then

B=5-3a

we substitute to get «
2a+5(5—3a) =-1

~13a =-26

a=2

and we substitute again to get
B=5-3(2)=-1

5i-j=2p—-q

Let

a(3i+2j)+ (i +5j) = 10i + 9]
where o and g are constants. Then
3ai +2aj+ fi +58j = 10i - 9j
This gives two equations

3a+ 4 =10

20 +54=9

Then

B =10-3«x

we substitute to get « .

20 +5(10-3a) =9
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—13a =41

41

a=—-=
13

and we substitute again to get g

pt0-3(8). 2

13 13
e
13 13
Let

a(3i+2j)+ p(i+5))=-9i+7j
where « and g are constants. Then
3ai+2aj+ Bi+58j=-9i+7]j

This gives two equations

3a+p=-9
200+5p8 =7
Then

p=-9-3a

we substitute to get «

20 +5(-9-3a)=7

-13a =52

a=-4

and we substitute again to get g
B=-9-3(-4)=3

—-4p + 3q

Let

a(3i+2j)+p(i+5j)=i

where « and g are constants. Then
3ai+2aj+ pi+58j =i

This gives two equations
3a+p=1

2a+56=0

Then

p=1-3a
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we substitute to get «
2a+5(1—3a) =0

—13a=-5

5, 2,
13 13
Let

a(3i+2j)+p(i+5j)=-j

where « and g are constants. Then
3ai+2aj+ pi+58) =—]j

This gives two equations

3a+ =0

20 +58=-1

Then

B =-3a

we substitute to get «

20 +5(-3a)=-1

—13a=-1

and we substitute again to get g

1 -3
p= 3(§J 13

13 13
Let

. . . . 1. 2.
3i+2 i+5j)=-Zi+=

a( + J)+ﬂ( + J) > +31

where o and g are constants. Then
. . . 1. 2.

3ai +2 i+58j=—-=i+=

ai +2aj+ pi+50] 2+3J
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This gives two equations

1
3 =—=
a+ f >

2
2 50 ==
a+5p 3
Then
ﬁz—%—3a

we substitute to get a

20 +5 —1—30: _2
2 3
—13(;::E
6
-19
a=_-2
78

and we substitute again to get g

ﬁ:_1_3(—19):3

2 "\ 78) 13
19 3
“78P 139
3 Note that
QR =PS

so we calculate
QR=-i-3j+4i+j=3i-2j
and so
PS=(3-x)i+(3-y)Jj

where P = Xi + yj, corresponding to (x,y) coordinates of P. Then we equate both expressions

and get

3-x=3

3-y=-2

so x=0 and y =5. Then P =(0,5)

4 In the notation bellow, any vector with a single letter is measured from the origin (e.g. OA=A)

3 “1) (i) (2)(i
OA=0B+CD=|2|-|j|+|-2|-|jl=|0|lJ
o) (k) (1) (k) (1)lk
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OE=0A+CG=|0|-|j|+| O |-|Jj|=|0]|J

OF =0B+CG=|2|-| j|+| 0 ||j|=| 2]

1\ (i) (=2) (i) (-1\(i
OH=0D+CG=[1|-|j|+| 0 ||jl=]1]]J
2) (k) (-2) \k) (o])lk

Then A=(2,0,1), E=(0,0,-1), F=(1,2,-2), H=(-1,1,0)

i Commutative: Let a=xi+yj,and b=mi+nj forreal x,y,m,n . Then for all a,b
a+b=(x+m)i+(y+n)j=(m+x)i+(n+y)j=b+a
where we have used the commutativity of addition of real humbers.

il Associative: Let ¢ =/i + pj forreal /,p, then for all a,b,c
(a+b)+c=(m+x)i+(n+y)j+li+pj=(m+x+1)i+(n+y+p)j
=xi+yj+(m+/l)i+(n+p)j=a+(b+c)

where we have used the commutativity and associativity of addition of real numbers.

ifi Identity: for 0=0i +0j and for all a
O+a=(0+x)i+(0+y)j=(x+0)i+(y+0)j=xi+yj=a
where we have used the identity and commutativity of addition of real humbers.
iv Let -a=—-xi—-yj. Then forall a,-a
a+(-a)=(x-x)i+(y-y)ji=(-x+x)i+(-y+y)j=-a+a=0i+0j=0
where we have used the identity and commutativity of addition of real humbers.

i Foranyreal 4, x4 and forall a=xi+y]j forreal x,y we have
(Au)a = (Au)(Xi +y ) = Auxi+ Auy j = 2(uxi)+ A(uy]) = A (ua)
and
A(uxi)+ A(py§) = p(Axi)+ u(Ayj) = u(2a)
where we have used the commutativity of the multiplication of real humbers.

ii Let b=mi+nj foranyreal n,m
A(a+b)=2((x+m)i+(y+n)j)=Axi+Ami+Ayj+Anj = Axi + Ay j + Ami + Anj = ja+ ib
where we have used the commutativity and associativity of the multiplication of real

numbers.
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il (A+p)a=(A+u)(Xi+yj)=AXi+uxi+Ayj+uyj=2AxXi+Ayj+uxi+pyj=Aa+ub

where we have used the commutativity and associativity of the multiplication of real
numbers.

iv la=1(xi+yj)=(1xx)i+(Ixy)j=xi+yj=a

where we have used the identity of multiplication of real numbers
v 0a=0(xi+yj)=(0xx)i+(0xy)j=0i+0j=0

and

(0 +0j) = (2x0)i +(4x0)j=0i+0j =0

Exercise 9D

7i+24) 7i+24j 7 . 24

1 a 4= = =i+ J
72 + 242 25 25 25
b g 3it2 -3i+2) 3. 2
NS A R RN
¢ & 4i-5i+20k 4i-5j+20k 4. 5 20
T @asi200 | 21 21 21021
d dA:—i+3j+4k :—i+3j+4k:_ 1 - 3 i+ 4 K
12+ 32 4 42 26 V26 26" 26
) 4 5. 20i-21j 20i-21j 20, 21

20 .20 29 ~29' 29!

All vectors parallel to & are of the form 14 for real A

i—3j I—3j 1

NN T F F

All vectors parallel to b are of the form b for real A

b b=

~ 5i+6j-30k 5i+6j-30k 5. 6 . 30
c C= = =—i+—j-=-k
J52 + 62 + 302 31 31 31" 31

a

All vectors parallel to ¢ are of the form A¢ for real A

d d- 2i + j -5k _2I+j—5k 2 1

2212452 NECRNC o f

All vectors parallel to d are of the form Ad for real 4

3 2fa =|b)

© Oxford University Press 2019




Worked solutions

laf = of
4(3+22+22) =12 +5 +(2-5)
342 +104+1=0

i_—101\/100—12 _5+422
- 6 -3

5i-j 5i-j 5 1

= = i— i
. 26 26 26’

4 a 4=

5x6, 6 ,_ 30, 6 .
26 267 26 26

~ -4i+5j+20k -4i+5j+20k -4. 5 . 20
4% + 52 + 202 21 21 217 21

Then the required vector is ma =

-4x63. 5x63. 20x63
i j+ k

Then the required vector is mb = +
21 21 21

=-12i +15j + 60k
5 a This is the same cuboid as in exercise 9C, 4. A space diagonal could be

0
AG =|| 3

2
-lo = 2i+3j-2k
1

X~ o~

-1
= |AG| =17
b Recall that A=(2,0,1), E=(0,0,-1), F=(1,2,-2), H=(-1,1,0)
Then
AD=-i+j+k
AE =-2i+0j -2k

AB=i+2j-k

V=A

base

x h = |AD||AE||AB| = 17 + 12 + 122? + 221> + 22 + 1% =12

Exercise 9E

1 a ab=|a|bcosd=3x4cos30°=6
b a-b=|al|bjcosd =12x8cos115° = -40.6
C a~b:|a||b|cos€=3><5cos%=13.5

d a-b =|a||b|cos€=5\5><17cos37: =-85

2 a a-b=3-6+(4)-5=-2

b |a|=\/32+42 =5
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| = 62 + 5% = 61

a-b :|a||b|cos¢9=5«/acos€:—2

cos o = 2
5«\/61
0 =1.62rad =93°

3 a a-b=1~(—2)+4-3+(—3)-1:7
b [af=V1?+4+3 =26
b =\22+3 + 1 =14
a-b=|al|bjcosd = V26 x 14 cos 9 = 7

cosH:L
201
0 =1.20rad = 68.5°
4 (a-2b)-(2a+b)=2a-a+a-b-2b-2a-2b-b=0
2x2x2+a-b-4(a-b)-2y3y3=0

a-b=%=|a||b|cos€=2ﬁcos.9

6 = cos™ 1

33

0 =1.38rad = 78.9°

5 Let a=xi+yjand b=mi+nj forany real x,y,m,n. Then
i a-b=|al|bjcosd =|b||ajcosd=b-a
ii a'a=|a||a|c050=|a|2
We prove it for the two dimensional case.
ili Leta=xi+yj, b=mi+nj ,and c=si+tj foranyreal x,y,m,n. Then
a-(b+c)=xx(m+s)+yx(n+t)=xm+xs+yn+yt =xm+yn+xs+yt=a-b+a-c

We have used multiplicative properties for real numbers, therefore this can be extended to
any dimension of vector, as the associativity and distributivity of scalar multiplication holds.

iv Let 2 e R =4(a-b)=A(al|bjcosd) = A[a||b|cos & = (4]a])|b|cos & = [a| (4]b]) cos &

Hence

A(a-b)=(2a)-b=a-(4b).
6 i (a+b)-(a+b)=a-a+2a-b+b-b=[a+2[al|b|+[of =|al" +|b]" +2[a/|b|cos
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ii (a-b)-(a-b)=a-a-2a-b+b-b= |a|2 —2|a||b|+|b|2 = |a|2 +|b|2 —2|a||b|cos &
Each of these cases correspond to the cosine rule for a triangle with sides a, b, and a=xb.
7 We use both definitions to write the scalar product between a and b, i.e.
a-b=ab, +ab, =|a||b|cos e

Hence both definitions are equivalent.

8 We form the systems of equations
(a-b)-(2a+b)=a-2a+a-b-b-2a-b-b=0
and
(a-2b)-(3a+b)=a-3a+a-b-2b-3a-2b-b=0
This simplifies to
2(a-a)-b-b-a-b=0
and
3(a-a)-2b-b-5(a-h)=0

We will express |a|2 and |b|2 in terms of the scalar product between a and b. This means we

solve the system of equations for the norms of a and b

b-b=2(a-a)-a-b

3(a-a)-4(a-a)+2(a-b)-5(a-b)=0

(a-a)=-3(a-b)

Note that the dot product is negative. This will be important as it allows us to take square roots

of negative numbers multiplied by the dot product. Then we substitute into form for the norm
of b

b-b=-6(a-b)-a-b=-7(a-h)

Then we write

a-b= \/3(—a . b)\/7(—a -b) cos &
or equivalently
1=+21cos@

so cos@ =1/+21, giving 0 =77.4°

Exercise 9F
1 ad =(2—O)i+(3—0)j =2i+3j

Then the vector equation of the line is
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MEHH
b d=(-1-2)i+(3-1)j=-3i+2]

Then the vector equation of the line is

)-G)3)
¢ d=(3+2)i+(-6+5)j=5i-]

Then the vector equation of the line is

G
SR e

Then the vector equation of the line is

_1 _7
X2 2|k 6
y) | 3 7

4 4

2 o pmamsa={)-(3)()

X=2+A X-2=2
= =
y=-7+21 y+7=2

> X-2=y+7=>y=x-9

b n(p-aj=0=n-p=n-a

-[35)-(5)5)

2x -3y =25

,_2x-25
3

3 a We obtain the direction vector of L,

Then
-3X+9=2y+2=21

Then
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—3x+9:/1:x:3—%/1
and

2y+2:l:y:—1+%ﬂ

Hence the direction vector is d = —%i + %j

Then the vector equation parallel to L and passing through T is

The perpendicular line must have a normal vector for its direction vector

1. 1. 1. 1.
d=—Zi+-j=n==i+=]
3 2 2 3

Then the vector equation perpendicular to L passing through T is

VO
< X
N—

1]

|

SN
N—

+

~

Wl N~

We find the intersection between L and r as

SR

We write this in Cartesian notation
x=1+21

y=-1+42

Then

XT_lzyTJrl:>4x—4=2y+2:>y=2x—3

We write L in Cartesian form and get

x-3 y+1
2 -3

7 3
-3x+9=2y+2 =--=X
= + y+2=y )

To find the intersection between the two, we equate both lines and get

2x—3=Z—§x:>x=E
2 2 7
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13 5

So we must find a line passing through T and [7,$j , SO be obtain the direction vector as
13). 5). 34. 51.
d=|-3-= 8- |j=—=i+—=
( > jl +[ 7]] 5 i+ 5 j

Then the equation of the line passing through T and the intersection between the two lines is

34

OEOR

4 a For them to be parallel, their direction vectors have to be proportional to each other.

Note that

r=3i+2j+A(-i+aj)=d, =-i+aj
p=(1+2u)i+(54-2)j=d, =2i+5]j
For them to be parallel, we must have
d, = yd,

for real y. Then the normalised
—i+aj = y(2i +5j)

Note that 2y = -1 gives y = 5 so

a=5><_—1=—E
2 2

b For them to be perpendicular, their scalar product must be zero, so

d1~d2=0:>—1><2+a><5=0:>5a=2:>a=§

Exercise 9G
1 ad =(4—1)i+(2—3)j+(1+2)k:3i—j+3k

Then we write the vector equation simply as

X 1 3
yi=|3|+4|-1
z -2 3

b d=(5-3)i+(7-0)j+(-2+5)k=2i+7j+3k

Then we write the vector equation simply as

X 3 2
yl=|0|+24]|7
z -5 3
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2 a We write the form for r as

X 3 -1
yl=|-1]+1] 1
z 2 3

We substitute with P, and get

0=3-1
2=-1+2
5=2+34

From the first equations, 4 =3, and then substituting with that value of 1 in the last one
gives

2+3(3)=11%5

Hence there is a contradiction, and so P does not lie on the line.

b A parallel line has the same direction vector, and now the equation of the line is

X 0 -1
yl=(2|+4] 1
z 5

¢ We substitute T into the equation of the line to get the system of equations

2=3-2
4=-1+4
a=2+31

Then 1 =5, and is consistent in the first two equations. Then
a=2+3(5=17

3 a If the lines are parallel, their direction vectors are proportional to each other. We obtain
them by rewriting in the equations for the lines in vector form

x-1 y-2 z+3

hims 3 5 7
so

xX=21+1

y=31+2

z=51-3

SO

d, =2i+3j+5k

and
g:x+2=g—¥:u
so
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X=pu-2

y=-2u+1

zZ=4u+2

so

d, =i-2j+4k

The lines are not parallel as there is no real y for which
d, =rd,

b The lines are skew if they are not parallel or perpendicular to each other. We check the
scalar product between their direction vectors:

d-d,=2-1+3-(-2)+5-4=16 20

Hence the lines are skew.

a We rewrite the lines in parametric form

X 3 5
L:ly|=|-2]|+4|4
z 1 3
X 7 -1
L:lyl|=]|4|+pu| 2
z -1 -3

At the intersection, both lines will take on the same values, so we construct the system of
equations

3+54=7-u
—2+41=4+2u
1+31=-1-3u

From the first equation we get that

u=-3-51+7=-51+4

and so

2+42=4+2(-52+4)=141=14=> 21 =1

so

p=-51)+4=-1

We check that these values satisfy the third equation
1+3(1) = -1-3(-1)

so the lines do not intersect.

b We rewrite the lines in parametric form
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X 0 1
L:ly|=|-1|+41] 2
z 3 -1
X -7 3
L:ly|=|0|+pul1
z 7 -2

At the intersection, both lines will take on the same values, so we construct the system of
equations

A=-7+3u

-1+21=u

3-1=7-2u

We substitute the first equation into the second equation and get
—1+2(—7+3,u) =u

-1-14+6u=u

5u=15

u=3

and so

A=-7+ 3(3) =2

which is consistent with the third equation.

We rewrite the lines in parametric form

X 0 2
L:ly|=|2|+4|5
z 0 4
X 1 3
L:lyl|=|-1|+u|2
z -3 1

At the intersection, both lines will take on the same values, so we construct the system of
equations

22 =1+3u
2+50=-1+2u
41=-3+u

The first equation gives us that

_1+3u
2

A

We substitute this into the third equation and get
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4(%]4—3:#

2+6u+3=pu
S5u=-5

u=-1

and so
LS 1

which is consistent with the second equation.

5 First we find the point of intersection between L, and L,

X -5
L:ly|=|-3|+4|1
z 5 -1
X -3
L:yl|=]-1|+u|1
z 3 -2

At the intersection, both lines will take on the same values, so we construct the system of
equations

5+24=-3+4u
B3+A=-1+yu
5-1=3-2u

The first equation gives us that

4+
2

H

We substitute this into the third equation and get

5-1:3—2(4”‘)

2
=5-1=-(1+2)

This is not possible, thus the lines are not concurrent.

Exercise 9H

1 a We use the provided formula

ab, —ab,) [3x3-(-5)x(-2)] (9-10) (-1
ab—ab, |=| (-5)x1-2x3 |=|-5-6|=|-11
ab, - a,b, 2X(—2)—3><1 -4-3 -7
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1x(-2)-0x0 2-0 -2
b [0x3-1x(-2)|=| 0+2 [=| 2
1x0-1x3 0-3 -3
—4><2—(—1)><1 -8+1 -7
C -1x2-3x2 |=|-2-6|=|-8
3x1-(-4)x2 | | 3+8) (11
3 2
()] (s (2
1 3 6
d IXI_[EJX(_Z) = 1+1 |=| 2
22,3 |5
(EJx[_ZJ_[_ijl 6 4) (12
2 3 4
2 A:|a><b|
3x(-4)-(-6)x(-1)) (-12-6 -18
axb= (—6)><3—2><(—4) =[-18+8|=|-10
2x(-1)-3x3 -2-9 -11
Then

laxb| =18 +107 + 117 = 23.3
3 a AB=(-2-1)i+(0-4)j+(3-2)k=-3i-4j+k

AC =(-1-1)i+(2-4)j+(4-2)k =-2i-2j+2k
1
b A=-|ABxAC|
2
—4x2-1x-2 -8+2 -6
ABxAC =| 1x(-2)-(-3)x2 |=|-2+6|=| 4
3x(-2)-(-4)(-2)) 16-8) (2

Then

AB x AC| =62 +4? +2? = 36 +16 + 4 = 7.48
Then the area is

A=Z(7.48)=3.74

N[+~

4 i Let the vectors a,b,c be well defined. Then
axb =la||o|sin@ = —a||b|sin(-6) = —|b| [a| sin(-6) = - (b x a)

where we have used the commutativity of real numbers and properties of sines. Note that if
the angle from a to b is 6, then the angle from b to a is -0

ii We calculate
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a, (bc, - b,c,) +a;(bc; + ac)
ax(bxc)=| a;(ab, —-ab,)-a,(bc,-bc,) |=(a-c)b—(a-b)c
-a, (b, + bic,) - a,(a,b; — a,b,)

ab, —ab,) (4(ab;-ab,)) (a(ib)-a,(2b,)) ((2a,)b; -(2a;)b,
ili 1|ab —ab, |=|1(ab, —ab,)|=|a(b)-a (1b;)|=|(1a;)b, —(2a,)b,
ab, —a,b, A(ab, —a,b,) a, (4b,) - a, (4b,) (4a,)b, —(4a,)b,
Hence
A(axb)=(1a)xb=ax(ib), 1R

iv We can expand out the cross products explicitly as

(a,+b,)c; ~(a; + by)c, a,C; — a,c, b,c, - bsc,
(@a+b)xc=|(a,+b,)c,—(a, +b)c; |=|axc, —ac, |+| bc, b,
(al + b ) G - (a2 +b, ) (oN a6, — a6 bc, - b,

:(axc)+(bxc)

Ne—

5 We write out the vectors
AB=(2-1)i+(-1-1)j+(0-1)k =i-2j-k
AC=(2-1)i+(4-1)j+(2-1)k=i+3j+k
AD =(-2-1)i+(2-1)j+(2-1)k =-3i+j+k

Then

(-2)x1-(-1)x3) (=3} (-2+3) (-3 1) (-3
(ABxAC)-AD=| -1x1-1x1 {1}{-1-1}[1}{-2}.[1}
1x3-(-2)x1 1 3+2) (1 5)1(1

= 1><(—3)+(—2)><(1)+5><(1) =0
Hence the three points are coplanar.

6 a We find D such that AB = DC. Then

-

and

Then we have the equations

4-d =1
5-d, =-3
1-d,=2
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Worked solutions

Then

D =(3,8,-3)

Note that the vectors DC, DA and DH enclose the parallelepiped, so

c The volume of the parallelepiped is given by
V =|(DC x DA) - DH| = |(0)(1) + (-8)(-5) +(-12)(9)| = 68
7 Assuming D is the apex, we obtain
BC =BD+DC =(1-2)i+(-2+1)j+(4+5)k =i —j+9k

vlease-h=1-1|BAxBD||Bc|
3 32

—3><4—2><(—2) -12+4 -8
BAxBD=| 2x1-(-2)x4 |=| 2+8 |=|10
—2><(—2)—(—3)><1 4+3 7

Then

v =é(\/82 107+ N 4 97) =222

8 (a-b)+ [(@xb)-(axb) = |a|2 |b|2 cos? 0 + |a|2 |b|2 Sin® 6 = |a|2 |b|2 (cos? 0 +sin? §) = |a|2 |b|2 = (4] |b|)2

9 We calculate

a,(bc, - b,c,) +a; (bc; +a,c,)
ax(bxc)=| a;(ab, —ab,)-a,(bc,-bc,) |=(a-c)b—(a-b)
-a, (bc; + bc,) - a, (a,b, - ab,)

Exercise 91

0 2 -1
1 a p=a+Au+uv=|2 |+2|1|+ul 2
-1 4 -1
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3 a

b

1 0
p=a+Au+upuv=|-2+A|-3|+u

3 2

-3 -2
p=a+Au+uv=|4|+4| 0 [+u

2 3

NN

AB =(-1-0)i+(2-1)j+(0-3)k = -i + -3k

AC =(3-0)i+(-2-1)j+(4-3)k

=3i-3j+k

Then we can write the vector equation of the plane as

0 -1 3
p=|1|+A] 1 |+u|l-3

3 -3 1
X=-A+3u
y=1+21-3u
z=3-31+u

We eliminate the parametersin b

A=3u-x

which we substitute into the equation for y and z to get

y=1+3u-x-3u=y+x=1

Zz3—3(3,u—X)+,u

Worked solutions

We cannot express the equation in terms of x, y and z, so the Cartesian equation is

y+x=1

The normal vector is
2 -1 -9
1(x| 2 |=|-2
4 -1 5
-9) (x -9 0
2. y|= -2 2
5 z 5 -1

9% -2y +5z=-4-5

-O9x -2y +5z=-9

0 1 -2
-3|x| 4 |=| 2
2 -2 3
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a4

5

-2) (x) (-2) (1
2 yl=]2|]|-=2
3/ z) (313

—2X+2y+3z=-2-4+9

2X+2y+3z=3

-2 2 -3

c 0 (x|1]|=]|16
3 5 -2
-3) (x -3) (-3
16|-|y|=|16]-| 4
2) \z -2 2

-3x+16y -2z =69

a We substitute the point into the equation of the plane
3(5)-4(4)+2(-2)=-5=5
Hence the point is not on the plane

b The normal vector is

d=3i-4j+2k

Worked solutions

Then we are searching for a plane with the same normal vector but a different point.

3 X 3 5
4|-ly|=|-4 4
2 z 2 -2

3x-4y +2z=15-16-4
3x-4y +2z=-5
We equate solve the equations of a plane as a system of equations
xX+y—-z=1
2x -3y -9z=10
X+2y-3z=-4
We subtract the third from the first and get
-y+2z=5
y=2z-5
We subtract two times the first from the second, and get
-5y -7z=8
Then substituting our value for y we get that

—5(22—5)—72 =8
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Worked solutions

6 a We express y and z in terms of x

y=3+2z-X
Zz=1+3y -2x
Then

y=3+2(1+3y-2x)-x
y=x-1

Which we can then substitute into the equation for z as
z=1+3(x-1)-2x

this simplifies into

Z=X-2

We let x =1, and so

X=41
y=21-1
zZ=1-2

We eliminate 1 to find the Cartesian equation, as
X=y+1l=2z+2

b We can set the new equation to be generated by
A=2i+(A-1)j+(2-2)k
and
T=2i-4j+k

SO we can write it as

2 1 0 2 2 1 2
p=|-4|+A|1|+|-1|+ul-4|=|-5|+A|1|+u|4|=>5x+y-62z=-13
1 1 -2 1 -1 1 1

7 1If two planes are parallel, their normal vectors are parallel, then

n, xn, =|ny||n,|sin@ = |n,||n,|x0 =0
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Worked solutions

If the vector product of the normal vectors is zero, we have
n, xn, =|n||n,[sin@=0=6=0

hence they are parallel

Exercise 9]

1 a x-5=21

y+1:l
2

i-z_,
3

or equivalently

X=A+5
y=21-1
z=1-32

We substitute in the equation of the plane

2(A+5)-4(22-1)+1-321=-3

22+10-81+4+1-31=-3

-91=-18

A=2

There is a unique solution, so the line and the plane intersect at a point. This point is

xX=2+5=7

y=2(2)-1=3
z=1-3(2)=-5

So they intersect at (7,3,-5) .

b 1-2x=21

2z +2
3

A

or equivalently

y=41+3
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Worked solutions

31-2
z="""_=
2

We substitute in the equation of the plane

5[1;}(4“3)—4(%} -3

A==
9

There is a unique solution, so the line and the plane intersect at a point. This point is
determined by

or equivalently

X=41+5

y=-21-2

z=31+3

We substitute in the equation of the plane
2(42+5)+(-22-2)-2(31+3)=3

This has no solutions, so there is no intersection.

y+2=/1
3

1-3z=21
or equivalently
x=1-22

y=31-2
1-2
z=""=
3
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Worked solutions

We substitute in the equation of the plane
1-4
2(1-22)+(34-2)-3| —=|=-1
(1-2)+(32-2)-3(* 5

This has infinite solutions, so the line is contained in the plane.

2 The normal of the plane and the direction vector of the line must be orthogonal, so their dot
product must be zero. We obtain the parametric equation of the line as

K:A:x:ﬂ,m
m

Y=l iy -21+41
2
Z+2 o z-41-2
4
Then
m
d=|2
4

2
n=|m
-3
Then
m 2
d-n=|2|-1m|=2m+2m-12=0
4 -3
gives
m=73

3 This is precisely what we have calculated above, as
d-n=|d||n|cos @

and =x/2,s0 d-n=0.

Exercise 9K

1 a let x=2
3l+y-2z=-1
A-4y+2z=3

Then
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Worked solutions

and

1+132
Z =
6

which determine the equation of the line

b n=(31-2)
n, =(1,-4,2)

n-n)_ B+ @4+ (@) _ s

cosd = =
In[n|  JF+12+22\12 142422 76
Then
0= cos'—>— -1.275
76

2 Any system of equations formed has no solution, so these lines do not intersect.
3 a We have that
X=A+2
y=-31+1
z=21+2
Substitute in the equation of the plane as
3(2+2)+2(-32+1)-(22+2) =1
A=1
Then the point of intersection is P =(3,-2,4)
b The direction vector of the line is
d=i-3j+2k

The normal vector of the plane is

n=3i+2j—k

Then

e 0B s
ldn] iz+3242232422:12 14

0 =0.365

4 We look at the angle between the normal vectors
n, =(a0,a)
and
n, = (b, —b,O)

Note that

© Oxford University Press 2019




Worked solutions

n-n,=a-b

= V2]

| =2t

ab = 2|a||b|cos 6
so

cosé = J_r%

It is the angle between their normal vectors if it is acute and it is the supplementary angle if it

is obtuse, hence for both the positive and the negative case, the angle will be %

Exercise 9L

1 a For A, we have that the direction vector will be
d, = (0 + 3000) i+ (0 - 5000) i

and since the speed is 4m/s we have to normalise and multiply by this so that the
magnitude holds. Then

4 _ 4x3000i -4x5000j _ 12 . 20 j
¢ J3000% + 50002 NCZ RN Y

and so with the point (—3000,5000) , the equation of the position becomes

: . 12 . 20 .
a =(-3000i +5000j)+t| =i - ——=
( J) [\/34 \34 JJ

similarly for L we have
d, =(0-7000)i +(0-9000) j

and since the speed is 4 ms™! we have to normalise and multiply by this so that the
magnitude holds. Then

B 6><(—7000)i —6><(—9000)j 42 i 54 i
) \7000? + 90007 J130 (130
and so with the point (7000,9000) , the equation of the position becomes
. . 42 . 54 .
I =(7000i +9000j) +t| ———i - —
( J) ( J130 130 Jj

b We check when each boat gets to the point (0,0). For A

12

x =-3000 + 2=t
J34
20
=5000- =t
4 J3a
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Worked solutions

Then at (0,0)

12 20
3000+ 22t = 5000 - 22 ¢
34 Nem
32
32+~ 2000
Ner
t= 1252\’34 ~364.45

For L we have

X =7000 - 22 ¢

V130

y =9000 - —22_¢

J130
Then at (0,0)

7000 - -2+ _9000- 22 ¢

V130 V130

12
——=1t =2000
V130

J130

t= SOOT ~1900.3s

Boat A will arrive first and the boat L takes more 1535.9 s to reach the boat in need..
a The initial position is given at time t =0 so
p(0) =23i +8j + 43k
b The speed is given by the magnitude of the direction vector
|d| = J22 117 + 4% = 21 ~ 4.58ms™!
c Intersection between the line given and the plane. The components of p are
X =23+2t
y=8-t
z=43+4t
We substitute into the equation of the plane to get
12(23+2t)-3(8-t)-5(43+4t)=-2

276 + 24t - 24 + 3t - 215-20t = -2

39 =7t
t--32_ 5575
7

d Total distance = 5.57><E ~ 25.5m
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Worked solutions

3 a Assuming distance is in km and time in hours

Speed of p,

v, = 8 +92 +0.25% ~ 12.04 kmh

Speed of p,

v, = \7% +112 £+ 0.2% =13.04kmh™

b Assume that there is an intersection. We write out the components of p, and p,

X, =147 -8t
y, =-156 +9t
z, =5+0.25¢
X, =-118+7u
y, =189-11u
z,=7+0.2u

We equate the components to get a value of t
147 -8t =-118+7u

-156+9t =189 -11u

5+0.25t =7+0.2u

This gives 4 =15 and t =20 which is consistent in all three equations. Hence the paths
intersect. The point of intersection is given by

x) (147-8(20)) (-13
y|=|-156+9(20)|=| 24
z) |5+0.25(20)) (10

¢ The times at which they reach this point are different, and unique. Hence they will not
collide.

Chapter review

1 a a+b=AB

Hence the midpoint will have half of that length, so

1
m==(a+b
“(a+b)
2.5 . .
b AD-= TDC , S0 AD and DC are the parallel sides of the trapezium.

c Midpoints are (6, 1), (4.5, 3.5), (2, -1), (8.5, 5.5), which give two pairs of parallel lines with
equal length and thus form a rhombus.
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Worked solutions

2 a We calculate the Cartesian form
X=2+A1-3u
y=21+u
z=u-1
We subtract the second from twice the first
2X-y =4+421-21-6u—pu
Then
2x-y=4-7u
We add 7 times the third equation as
2X-y+72=7u+4-7-7u
2X-y+7z=-3

b We substitute with each of the points, leading to the equations

2(2)-(0)+7(a)=-3
2(b)-4+7(-1)=-3
2(-1)-d+7(0)=-3

Then we solve them and get

a=3-%4_ 4
7
b=—3+4+7=4
2
d:—3+2 1
-1

¢ We write (taking all vectors from the origin)

C=B-A+D=A=B+D-2A

4) (-1 2) (-1
C=|4|+|1|-2/0]|=|5
-1) (o0 1) (1

d We substitute with the point E and get
2(1)=(-2)+7(1) =11 = -3
so the point E does not lie in the plane

e We use the formula for the volume of the pyramid. We calculate

-1 2 -3
AC=|5|-|0|=|5
1 -1 2
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4 2 2
AB=|4 |-/ 0 |=|4
-1 -1 0
1 2 -1
AE=|-2|-]0|=|-2
1 -1 2

Then

1
V= g|(Ac x AB) - AE|

V= 2l-8)(-1)+ (4)(-2) + (-22)(2) = 7.33

The direction vector of the line will be the normal to the plane

d=(2,-2,1)

Then the equation of the line is

2 2
p=|-2|+1]-2
1 1

The point of intersection is obtained by substituting

X=2+22

y=-2-21

z=1+1

into the equation of the plane
2(2+21)—2(—2—2/1)+(1+ﬂ):0
4+42+4+42+1+1=0

A=-1

Then the point of intersection is

0
0
0

Then the distance between this point and the plane is

|OA =22 +2% +1% =3

A point on the plane is B = (0, 0,0) and we define the vector
BP = Xx,i +Yy,j+ 2.k

The normal of the plane is n

n=2i-2j+k
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Worked solutions

Then the distance we need is

g |BP - n| _ 12X, = 2y, + 2| _ 12X, =2y, + 2|
|| N2 +22 412 3

4 a Note that
a-b=pr+4+m
and

a-b=(p>+4+r’)coso

since the components form an arithmetic sequence with common difference d, we have the

relationship
p+d=2
2+d=r

We use this to rewrite the formula for the dot product in terms of d and get

(2-d)(2-d)+4+(2-d)(2-d) 12-2d®> 6-d*
(2-d)(2+d)+4+(2-d)(2+d) 12+2d* 6+d’

as required.

b When the angle is 60°, the cosine is % so

6-d*> 1

6+d> 2

12-2d>=6+d°

3d° =6
a>=2
Then d =i\/§

5 If these planes are perpendicular, then their normal vectors are always perpendicular, so we
check

n,-n, =sina-cosa +cosasina -1
These planes are not perpendicular

6 If they are perpendicular, their dot product will be equal to zero. We use the fact that their
magnitude is 1 to calculate

(2u—3v)-(5u+2v)=10u-u+4u-v—15v~u—6v~v

—-11lu-v+4=-11cos@+4=0
cos¢9=i
11

0 = 69°
7 a x=31+4
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y=1-4

z=21+5

4(31+4)-3(1-2)+(22+5)=1
124+16-3+34+21+5=1

A=-1

Then the point P is at 4 =-1 and so the point is
x=3(-1)+4=1

y=1-(-1)=2

z=2(—1)+5:3

Angle between the line and the plane

d =(3,-12)

n=(4,-3,1)

jd-n[ [(3)(4) +(-1)(-3)+(2)(1) = 0=63°

sing = =
[din| V324122242 32 412

a-b=2"(2)+(4)(0.57)+(5)(-4) =0

4 4+2*-20=0
This is true for x =2.

The equation of the plane is given by

(it

We have the following relations
a-k= |a|||2|cos;/
a-j= |a||f|cosﬁ

o
-1

a =|a||f|c05a

Note that the norm of the unit vectors is one, and

|ﬂ=ﬁaﬁf+@ff+@ff

We substitute with the relations obtained and get

laf = |af" cos? y +|a|" cos? g +[a] cos®
1=cos’ y +cos® B+ cos’ a
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b The norm of a is
|l = V3 +6>+2° =7
We substitute into the relations obtained in a to get
3=7cosa = a =64.6°
-6 =7cospB = B =149°
2=7cosy =>y=73.4°

¢ When the plane passes through zero, the normal vector will correspond precisely to the unit
vectors i, j,k. As we saw in a, these can be written as the cosines of the angles. Hence

N = CoS ai + COS ] + cos yk

Then the equation of the plane can be written as

XCosa+ycospf+zcosy =0

10a We calculate the vectors

1 2 -1
AP=|2|-|0|=]| 2

4 0 4
and

0 2 -2
AQ=|1|-|0|=| 1

4 0 4

These will be the two vectors on the plane equation. Additionally we take a point, choosing
for simplicity A = (2,0,0). Then the plane equation in vector form is

2 -1 -2
p=|0|+A] 2 |+pu| 1
0 4 4

To write it in Cartesian form, we write out the system of equations

X=2-1-2u
y =21+u
Z=41+4u

We subtract the third one from twice the second one, to get
z-2y =2u
SO

z-2y
2

and we add the second one to twice the first one, to get

Y+2X=4+21-22+u—4u

© Oxford University Press 2019




Worked solutions

or equivalently
y+2x=4-3u

Then we substitute with our value for uto get

y+2x=4—3(z_22y]

This simplifies to
4x -4y +3z2 =8
b using the equation of the plane written in a. BG gives the direction vector of the line.
0 2 -2
BG=|0|-|2|=|-2
4) |0 4

Then the equation of the line is written as

0 -2
p=|0|-21|-2
4 4

c Angle between plane
4x -4y +3z=8

and line
0 -2
p=[0|-4]|-2
4 4

We have that

donf _[((2#)+(2)(H+@E)_ 12 6

sing = = = -
ldin| V2212242242137 2J246 246

Then

0 =22.5°

Exam-style questions

2
11a AB=|0 (1 mark)
-1
3
AC =2 (1 mark)
2
2) (3
ABxAC =| 0 |x|2 (1 mark)
-1/ (2
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Worked solutions

2
=|-7 (1 mark)
4
l—5 —-—&= 1 52 2 2
b E|ABxAc|=EJ2 +(-7) +4 (2 marks)
_l69 (1 mark)
2
2 3) (2
c r.-7|=|0].|-7 (2 marks)
4 0)| 4
2
r.|.-7(=6 (1 mark)
4
2x-7y+4z=6
3 2 -13
d |-5|x|-7|=|-10 (2 marks)
1 4 -11
13
n=|10
11
1 8 .
y=0:>x=—§,z =z (or equivalent) (2 marks)
-1 13
r=| 0 [+2/10| (or equivalent) (1 mark)
g 11
-2 1 -3
12 AB=0OB-0A=|2 |-|0|=| 2 (1 mark)
3 1 2
0 1 -1
AC=0C-OA=|4|-|0|=]| 4 (1 mark)
2 1 1
3 1 2
AD=0D-0A=|1|-|0|=]|1 (1 mark)
3 1 2
1 72
Volume:€|@.RxA—D|:g 2 || 4 (2 marks)

-9
- é|(-21 +8- 18)|
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Worked solutions

31 .

-5 units?. (1 mark)
13AP=p-a (1 mark)
BP=p-b (1 mark)
APBP = (p-a).(p-b) (1 mark)
=(p-a).(p+a) (1 mark)
=pp-ap+ap-aa (1 mark)
-pp-aa (1 mark)
=|p -|a (1 mark)
=0 since |p| =|a] (1 mark)

Therefore AP is perpendicular to BP and ZAPB = 90°

1 4
14a Equation of line perpendicular to [1 and passing through P is r=|0|+ 4| -3
2 1
(2 marks)
Attempting to solve P and IT simultaneously: (1 mark)
4(1+42)-3(-32)+(2+2)=19
4+164+94+2+ 1 =19
264 +6=19
A= 1 (1 mark)
2
1 1 4
Therefore 0Q =| 0 |+2x=x|-3 (1 mark)
2
2 1
5
=1-3 (1 mark)
3
b Distance between P(1,0,2) and Q(5,-3,3) is given by
J(5-17 +(-3-0) +(3-2) (2 marks)
= \/16 +9+1
=26 (1 mark)
15a 4(1+6/1)+3(5—21)—(—3+2/1)=14 (1 mark)
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16a

4+241+15-64+3-21=14

22+164 =14
Ao 1
2
1 1 6 -2
r=|5 -5 2|=|6
-3 2 -4
So P(—2,6,—4).
-2 4
6 | lies on the planeand n=| 3
-4 -1
2\ (4
6 .| 3
4] (-1
So distance= E
42+32+(—1)
_-8+18+4
26
14 14426 3 726
26 26 13
2 8 -6
AB=0B-0A=|0|-|2|=|-2
6 0 6
8 -6
r=|2|+4/-2
0 6
12 4 8
CD=0D-0C=|3 |-|4|=|-1
0 4 -4
4 8
r=\4|+u|l-1
4 4
-6 8
Direction vectors are | -2 | and | -1
6 4
-6 8 -2
2 |x|-1|=|72
6 4 22

(8,2,0) lieson AB and (4,4,4) lies on CD

© Oxford University Press 2019

Worked solutions

(1 mark)

(2 marks)

(2 marks)
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(1 mark)
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Worked solutions

-4
AC =| 2 (1 mark)
4
-4\ (-2
21|72
-2
N — ) 4 )22
Projection of AC to the vector |72 is 5 (2 marks)
22) (-2 +722 +22?
_ 8+2144+88 (1 mark)
J(-27 +722 + 227
240
= 1 mark
J5672 ( )
_ 24045672 _ 48041418 _ 601418 (=3.19)
5672 5672 709 '
10 1 11
17 Choosing 41 =1 (say), gives r=|-4|+|2|=|-2 (1 mark)
4 1 5
Therefore A(5,8,0),B(10,-4,4) and C(11,-2,5) lie on ] (2 marks)
5 6
AB=|-12| and AC =|-10 (2 marks)
4 5
5 6 -20
ABxAC =|-12|x|-10|=]| -1 (2 marks)
4 5 22
-20 5) (-20
So equation of planeis r.| -1 |=|8|.| -1 (2 marks)
22 0|22
-20
r| -1 |=-108 (1 mark)
22
-20x -y +22z=-108 (1 mark)
£x+iy—£z=1 (1 mark)
108 108 108
5 1 11
—X+—y-—2z=1
(27 108 54 )
2
18 Direction vector of lineis | 5 (1 mark)
p

© Oxford University Press 2019




Worked solutions

5
Direction normal to planeis | p (1 mark)

p

If the angle between the line and the plane is 9 , then
2) (5
5.l p
p)\p

sing = (3 marks)
JZZ +5% 4+ ;)2\/52 +p?+p?

2
B \/22 + 51?-;255526,02 + p? (1 mark)
6 is maximum when sing is maximum. (1 mark)
By GDC, maximum occurs when p =6.797 (1 mark)
So maximum value of sind is 0.96 (1 mark)
= Gy =73.7° (1 mark)
3 1
19 |-1|=k|-1|,so L, and L, are not parallel. (2 marks)
1 1
Consider i and j components: (1 mark)
1+31=2+p and -A=1-y4 (1 mark)
Solving simultaneously: (1 mark)
A=1, u=2 (1 mark)
Substitute into k component: (1 mark)
2+A1=14+pu, 2+1=1+2 (so equations are consistent). (1 mark)

Therefore L, and L, intersect at the point where 21 =1 and u =2, so are not skew.

(1 mark)
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Worked solutions

10 Equivalent systems of representation:
more complex numbers

Skills check
1
o] |
2 o7
| -

Re(zz):—Z,Im(zz) -1,
1 3
Re(z3)=5,lm(z3):—§.
3 a 1-13 b - 7;
4 4

4 a z'=2+3i,-z=-2+3i,

1 2 3.
E—B+EI,|Z|—’JE
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Exercise 10A

1

6 = arctan 2 =z
2) 4

242 = Zﬁcis[%J

0=r+ arctan(%] =3.78

- —4 - 3i = 5cCis(3.78)

212 +(-20)" =29

0=2r+ arctan(ﬁj =5.52
21

21- 20/ = 29cis(5.52)

r=\(-1) +(\3) =2

© Oxford University Press 2018

Worked solutions




J 3 4 " 12
-3
0 = 2z + arctan Y =5.64
.'.ﬁ—\/—iizﬂcis(564)
3 4 12
3 a z=-1
b z=2j
5 543
c —_———
2 2
4 7. 3B 3,
2 2
e _—ﬁ—ﬁi
4 4
f z:—ii
5
7 . (x 7 10~
4 a -Z=—CiS| =+ |=-—Cis| —
12 9 12 9

Exercise 10B
/(%4—%) ,‘7l
1 a zz =8e =8e 12

b 2z, =30cis(90° + 45°) = 30cis (135°)

c zz = _ei[gﬁ%ﬂj _3 e’(g”)

d 2z, =cis(220° +275°) = cis(495°) = cis(135°)

3 &
2

2 a z =cos 3 +isin _]__i+,-i___+_,-
o4 a) 2" 2

2r . . 2n7 . 2« i%”
b z,=cos—+isin—=cis—=¢€
3 3 3

S N C R - N 3

Br 2
cC zz,=e‘e3 =e
4 4
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Worked solutions

COS—— = ;sin =-
12 4 12 4
. 17x \/§+% 2
17z S5 4 (\/3“/5) 8+2J12 8+43
e tan= == = = = =2+3
12 o177 J6-\2 6-2 4 4
12
3 a ﬁ—/_z[g—%i]_ze’s

0-Z-0=0==2
6 6
0-F-nspo-7
6 6

~.Real if 0 :% or 6= 7?”(up to multiples of z)

and less than 3 if r < %

b z(-1+i)= fz(—— %) fz(cos—wsm—] fze

Ni
N 3z
:\/_re'[m?]
9+%T”=ﬁ:a=%
6+5—”=27r:>c9=5—”
4 4

. Imaginary for @ 7&% or o+ '%” (up to multiples of )

Modulus greater than 4 if |ﬁr| >4=r>202
4 |sin= +jcos=||sinZ+icos= ||sin=+icos>
12 12 6 6 4 4

i*l cos = —isinZ |[cosZ —isinZ || cosZ —isinZ | = —icis| -~ |ecis| - Z |ecis| - Z
12 12 6 6 4 4 12 6 4

.nnn] oz

. _i®

_ —ie*'[E o4l _je'? = (-i) = -1
Exercise 10C

. T

z, 3¢S, 3 (ﬂ 5”] 3 [ 17”) 3 (77;]
1 a —= =—Cis| ——-— |=—Cis| ——— | = = Cis| —
Z,  4¢so 4

3

4cis

© Oxford University Press 2018




Worked solutions

. T
z, 3cis 3 (z St 7x) 3 . ( 31x) 3 . (17x
c = =" cs|Z - -2 |= cis| -2 | = —cis| ===
12 )20 (12

1 i
1+/=ﬁ(—+— =2e*

2 ﬁ)
1-@':2[%—;/}:25
Loz et 2 )2

z, 2e’73r 2 2

b - z; T «ﬁei[_%_ﬂ = \ﬁei[_%ﬂ) or \/fei[%)

1

a 232;’ - 25(};4’% _Zﬁiisz =3\4EC15(—%J=¥CB(7_”]
a2 E-Li] 242ds[-Z
s T
S P I
2 + 6i 2\5(;\/2?/) 2 Cisg) 2 2)" 2 2
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1 i
b z =3+3i= 3{[— —— | =3J2cis=
2 JEJ
2 S5cis 5\/5
c L= 3 _ N L
z, 3ﬁcisz 6 12

2, 2t 31 5 14E 5 (L+¥BEEI)L-1)

z, 3+3i 6 1+i 6 (L+i)(1-)

_E.1+ﬁ+i(«ﬁ—1):

5(3-1)

6 2

COS—=
12 582 12

5(1+ﬁ)

12 12

6 5(1+«/§)—1+\/§—\/€+\/i

T 22 4

T
12 5L 12

- S5 "

:%(6—2\/1_2+2)=

Exercise 10D

152 )

(]

b ZL_2Nce”
223 8e12/r 2

> L i
c (z;‘)* (z;)s = (4e"”)* [Ze"s] = (4e-’”)£32e"'lgj _128e 7 —128e7

272\6
. 2e '
Lt =)

\FCIS

%(8—4%):2—@

-2

J—S«/_e( 5l _ 83 -8z

5z

z;’ 4fe4 £ T

2r

—4in i
64e™ _1e3e’t —16y2e ¢

= o)

97

22e'*
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6

25 ( ,-sﬂJ-” 32 %16

cosf —ising

_ j0163 _ (,-4)504 (—i) —

3
'3

. . 2019 -
sing +icos@ _ j019 cosf —isind
cosf —ising

2

" 16

2019
J — i2019

4 a p_1¥3_(1#3)@2-0) 5450 4 . 5

C2+i (2+i)(2-i) 5

8
b O (2+i)(\/§el4J =16(2+i)=32+16i

c 59=(2+i)@=( .)16\/_e'%_

Worked solutions

2 z - ﬁ(cosg—cosf”jj Ji(cos%ﬂsin%};zz:2(sin5€”—isin3j 2(

Sz
COS — +isin—
3

32-1642e* -

2 —\/f(ei“ +e_i4J+1

J2e's 1 J2e —1
=(2+1) (16‘/_6 J[ ] =(2+1)
i
il g ol g
o
=(2+i)33—16(1+i)—(1—i)
:(2+i)(16—15i)1
- 47 -14i

Exercise 10E

1 a «»+1=0

:>(a)+1)(a)2—a)+1)=0

But @ = —1 so it must be the case that > —w+1=0

*

b (a)*)z—a)*+1=(a)2) —a)*+1*=(a)2—a)+1)*=0*=0

673
c 0= (a)3) -1

® + *%° (1—a)+a)2) =-1+0=-1
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Worked solutions

2 (1+a)+...+a)6)(a)—1):0:>a)7—1:0;a)¢1

27k

o =€ 7 ,k=1,2,..,6

1+w+...+° can be factorised
(0-ar)(0-a)(0-a)(o-o)(0-a)(o-a) =
since @ =, 0, =a, 0 =ao,

(0- a)l)(a) o, )(a)—wz)(a)—wz*)(a)—a)3)(a)—a)3*):

(o —2Re(w) 0 +1)(0’ —2Re(a,) 0 +1)(” -2Re(w;) 0 +1) =
(a) 2cos—w+1j(a)2—2cos4—7ﬂa)+1J(w —2c056—a; ljz

(a)z 1.250 + 1)(502 +0.4450 + 1)((02 +1.80w + 1)

i _seled)
3 a (54ei7r+2ik/r) = 5e 4 2

4 a z =1.18+0.334/ = Polar1.22e%?"”

z,=1.22 075 0,334 11181
z, =122 — _1,18 -0.334i

i[0.277+3l] .
z,=122e >/ =0.334-1.18i

b Zz =1.40-0.106/ = Polar1.40e%°7¢"

0.0761 %

k+1_140e[ ] k=1,2,3,4
z, =0.533+1.30i;z, =-1.07 + 0.907j;
z, =-1.19-0.735/;z, =0.330 -1.36/

c z =1.40+0.287i = Polar 1.43e**%

(020 k”]
z,.,=1.43e ,k=1,2,3,4,5
z, =0.452+1.36i;z, = -0.949 + 1.07/;
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Worked solutions

Zt+ (2 %) Sé(efs+e8]
® Re(z%)= g - > =\2cosZ
cosZ =2cos’ E-1- L
4 8 _\E
—cos® o |1y Lo 2+1 [2+2
8 \2U '2) V22 '\ 4
Re(zé)=ﬁ\/2+4ﬁ =\/2\/§4+4 =\/2J§+4

Exercise 10F
1 P(n): (ciso)" = cisno

The statement P (1) is true:

cisé = cisf

Assume that P (k) is true for some k e1*

i.e. (cise)k = ciskd

Then,

(cis6)" = (cis)* (cish) = (cisko)(cish)

= (cos k@ + i sink6)(cos @ + i sing)

= (coskfcosd —sinkdsing) +i(sinkd cos 6 + sinf cos ko)
= cos(k@ + 0) + i sin(ko + #) using the compound angle formula
= cos((k +1)0) +isin((k +1)0)

so P(k)= P(k+1)

Therefore it has been shown that P (1) is true and that if
P (k) is true for some k 0" then so is P(k +1). Thus,
P(n) is true for all n e 0" by the principle of mathematical
induction

2 a z*= (cos¢9+isin6’)4
=cos* 0 + (4cos3 0 sin e)i —6cos? 0sin? 0 + (—4cos(9sin3 e)i +sin* @
= (cos4 0 - 6cos? 0sin’ 0 + sin® 0) + i(4cos3 0siné — 4cos@sin’ 6)
b z*=cos40+isin40
Comparing these with the answers found in part a,
i cos46 =cos*9—6cos®dsin® 0 +sin* o
ii sin4d =4cos®dsind —4cosdsin® @
sina 4 sin® o
sinda _ 4cos’asina-4cosasina _ “cosa  cos’a

cosda cos*a —6cos’ asin®a +sin® a 1 sinffa sinfa
cos’a costa

c tanda =
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Worked solutions

_ 4tana -4tan’a
1-6tan’ o +tan* «

1Y ., 4z 6z 4z 1
3a |z+=| =2 +—+—F+—5+—
V4 V4 p4 V4 V4

:z“+422+6+iz+i4
z

4
b (z+l) =(z4+i4J+4(22+i2j+6
z z z
=2cos40 +8cos20 +6
Also,

1 4
(z+—j =16cos* @
z

cos“6’=lcos4¢9+lc0529+E
8 2 8
4 1 1 3
c .-.jcos xdx=J' ZCos4x + =cos2x + > |dx
8 2 8

=isin4x+lsin2x+3—X+C
32 4 8

4 a of-1=("-1)(0*+&*+1)=0
@* #1 so it must be that 1+ &® +w* =0
b wmz:(me)”:l

167
w1004 _ (CUG) w2 _ 6()2

20004
20008 6 4
= ()

() w =a)4

140+ 0+ 0P =1+ (140" +0f) =1

5 letz-es

iz ir .
Let S=1+e8+e*+...+€"

iz
u=1r=e?

ix
1-e8

s 1. [1+eisj[1—e_i8] 1+(ei8—e_i8]—1
-e”e +e

= S - ' - T T T - T LT
1-es 1-e® (1—e'8](1—e_'8j 1—(e'8 +e'8J+1
2isin” 4isin = cos
_ 8 _ 16~ 16 _;cot ~
2-2cos” 4sin? = 16
8 16
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Worked solutions

Chapter review

3z,
1 z-6e * = 6(cos (3—”J - isin[3—”D
4 4

1 ,
so Re(z)=-3\2, Im(z)=-3\2

2 |z, = 5 +(-12) =13
|22z =13r =52 =1 =4=r=2 (r=0)

3 1 _ 1+z* _ 1+z%*
1+z (1+z)(1+z%) 1+(z+z*)+|z|2

1+2z%* 1(1+cos€—isin6j_1(1_i sing )

=2+2Re(z)_§ 1+ cosé 2 1+cosé
Zsingcosg
:% 1_12—92 :l(l_itangj
2c052E 2 2

4 a z2=1=¢"

2inx
=>z=e° (eg.n=0,1,234)
271 Axi 6xi 8xi
=z=1z=e%,z=€e%,z=€e%,z=¢€">

b The five roots above can be written as

1, o, &*, @° o*i.e.the fifth roots of unity
As a consequence of the fact that the roots of unity sum to zero,
Re(1+a)+a)2 +a)3+a)4)=0

6r 8r

2 a4
= 1+c0s—+CO0S— +COS—+Cco0s— =0
5 4 5 5

27 4 6r 8z
= COS— + COS—— + COS— + COS— = -1
5 4 5 5

5 a 2 +% =(cos@ +ising)’ +(cos@ +ising) "
= (cosng +isinng) + (cos(—nﬁ) +i sin(—na))
= (cosné +isinng) + (cosné — i sinno)

= 2cosné

1Y . 6z° 15z* 20z° 1522 6z 1
b [z+= e e e B
z z V4 V4

15 6 1

=2°+62"+152° + 20+ S+ — + —
z2 z* z
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Worked solutions

¢ Using part a,

6
(z+lj :[26+i6]+6(z4+i4j+15(22+i2j+20
z z z z
=2c0s60 +12cos46 +30cos26 +20
but also

6
[z + %) =(2cos 6')6 =64cos® @

. 64c0s® 0 =2cos66 +12cos46 +30cos20 + 20

= cos® @ = icosséhticos49+Ec052¢9+i
32 16 32 16

d .. |cos®xdx =

32

Al C—
B —

icos6x+ icos4x+1—5c052x+ i dx
16 32 16

[NIE]

= {Lsin6x+isin4x+§sin2x+5—x}

192 64 64 16 |~
4
5r 1 15 5x
32 192 64 64
_5z 11
64 48

6 0- —arctan(%j - ~1.0595656... = -1.06 (3s.f.)

7 3z,-2z, +lz3
2
= [9 - 10cos% + «/icos[—%n + i(3 -10 sinlsi:;r + «/fsin[—%D
=1.9997458...-(3.9996610....)i
=2.00 - (4.00)/ (to 3s.f.)
sin4dx 4 cos4x

8 lim— =lim =4 using L'Hopital's Rule
x>0 sinx x>0 COSX

9 The distance from the centre to each vertex is 2
Therefore split the pentagon into five isosceles triangles, and using the formula
Triangle area = %absinC, we have

Pentagon area = g(z)2 (sin%} =9.51056... =9.51 to 2d.p.

10 o =(a+2i) =& +4ai -4 =(a* - 4)+4ai

arg(e’) = arctan(a:‘_a“] =1

4a

a’tan(l)-4a-4tan(1)=0
a=3.66
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Worked solutions

Exam-style questions

11la zz, = 4cis(—§}3cis[%} = 12cis(5?”—§) (1 mark)
= 12cis(%] (1 mark)
=12i (1 mark)
4cis| -Z
b ﬁ:iﬂzicis _2_5_7[ (1 mark)
2 3cis[5—”j 3 3.6
6
= %cis(—%} = gcis[%] (1 mark)
> (4 (sz)Y 64 (15
So (?] - (Ecis[gn - Ecis[?ﬂj (1 mark)
2

- %cis[%j (1 mark)

= g—;"i (1 mark)
c z2- 16cis[——”]

o\ . (2x
So (z1 ) = 1605(;] (1 mark)
= 16(c052—”+isin2—”j
3 3
=16(—%+i§} (1 mark)
=-8+83i (1 mark)
12 1+ = 2 (1 mark)
. T
arg(1+i) = 2 (1 mark)
1+i=+2csZ
4

10 0 . 107 .,
(1+i) = (\E) CIST by de Moivre’s theorem (1 mark)
=2° ciss—” (1 mark)
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Worked solutions

=25cisZ
2
=32i (1 mark)
13a |z]=,/1 (\/g)z =2 (1 mark)
argz = —% (1 mark)
zZ= 2cis(—%) (1 mark)
b z'=2" cis[—n—;J (1 mark)
z" el :—”—;’:hk (1 mark)
Son=6 (1 mark)
c (1—i\ﬁ)15 Pl cis[-%) (1 mark)
=2%cis(-57)
=2%cis(r) (1 mark)
— —2'%(= -32768) (1 mark)

14a (cos@+isin 0)5 = cos® # + 5cos* ¢(ising) + 10 cos’ 49(isin¢9)2
+10cos® O (i sin@)3 + 5cos¢9(isin6')4 +(isin 6')5 (2 marks)

= cos® @ + 5icos* @sin@ — 10 cos® sin? @ —10icos? 9sin’ @ + 5cosfsin* @ +isin®@ (1 mark)

b By de Moivre’s theorem, (cos¢9+isin6)5 = Ccos56 +isin54 (1 mark)
Equating real parts of each expression: (1 mark)
cos50 = cos® 0 —10cos® (1 - cos® §) + 5cos 0 (1 - cos® 0)2 (1 mark)
= c0s® 0 -10c0s’ 0 +10¢os’ 6 +5cos 0 (1 -2 cos” ¢ + cos* 0) (1 mark)

=16cos’ 9 —20cos> @ + 5cos 0
15a lLet 23> =-27i

|z3| =27 (1 mark)

arg(2’)=-= (1 mark)

73 = 27[cos(—%) + isin[—%D (1 mark)
© Oxford University Press 2018 “




16a

z3 =27 (cos [—% + Zﬁkj + isin(—% + Z;rkD

73 =27 cos[4ﬂk_” +isin 4k — 7
2 2
Ak -7\ . . (4rk -«
z = 3| cos +isin
oo 77 e isn[ *7

Choosing k =1,2,3 (or equivalent)

z =3cisZ
2

z, =3cis7—”

z, :3cisﬁ
6

Area = 3x| Lx3x3xsin2%
2 3
=3x lx3x3xﬁ
2 2
2743
4

z" = (cosH+isin0)" =cosné +isinng

-n

=z " =(cos@+ising) " =cos(-nb)+isin(—-nd) = cosnb —isinne

N[

So z" +in = (cosné +isinng@) + (cos nd —isinng)
z
= 2Ccosné

4 2 3 4
(z + l} =z'+47° [lj +62° [lj +4z (lJ + (EJ
z z z z z

1
z*

:z4+422+6+iz+
z
:z4+i4+4(zz+l2j+6
z z

=2c0s46 +4(2cos26)+6
=2cos40 +8cos20+6
1Y 4 4
Now |z + = =(2cos€) =16cos* 6
z

Therefore cos* 6 = % (2cos46 +8c0s20 +6)
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Worked solutions

(1 mark)

(1 mark)

(1 mark)
(1 mark)
(1 mark)

(2 marks)

(1 mark)
(1 mark)

(2 marks)

(1 mark)

(2 marks)
(1 mark)

(1 mark)

(1 mark)

(1 mark)




1
16

¢ |[cos*9do= (2cos46 +8cos26 +6) do

Ol
O =yl

y.d
6

= %sin49+4sin29+6¢9]

0

11 . 2z .z
=—|=sin—+4sin=+r
|12 3 3

44849

-1 §+2J§+ﬂJ

0

Sor=1

arg[%} = arg(\/§+i) —arg(ﬁ—i)

n nr . . Nr nr) . . nr
=2"| cos— +isin— + cos| —— |+isin| ——
( 6 6 ( 6) [ 6D
nrx

n nz . . Nr nrz . .
=2"| cos— +isin— + cos — —isin—
[ 6 6 6 6]

n nrx nrx
=2"| cos— + cos—
( 6 6 )
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Worked solutions

(1 mark)

(1 mark)

(1 mark)

(1 mark)

(1 mark)

(2 marks)

(1 mark)

(1 mark)

(1 mark)

(1 mark)

(1 mark)

(1 mark)

(1 mark)




Worked solutions

=2 (2 cos%z] (1 mark)
=2 cos(ﬂj
6
. A8 )8 8z
i (ﬁﬂ) +(«E—|) =2° cos(?j (1 mark)
=2° cos(ﬁj
3
9 1
_> (__] (1 mark)
2
=-2%=_256 (1 mark)
18a o =o° (1 mark)

{1-&]2 (1 mark)
l1-w
—0?-0 (1 mark)
b (1+a)+3a)2)2 = (1+a)+a)2 +2a)2)2 (1 mark)
= (202) = 40 (1 mark)
- 4o (1 mark)
c (1+2a)+3a)2)(1+3a)+2a)2) = (1+a)+ o’ +a)+2a)2)(1+a)+a)2 +2a)+a)2) (1 mark)
= (0+20°)(20+ &) since 1+w+a” =0 (1 mark)
=20° + @ + 40’ + 20" (1 mark)

=2w” +5&° + 20"

=20* +5+20 (1 mark)
=2(1+o+0’)+3 (1 mark)
=2x0+3
=3 (1 mark)
19i=cosZ +isinZ (1 mark)
2 2
T . . T
=cos(§+2ﬂkj+|sm[5+2nkj (1 mark)

© Oxford University Press 2018




k=0=z-2i=cos”Z+isinZ
6 6

k:1:>z—2i=c055—”+isin5—”
6 6
k:2:>z—2i=cosg—”+isin9—”
6 6
z—2i:ﬁ+li
2 2
z—2i=—£+1i
2 2
z-2i=4
NCE- 3 5. .
So roots are zl=7+5| , 22=_7+5| and z, =i
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Worked solutions

(1 mark)
(1 mark)
(1 mark)

(1 mark)

(3 marks)

(1 mark)




Worked solutions

11 Valid comparisons and informed
decisions: probability distributions

Skills Check

1 Fred wants to sit at either end, thus there are two possible positions for him, there are 4! ways
to arrange the remaining four friends, thus there are 2x4!=48 different seating

arrangements

Counting the even outcomes (highlighted in yellow), there are 18 possible outcomes, so the
18 _1
36 2°

; oS

N

P(all three languages) = 3_18

probability is P(even) =

o

H
[V}

P(History) = 1;

29

b P(not Physics) = %

le
A

P(not Physics | not History) = Th

0
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Worked solutions

1 a P(French and German) = P(French) + P(German) — P(French or German)
10 8 5 3
=t ——|1l-=|==
20 20 20) 20

b P(exactly one language) = 1 - P(both) — P(neither)

Exercise 11A

4.3 >3
20 20 5
!
2 Number of ways of picking 4 letters: 9 = 2! = 362880 =126
4) 41(9-4)! 24x120
4 37
P(at least one vowel) =1 - P(no vowels) =1- < ==—
126 42
I
3 Number of ways of picking 2 fruits: 2 = o = 362880 =36
2) 21(9-2)! 2x5040
a P(2 kiwis) = \2) = 1
36 12
b P(two different fruits) = 23 = 1
36 2
I
4 Number of ways of picking 3 crayons: 12 = 12! = 479001600 =220
3 3!1(12-3)! 6x362880

( ]

3 7
P(all =2 _ 7
a P(all green)

b P(not all same colour) =1 - P(all same colour) =1 - P(all green) — P(all blue)

, ) s

44 220 44

5 a P(AUB)=P(A)+P(B)-P(A~B)=0.3+0.5-0.2=0.6
b P(BAA)=PB)-P(AnB)=0.5-0.2=0.3
€ P(AB)=P(A)-P(A~B)=1-0.3-0.3=0.4

6 a P(ANB)=P(A)+P(B)-P(AUB)=0.4+0.6-0.7=0.3
b P(AnB)=P(A)-P(A~B)=0.4-0.3=0.1

c P(AUB)=P(A)+P(B)-PANB)
P(A'~B)=P(B)-P(AnB)=0.4-0.1=0.3

so P(AUB)=0.6+0.4-0.3=0.7
7 U=4{1,23}, A={3}, B=0O
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Exercise 11B

1 a
b

Worked solutions

U
A
i pay= 1A _1
nU) 3
i py-"B_0_ g
nU) 3
Independent
Independent
Not independent
Independent
Zip Orienteering
4
i P(at least one student went zip lining) = 1, as 32 students chose zip lining.
. . . T P(both)
il P(orienteering]| zip lining) = ———MMM~>—,
( glzip 9) P(zip lining)
T . . . 32 26 46 6
P(both) = P | P t — P(either) == +=—-—=—,
(both) (zip lining) + P(orienteering) — P(either) ) + 50 50 - 25
6
. . T _ 25 _ é
P(orienteering | zip lining) = 3273
50
ifi P(orienteering) = 26 _13
50 25
6
. T . . P(both) 25 6
iv P lining | orienteering) = ——————%X —— = £2 - —_
(21p fining [ or ring) P(orienteering) 13 13
25
P(art) = 5+2+7+3 :g
35 35
. 4+2+7+6 19
P(biolo == - =
( gy) 35 35
P(chemistry) = 1+3+7+6 _17

35 " 35
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Worked solutions

. 2+7 9
d P(art |biology) = — 277 _ 9
(@rt|biclogy) = 5= =26 " 19

7+6 13

e P(biolo chemistry) = ————— ==
(biology | Istry) 3+7+6+1 17

6+1 7

f P(chemist not art) = =
( vl ) 35-(5+2+3+7) 18

g P(homework | no homework) =0

P(both blue n same colour)
P(same colour)

_ P(both blue) P(both blue)

~ P(same colour)  P(both blue) + P(both yellow)

4 P(both blue | same colour) =

X

3

+ 13

|
0w
X
NN w
olUNIN
NI A

b i Pl puzzles)=£xlx£:£
13 12 11 143

il P(at least one puzzle) =1 - P(no puzzles) =1- > x 4 x 3 = 138
13 12 11) 143

6 Let A be the event that he scores on the first shot and B be the event that he scores on the
second shot. Now, we have P(A)=0.85, P(B'| A)=0.1 and P(B| A) =0.75. We want to find

P((AnB)YU(A nB))=P(AnB)+P(A nB)
= P(A)P(B'| A)+ P(AYP(B| A)
=0.85x0.1+0.15%x0.75=0.1975

7 a P(B’):l—P(B):l—(P(A)P(BlA)+P(A’)P(B|A')):l—[%x%+%x%} 7

b P(A'uB')=P((AmB)')=1—P(AmB)=1—P(A)P(B|A)=g

Exercise 11C
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Worked solutions

1 P(yellow) = P(both yellow)P(yellow | both yellow) + P(one of each)P(yellow | one of each)
+P(both green)P(yellow | both green)

BEIPR IEN P
R
P(yellow from A | yellow) = @ X2+®@X1+ @ 055

GANGG N

2 a P(male) = P(high income)P(male | high) + P(medium income)P(male | medium)

4
=
10

+P(low income)P(male | low)
=(0.1x0.5)+(0.65x0.7) +(0.25x0.8) = 0.705

b P(high income | male)

= P(high income and male) = P(male)
=0.05-+0.705
=0.07

¢ P(female | high income) = 0.5, from the question.

3 Let D be the event that the transistor is defective and M, be the event that the transistor is
from machine i, now:

P(M,)P(D" | M,)
P(M)P(D' | M) + P(M,)P(D" | M,) + P(M;)P(D" | M)
0.45x0.97

" 0.5x0.96 1 0.45x0.97 + 0.05x 0.92
=0.4535

P(M, | D) =

4 Let A be the event that the teacher took two 320GB laptops, A, be the event that the teacher
took one 160GB laptop and one 320GB laptop and A, be the event that the teacher took two
160GB laptops. Also let B be the event that the student took a 160GB laptop. We wish to find

P(A)P(BIA)

P(A, | B)=
(A 18)= B AP (BIAT P(4)P(BIA): P(A)P(BIA)
5
2 12
1
20] 1 1 12
_ 2 _ 95 18
8 12)\(8 12 14 12 48 11 33 10
X X X
2) 12 \1){1) 11 |2) 10 957187 95 18 95 18
20 18 20 18 20 18
2 2 2
_ 28
171

5 P(basket) = % «0.009 + % % 0.006 + % «0.002 = 0.00567 = 0.567%

6 a P(Rh+)=(0.45x0.84)+(0.37x0.84)+(0.14x0.83) + (0.04x 0.75) = 0.835 = 83.5%

© Oxford University Press 2019




b P(AB|Rh-)=

P(AB)P(Rh- | AB)

Worked solutions

P(O)P(Rh-| O) + P(A)P(Rh-| A) + P(B)P(Rh- | B) + P(AB)P(Rh- | AB)

0.04 x0.25

(0.45x0.16)+(0.37x0.16) +(0.14x0.17) +(0.04 x 0.25)

=0.0606 = 6.06%

Exercise 11D

1 a Yes

b No because the sum of the probabilities is not equal to 1

2 a X 0 1 2 3 4
1 27
P(X =x = ol
( ) 0 5 4 5 32
Not a probability distribution as some of the probabilities are greater
b | x 0 1 2 3 4
P(X = x) 1 1 1 6 12
2 6 17 11

than 1

Not a probability distribution as one of the probabilities is greater than 1

3 a Needto find kK such that k(10+11+12)=1,s0 k =

1 1

10+11+12 33

b The mode is the most likely outcome, which in this case is x =12

c P(Xiseven)=P(X =10)+P(X =12)=—"—+

Exercise 11E

10
33

1
4

12_2
33 3

2 Have to find k such that 0.1+0.2+k+2k+(k—0.1):1

so 1=4k-0.2=4k=0.8=k=0.2,

1 E(X)=SxP(X = X) = OxE41xts2xts3xtigxt 223
6 673 12 12

E(X) = EXP(X = x) = (4x0.1) + (5x0.2) + (6 x0.2) + (7x0.4) + (8x 0.1) = 6.2

3 P(X=3)=1-P(X<2)=0.15, P(X=2)=P(X <2)-P(X <1)=0.35, let p, =P(X =0) and
p,=P(X =1).Then E(X)=0xp,+1xp, +2x0.35+3x0.15=1.45 gives us that p, =0.3 and
therefore p, =0.2.

X

P(X = x)

0.2

0.3

0.35

0.15

b The modeis x =2
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Worked solutions

4 There are (130J =120 ways of picking the three students.

X 0 1 2 3

P(X = x) L 1 1 1
120 30 20 30

5 a Need to find ¢ such that O+2c+c+3c2+(3c2+c)+c=1,so c=-1 or c=%,as

probabilities must be greater than or equal to 0O, it must be ¢ :é

b E(X):EXP(X=X)=1(0)+2(1J 3[1J+4[iJ+5(1J+6[1J=1—5=3.75
3 6 12 4 6) 4

Exercise 11F

1 a E(X)=sxP(X =x)=1xt+2x343x2-1,6,3_19 5 355
8" 8" 27 8%8 278
b E(5X)=5E(X) = 5x2.375 = 11.875
¢ E(X)=1Pxtip2y 3,32, 1 1,129 49 4,55
8 8 27878 2 8

d Var(X)=E(X?)-(E(X))* =6.125-2.375%> = 0.484 (3.s.f.)
e Standard deviation of X = ﬁ/Var(X)

_ J0.484... = 0.696 (3s.1.)

2 a PX=21)=2P(X<2)=a+a+2a+b=2a+a+a)=b=2a,socombining with 5a+b =1

gives us that 7a=1:>a=% andb=%

b E(X)=0><1+1><l+2><1+3><2+4><2:z
A At Rt R A
E(X?) = 0 x4 x 2422023262422 222
7 7 7 7 777

c Var(X) = E(X?) - (E(X))* = % - [g) - %

3 Let X, be the value of the bottom card and let X, be the value of the top card

11 1 1 2 1
P(S=4)=P(X =AnX, =3)+P(X. =3AX, =A)= ~xi, Lt 1 _2 1
a PE= =P =ANX, =3)+ P =30X =A) =155+ 10"9 90 ~ 45
P(S=8)=P(X,=AnX, =7)+P(X, =2 X, = 6)+ P(X, =3 X, =5)+
tP(X, =51 X, =3)+ P(X, =61 X, =2) + P(X, =7 " X, = A) =

1 1 6 1
=6>< — X === = —
(10 9) 90 15
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Worked solutions

PS=11)=P(X, =AnX,=10)+P(X, =2n X, =9)+P(X, =3n X, =8) +
+P(X, =4n X, =7)+P(X;, =5nX,=6)+P(X,=6nX,=7)+P(X,;=7n X, =4)+
+P(X;=8nX,=3)+P(X,=9n X, =2)+P(X, =10n X, = A) =

_1ox[Lkl)o0_ 1
10°9) 90 9
b [s 3 b B b 7 B P [0 ir 12 13 14 [15 [t6 [17 [18 [19

ps-s) | 2 |2 |4 |4 ]6 |6 8 8 (108 8 6|6 4 |4 2 |2

90 |90 [90 |90 |90 |90 |90 |90 |90 |90 |90 |90 |90 |90 |90 (90 |90

¢ E(S)=11 (because of symmetry)

407 44
3

E(S*)=2sP(S = 5) - E(S) = -121=—

4 a Needto find k such that k((8-4) +(8-5) +(8-6) +(8-7))+k(1*+2°+3°)=1, so

30k+14k =1 k=— 1t -1
30+14 44
1 4
b P(T=4)=—"(8-4)=—
(T=9=55@-9" =13
P(Ts4)=i(12+22+32)+i=§
a4 11 22
4
p(T=4|Tg4)=w=£=£
P(T < 4) 15 " 15
22

2 2 2 _ay £y ey _ 9y
c E(7')=1><1—+2><2—+3><3—+4><(8 4) +5><(8 >) +6><(8 6) +7><(8 /)
44 44 44 44 44 44 44
=4

Var(T) = E(T?) - (E(T))’

2 2 2 2 2 2 2
=12x1—+22><2—+32><—+42><—(8_4) +52><(8_5) +62><(8_6) +72><—(8_7) -16

44 44 44 44 44 44 44
_193 46_17
11 11

d The mode is the most likely value which is t =4

Exercise 11G

4
1 a Needtofind k such that 1= [ k(x+2)?dx+ [34kdx,

4 ° 4
1= [ k(x+ 2P dx+ [Pakdx = | Kcr2) | +[akcfs = B 1K gL
- 0 3 . 6~ 3 73 8

a2
01
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c i P(X<-1)= jl(’”z)d [%}_:%

1
i P(Osxg):j;%dx{ﬂ =%
0

ili P(-1<X<1)=P(-1<X<0)+ _J' (X+2) dx %:[(X;jf} +%

[_—— ! -
006

a |0 2 3

2

b Need to find k such that 1=J'03k(3—x)dx, 1:j;k(3-x)dx:[_k(%_3x

22.3
c P1.2<X<23)= j232(3 X) dx {6’(_’(} _ i
1.2

9 " 36
) 1 c 1 2Xc+1 1 2
3 a Need to find ¢ such that 1:J'2de,1=.[2xcdx: =
0 0 c+1] c+1
b P(X<0.5)= [ "2xdx = [x*]° =%

Exercise 11H

1

¥
05

.9_3-./..
e e e e

e

110 1| 2 4 5
Lyt 2 1 T 1 T 17

_19
24

%:kz
2

a This function is a probability density function because it is hon-negative for all possible

4 X X2 i
values and the integral is equal to 1. [ §dx = {E} -1
0

24
b P(t<x<20)=[Ldx+ [ 0dx - fo-12
'8 16 16

24 3
Mode: As f(x) is strictly increasing, the mode occurs at the point x =4

34
c Mean= I—d {X} _8
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Worked solutions

Median: Need to find M such that 0.5 = f:%dx, so
08 16 16

3 2 4 2
Standard deviation = \/j:%dx—[gj - \/{;{—2} —[gj - g - ¥
0

2
3
2 Need to find @ such that 1=_[02ax(2—x)dx,so 1='[02ax(2—x)dx=|:a(x2—x?ﬂ =@:a:%

M X R Ve
0.5 = —dx={—} =D oM=22R=M=2
0

23 8x3 —3x* |
a E(X)= jo sz(z —x)dx = {TL =1

2
_129_1:1

b Var(X)= jjgxxz_x)dx_l{w} .

40

c Need to find M such that 0.5 = IOM%X(Z—X)dX, )

M
M3 3 x> M MP
0.5=j0 Zx(Z—x)dx:{Z(xz—?ﬂ == —T:le,li«/g:le
0

d As f(x) is symmetric, the mode occurs at the middle value x =1

z LA —[si c 13-
3 a P(12<X<6j .[£2cos(2x)dx [sm(Zx)]% 2(\5 1)

b Median: Need to find M such that 0.5 = jOMZcos(Zx)dx , SO

" i ; sin(0.5
0.5 = [ 2cos(2x)dx =[sin(2x)]; = sin(2M) = M = % _ %

Mean = [#2x cos(2x)dx = B oS(2x) + X sin(ZX)T - %(ﬂ ~2)

0

Mode: As f(x) is decreasing over the whole interval (from knowledge about cos) we know
that the mode isat x =0

4 a Need to find kK such that 1= j;kdx+_[;2kdx, SO

1= [Tkdx+ [ 2kdx = [kx ) +[2kx ], = 2k + 2k = 4k = k =%

b Medianis x=1.

¥
-5

0.4
03+
024
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Worked solutions

272 273
c EX)=[ Tdx+ [ Zdx=| 2| 4| X =
04 22 8 o 2

2 x2 3 X2 7V
Var(X):Lde Z?dx—(ZJ {

T [T _49_2 19 49 37
0 62

12 16 3 6 16 48
. . 3 2
5 a Needto find b interms of a such that 1=.|'0 ax‘+bdx, so

3 3
1-[ax +bdx=| 2 ibx| -9a+3b=b-1-3a
0 3 3

0

b 0.5=f:ax2—3a+%dx=B(X—an+ax3)} =%—%:>a=—%
0
3
c E(X)—I3Q—X—3dx— L[25x¢ 369
048 16 48 2 4 ) 64

64

Var(X) = [ 22X - X dx —= i h -
48\ 3 5 )| 4096 20 4096 20480

325x% x* 69y |1 25x°  3x° ’ 4761 33 4761 9987
o 48 16 B

Exercise 111
1 a P(X=3)= @(0.25)3 (0.75)° = 0.208

b P(X<10)=1

c P(X=0or1)= @(0.25)0 (0.75)" + @(0.25)1 (0.75)' = 0.367

2 a E(X)=np=6x0.4=2.4
b Var(X)=np(l-p)=6x0.4x0.6 =1.44

¢ Computing P(X =0)=0.0467, P(X =1)=0.187, P(X =2)=0.311, P(X =3)=0.276,
P(X =4)=0.138, P(X =5)=0.0369 and P(X =6) =0.0410 shows that 2 is the most likely

value
5
51 0 1 1

P(X =5)= 0.5°x(1-0.5) =0.5°=|=| =—

3 a PX=5)=g5x0-5x(1-05) (sj 32

b

X 0 1 2 3 4 5
P(X = x) 0.0313 0.1563 0.3125 0.3125 0.1563 0.0313

c E(X)=np=5x0.5=2.5
d Var(X)=np(1-p)=5x0.5x0.5=1.25

e From the table, the modal values are 2 and 3
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Worked solutions

4 X ~B(7,0.85)
a PX=1)= [Zj x 0.85"' x0.15° = 0.00007
b PX>2)=1-P(X<2)=1 —[(3)0.850 x0.15” + @0.851 x0.15° +[ZJ0.852 x0.155J =0.9988
¢ P(X=3)=P(X >2)=0.9988 (from part b)

7

7J0.857 x 0.15°J =0.0738

d P(X<4)=1-P(X>4)= 1—[[2]0.855 x0.15° +(Q0.856 x0.15" +[
5 X~ 5(12,3]
3
a E(X)=np-= 12x§ =8 so it is expected that he will pass 8 and therefore fail 4
7 5 12 0
b P(X>6)= 12 2V (L + +12 20 (L =0.8223
7 )\3)\3 12)\ 3 3

¢ Computing the probabilities close to the mean P(X =7)=0.191, P(X =8)=0.238 and
P(X =9) =0.213 shows that 8 is the most likely value

Exercise 11J]

1 a P(0.5<X<1.5)=P[0'53_2 <X < 1'53_2j=d)(—0.1667)—CI>(—O.5)=O.4338—O.3085

=0.1253

Y
014

h

b P(X <0.5)= P[X < 0'53‘ 2

j = ®(-0.5) = 0.3085

Ta

\

-

o o
3 5 b =

5B

> x

e

&

o
-
-
5
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Worked solutions

c P(X22)=P[X22;2j=1—®(0)=0.5

3

7

= ®(-0.625) = 0.2660

2 a P(X<25)=P(X<25—é3oj

b P(17 <X <35)= P[U:O <X < 35‘3(’} _ 1(0.625) - d(~1.625) = 0.7340 - 0.0521
_ 0.6819
12-30
¢ P(X212)=P|X 22| 1-0(-2.25)-1-05-1-0.0122 - 0.9878

3 a Mean: 5, Standard deviation: 3

b P(X <4)-= P[Z < %) — #(-0.3333) = 0.3695

c 0.011:P(X<a):P[Z<a;SJ:CD(aT_SJ <D’1(0.011)=—2.2904=aT_S:>a=—1.8712

0.871=P(X = b) = P(Z > b;SJ = 1-@(?] = ? =0'(1-0.871)=-1.1311

= b=1.6067

220x11+240x21+260%x38+280x17+300x13 26000

=260
11+21+38+17+13 100

4 a Mean=

Standard deviation

2 2 2 2 2

_ [220° x11+240% x 21 + 260° x 38 + 280 x17 + 300 x13 e :\/M_smoo
\ 11+21+38+17+13

=23.152

b ®7(0.05)=-1.6449 and ®*(0.95)=1.6449, so need to find & and b such that

a-260 _ 4 6449 ang 2260
23.152 23.152

=1.6449 . Therefore @ =221.9g and b=298.1g
5 X ~ N(150,0.5)

a P(X <149) = P(Z < %J _ ©(-2) = 0.0228

P 151.5-150

b P(X >151.5)=P
(X'>151.5) [ 05

j -1-d(3)=0.00135

c P(149 < X <151) = P(% <Z< %) = ®(2) - ®(-2) = 0.9773 - 0.0228 = 0.9545
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Worked solutions

6 T ~N(13.2,1.5)

a P(T <12.1)= P[Z < %) ~ ©(-0.7333) = 0.232
P(T >14.9) = P[Z > Mj ~1-®(1.1333)=1-0.871=0.129
t-13.2

= ®7(0.444) = -0.1408 = t =12.989

b If P(T <t)=0.444 then

Exercise 11K

4-8

(o2

o o

1 0321=P(X<4)= P[Z < 4‘8] = @[4" 8} = ®!(0.321) = -0.4649 =

= 0 =8.604 = ¢? =74.03

2 0.345=P(X<1)= P[Z < 1‘”) = @(“”j — ©7(0.345) = 0.3989 = 2 ¥ and
c o

o

0.943 = P(X <3) = P[Z 3= ”J = @(3 ‘”j — (0.943) = 1.5805 = >~# solving
O

o o

simultaneously gives x =1.403 and o=1.010

1-1.02

o2

o) o

3 0.013=P(X <1) =P(Z B 1—1.02j :®(1_1.oz

j — ©(0.013) = -2.2262 =
= & =0.00898

4 a 0.203:P(X>46.8):P(Z>46'8—_”):1—@(46'8—_'”j:>cb‘1(1—0.203):0.8310

o o

e} o o

_46:8- 1 4ng 0.315 = P(X < 42.6) = P(Z < 42"5—‘”} - @[wj = ©7(0.315)
=-0.4817 =

-1 1 1 -1
PlIX-y<Z|=Plu-Z<x Clap|==cz<Z|=0|Z|-0|=
b (' “|<2j (” 2° <”+2J (2< <2j [2j [2)

=0.6915-0.3085=0.383

426-u solving simultaneously gives x4 =44.141 and o =3.200
o

200-320
<Z
20 20

5 a P(200 < X < 350) P( < 350—320) _ ®(350_320j_®(200_320j

20 20
=0.9332-0=0.9332

m-320
20

b 0-1=P(X>m)=P(Z> m_320j=1_q)[m—320

j - ®(1-0.1)=1.2816 =

= m =345.63¢g

20
weighed more than 350g is 500 x 0.0668 = 33.4

c P(X >350)= P[Z > %_032()] =1- @(MJ =0.0668, the expected number sold that
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Worked solutions

400 - u

o

d 0.15=P(Y > 400) = P[Z > 4()0—‘”} = 1-@(400—‘“j = & (1-0.15) = 1.0364 = and
O O

o o

0.1= P(X <370) = P(Z <370 ‘”j - @(370 ‘”j = »1(0.1) = -1.2816 = 22974 ¢o1ving
(o2

simultaneously gives x =386.59g and o =12.942¢g

6 We wish to find the maximal value of o such that

0.01<P(X <1)= P(Z 1= 1'°3j = @(1 ‘1'°3j — ©(0.01) = ~2.3264 < 1103
o o

o

= 0 <0.0129

Chapter review

1 U ={Mon,Tue,Wed, Thu, Fri,Sat, Sun}, A ={(Mon,Mon)} ,
B = {(Mon, Mon), (Tue, Tue), Wed, Wed), (Thu, Thu), (Fri, Fri), (Sat, Sat), (Sun, Sun)} ,
C ={(Mon, Tue),(Tue,Wed), Wed, Thu),(Thu, Fri), (Fri, Sat), (Sat, Sun),(Sun, Mon),
(Mon, Sun),(Sun, Sat), (Sat, Fri), (Fri, Thu),(Thu,Wed), (Wed, Tue), (Tue, Mon) }

o8
08 G
 no-89.02

2 U={0,1,2,3,4,56,7,89), A=43,6,7,9}, P(A) = ”E(A;;:%zé

3 Want to find n such that P(six at least once) > % = P(no sixes) = % , SO
0 n n
Lo MUEV(2) c1x1x[2] 20210900 45629 =13
10 (0)\6) \6 6 | [6}
og T

4 a P(first red) -

10
6 3 7 7
b P(second red) = P({RRWR}) = —x—+-—x—=—
(second red) = A({ 3 0X9+10X9 10
3 3 7 7
P tl d)= P{RW,WR}) = x>+ = xZ ="
¢ P(exactly one red) = P({ ) 0><9+10x9 i
d P(at least one red):P({RW,WR,RR}):lx§+ixZ l 6_14
10 9 10 9 10 9 15
5 a P(infection)=0.2x0.1+0.8x0.75=0.62
b P(vaccinatedlinfection)=P(VaCCInatedmnfeCtlon) _ 01 =0.161

P(infection) - 0.62

c P(not vaccinated | infection) = 1 — P(vaccinated | infection) =1-0.161 = 0.839
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Worked solutions

¢ ranen(§]2] (4 -
-3 (21T BT

1 1 127

Ploss)=1-—-== . By encoding a win as a 1 and a loss as a -1, the expected number
256 2 256
of wins and losses is 2 x 1 +1><— (-1) x 127 3
256 256 256

N
[V}

0 5
P(no defective) = [g] [%J [%) =0.328

5 i
b P(at least 3 defective) = P(3 defective) + P(4 defective) + P(5 defective) = Z[?) [ZiOJ [%)
i=3

=0.0579

8 a P(H>1500):P(z>wj:1_@(w

=0.0548
125 125

b P(H <1050) = P(Z . 1050- 1300} _ q,[1050 ~1300

j =0.0228 =2.28%

125 125
2
¢ (P(1200 < H < 1400))° =| p[1290~1300 _,, 1400-1300
125 125
2
_[@[1400-1300)_ ;,(1200-1300)) _ 7887 _0.2119y = 0.332
125 125
9 0-04=P(X>2-01)=P[Z>2'01—_”}:1—®[—2'01_”j:q>-1(1—o.o4)=1.7507=—2'01‘” and
o o o

0.07 = P(X <1.99) = P[Z 199 ‘”) - @(1'99 ‘”J — ©(0.07) = -1.4758 = 222 # solving
(e O

(e}

simultaneously gives x4 =2.00 and o =0.00620

10a P(faulty)=0.01x0.35+0.03x0.20+0.025%x0.24+0.02x0.21=0.0197

P(conveyor D nfaulty) 0.02x0.21

= =0.213
P(faulty) 0.0197

b P(conveyor D | faulty) =

11To show that k = =, have to show that .[: zxsin(zx)dx =1,

1

J'ol zxsin(zx)dx = [M - xcos(nx)} =1-0=1.

2,2 : L
Mean - f:ﬂxz sin(zx) dx = |:(2—7Z' X )cos(mg)+2;rxsm(;rx)} _ 1_1
T
0

Variance

1 4 >
= J' zx3sin(zx)dx — [1 - —ZJ
0 Vd

_ |:7TX(6—7Z'2X2)COS(7Z'X)+3(7Z'2X2 —2)sin(7rx)}1 _[1_iJ2 _ (1_£j_[1_if
o 71'2 71'2

71'3

_ 2(7* -8)

72,4
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Exam-style questions

12a

13a

If they were mutually exclusive, then P(AnB)=0 ,

Worked solutions

(1 mark)

but since they are independent, we have P(AnB)=P(A)P(B)=0.3x0.8=0.

Therefore, we have a contradiction, and so A and B are not mutually exclusive.

i P(AnB)=P(A)P(B)=0.3x0.8 = 0.24

ii P(AUB)=P(A)+P(B)-P(AnB)=0.3+0.8-0.24=0.86

i P(A|B) - P(ANB) _ P(A)-P(ANB) _0.3-0.24 _0.06 _
P(B) P(B) 0.2 0.2

iv P(A~B)=P(B)-P(AnB)=0.8-0.24 = 0.56

Kiksrkrsor+ K21

2 2

3k*+2k-1=0

(3k—1)(k+1):0
:kzl
k 5 5 k
E(X)=ZXP(X=X)=O><E+O.5xk+1><k +1.5x2k +2XE
k 2 2
E(X):§+k +3k? +k

=4k2+%
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(1 mark)

(2 marks)

(2 marks)

=0.3 (2 marks)

(2 marks)

(1 mark)

(1 mark)

(1 mark)

(1 mark)

(1 mark)

(1 mark)

(1 mark)

(1 mark)

(1 mark)




Worked solutions

= 1 mark
T ( rk)
d Var(X)=E(X?)-[E(X)[ (1 mark)
2 2 2
= 02><1+ 1 ><1+12><1+ 3 ><Z+22><l _(17 (1 mark)
6 (2) 3 9 (2) 9 6| (18
=0.469 (1 mark)
14a X ~ B(24,0.04)
24 2 22
P(X=2)= 5 (0.04)"(0.96) (1 mark)
=0.180 (1 mark)
b P(X<4)=0.998 (2 marks)
c P(X=2)=0.249 (2 marks)
d Var(X)=np(1-p) (1 mark)
=24x0.04x0.96
=0.922 (1 mark)
15a X ~ N(36,3.12%)
P(X>40)=P[Z>40_36] (1 mark)
3.12
=0.1 (1 mark)
b P(34<X<38):P(34_36<Z<38_36j (1 mark)
3.12 3.12
= P(-0.641 < Z < 0.641) (1 mark)
=P(Z <0.641)-P(Z <-0.641) (1 mark)
=0.739-0.261
=0.478 (1 mark)
c P(Z > M‘36j ~0.015 (1 mark)
3.12
P(Z <M ‘36] - 0.985
3.12
M- 36 =2.170 (1 mark)
3.12
=M=42.77
= M =42 minutes, 46 seconds (1 mark)
d P(X<3O):P[Z<3g_1§6) (1 mark)
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16a

17a

= P(Z <-1.923)

=0.027
195%x0.027 =5.3

Therefore, the expected number of daysis 5.

Let X be the discrete random variable ‘mass of a can of baked beans’.

Then X ~ N(415,12°)

P(X>m)=0.65=P(X <m)=1-0.65=0.35
Using inverse normal distribution on GDC = m=410.4

You require P(X >422.5| X > 420).

P(X > 422.5)
P(X >422.5| X >420)=—"—— "
P(X > 420)
_1-P(X <422.5)
- 1-P(X <420)
~ 0.266
©0.338
=0.787
Using GDC

P(X < 413.5) = 0.450

Worked solutions

(1 mark)
(1 mark)

(1 mark)

(1 mark)
(2 marks)

(1 mark)

(1 mark)

(1 mark)

(1 mark)

(2 marks)

Let Y be the random variable ‘Number of cans of beans having a mass less than 413.5 g".

In Ashok’s experiment, Y is Binomially distributed across 144 trials with probability of

‘success’ (i.e. mass less than 413.5 g) being 0.450.

So Y ~ B(144,0.450)

P(Y >75) = 0.0524
1

kj(le2 —x3) dx =1

0

3 4t
k{le _x_} _1
3 4 |
k(ﬂ-ljﬂ
3 4

37k _1
12

12

© 37
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(1 mark)

(1 mark)

(1 mark)

(1 mark)

(1 mark)

(1 mark)




_12 10x* x5
37 .

_12(5 1
“ 3702 5

_ E(: @j(= 0.746)
370 185

1 121

c E(XZ):Ixzf(x) dx=3—7_|.(10x4—x5) dx

80m® —-6m* =37
GDC= m=0.789

110 - u

o

18a P(Z< j:0.10:>

(o2

marks)

P(Z >13°—‘”j _045- 1304 _4 136

o o

Attempt to solve simultaneously:
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110—p

Worked solutions

(1 mark)

(1 mark)
(1 mark)

(1 mark)

(1 mark)

(1 mark)

(1 mark)

(1 mark)

(1 mark)

(1 mark)
(1 mark)

(1 mark)

(2 marks)

(2

(2 marks)

(1 mark)




19a

u=128
c=14.2

P(|X - 1) <0.22

0.5—% =0.39

P(X <a)=0.39 = a=124.2

P(X >b)=0.39=b=132.2

So 124.2 < X <132.2

klcosx dx =1

O N3

k[sinx]f =1
k(sinz—sino) =1
2

K(1-0)=1

X

=1

5
xcosx dx =[xsinx]: —_[sinx dx
0

O t— ok

xcosx dx =[xsin x]i +[ cos x]g

O —y ol

:[%—0}(0-1)

2xsinx dx

O t—

x?cosx dx = [xz sinx]i -

[SLEm—

= [xz sinx]i -2[-xcosx + sinx]i

= [xz sinx—25inx+2xcosx]z
2

T

2
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Worked solutions

(1 mark)

(1 mark)

(1 mark)

(1 mark)

(1 mark)

(1 mark)

(1 mark)

(1 mark)
(1 mark)

(1 mark)

(2 marks)

(1 mark)

(1 mark)

(1 mark)

(2 marks)

(1 mark)

(1 mark)

(1 mark)

(1 mark)
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Worked solutions

(1 mark)






